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Abstract 



Magnetic fields have been observed in galaxies, clusters of galaxies and probably in superclusters. While 
mechanisms exist to generate these in the late universe, it is possible that magnetic fields have existed since 
very early times. A field existing before the formation of the cosmic microwave background will leave 
imprints from its impact on plasma physics that might soon be observable. This thesis is concerned with 
investigating methods to predict the form of such imprints. 

In chapter 2 we review in detail a standard, linearised cosmology based on a Robertson- Walker metric 
and a universe filled with photons, massless neutrinos, cold dark matter, a cosmological constant, and 
baryons. We work in a synchronous gauge for ease of implementation in a Boltzmann code, and keep our 
formalism general. We then consider the statistics of the cosmic microwave background radiation, assuming 
that only scalar (density) perturbations cause significant impact. 

Chapter 3 introduces an electromagnetic field of arbitrary size and presents the equations governing the 
magnetised cosmology, and the structure of the electromagnetic fields, in greater detail than has hitherto 
been shown. We then invoke a hierarchy of approximations, treating the conductivity of the universe as 
infinite and thus removing the electric field, and considering the energy density of the magnetic field to be 
small. We present the resulting system in a computationally useful form and end by reviewing previous 
studies into the damping scales induced by photon viscosity. 

Chapter 4 considers the intrinsic statistics of the magnetic stresses. We approach this issue in two ways. 
Analytical methods are exact but reliant on an underlying Gaussian distribution function for the magnetic 
field, and simulating fields on a finite grid allows a great freedom in the form of the field but imposes an 
undesirable granularity and an unphysical infra-red cut-off. We construct the two-point moments in Fourier 
space, extending and improving the analytical results, some of which we present for the first time. There is 
excellent agreement between the results from analysis and those from the simulated fields. At the one- and 
three-point level we find significant intrinsic non-Gaussianities. 

In chapter 5 we turn to the observable impacts a primordial magnetic field. We briefly review previous 
studies into constraints from the epoch of nucleosynthesis before turning to consider the cosmic microwave 
background. We briefly consider the potential impact of an evolving damping scale, which may cause 
decoherence in the sources. Assuming coherence, which is likely to be accurate for very infra-red fields, 
the statistics of the source can be mapped onto the cosmic microwave background in an extensible man- 
ner, modelling the source statistics and the photon evolution entirely seperately. We demonstrate that our 
approach is valid by reproducing the signals for Gaussian power law fields on the microwave sky. After 
outlining how we will improve our predictions by employing a Boltzmann code, we show that it is a purely 
technical matter to extend the method to the three-point function. With detector sensitivity increasing, the 
non-Gaussianity of the cosmic microwave background will be well constrained in the near future and our 
work allows us to employ a new probe into the nature of an early-universe magnetic field. 



iii 



Preface 



The work of this thesis was carried out at the Institute of Cosmology and Gravitation University of Portsmouth, 
United Kingdom. 

The work in this thesis is based on work in collaboration with Robert Crittenden (ICG, Portsmouth). 
Much of chapter 4 is based on the paper "Non-Gaussianity from Cosmic Magnetic Fields", I. Brown and R. 
Crittenden, Phys. Rev. D72 063002 (2005). 

I hereby declare that this thesis has not been submitted, either in the same or different form, to this or 
any other university for a degree, and that it represents my own work. 

Iain Brown 



iv 



Acknowledgements 



The work presented in this thesis could not have been performed without the help and collaboration of 
my supervisor, Robert Crittenden. One of the chapters of this thesis is based on and expanded from a 
paper written in collaboration with him. The support of the Institute of Cosmology and Gravitation, and in 
particular of Prof. Roy Maartens, has also been invaluable, as have been discussions with Kishore Ananda, 
Chris Clarkson, David Wands, David Parkinson, Marco Bruni, Konstantinos Dimopoulos, Antony Lewis 
and others too numerable to mention. I must also thank my family for their support as writing the thesis 
wore on, and the patience and tolerance of my friends, particularly of Mike, Ricki, Laura, Emma, Chris and 
Vivian. The largest thanks go to Kishore, Richard, Mat and Dan, who offered much appreciated hospitality 
and sat through innumerable "discussions" about the thesis and the state of the world, and to Kathryn, who 
rarely complained about the weight of emails and helped my sanity enormously. Thanks to them all, this 
was a lot less unpleasant than it might otherwise have been. 



V 



Table of Contents 



Abstract iii 

Preface iv 

Acknowledgements v 

1 Introduction 1 

2 Standard Linearised FLRW Cosmology 6 

2.1 The FLRW Geometry 6 

2.2 Fluid Matter 12 

2.2.1 Generic Stress-Energy Tensor 12 

2.2.2 Cold Dark Matter 16 

2.2.3 Single-Fluid Universes 16 

2.3 Boltzmann Fluids 18 

2.3.1 General Boltzmann Fluids 18 

2.3.2 The Photons 24 

2.3.3 E and B Modes 34 

2.3.4 The Line-of-Sight Approach 34 

2.3.5 The Neutrinos 37 

2.3.6 Truncation 38 

2.4 Baryonic Matter 39 

2.4.1 Tight-CoupHng 40 

2.5 Scalar Field Matter 42 

2.6 The Evolution of the Universe 44 

2.6.1 Periods in the Universal Evolution 44 

2.6.2 Vacuum Domination - Inflation 44 

2.6.3 Radiation Domination 45 

2.6.4 Matter-Radiation Equality 46 

2.6.5 Matter Domination 47 

2.6.6 Recombination - Formation of the CMB 48 

2.6.7 Late-Time Acceleration 48 

2.7 The Cosmic Microwave Background 49 

2.7.1 The Sachs-Wolfe Equation 49 

2.7.2 Statistical Measures on the Sky 50 

2.7.3 Temperature Auto-Correlation - Traditional Approach 51 

2.7.4 Angular Power Spectra from the Line-of-Sight Approach 53 

2.7.5 The CMB Angular- Power Spectrum 55 

3 Magnetised Cosmology 59 

3.1 The Electromagnetic Field 59 

3.1.1 Field and Stress-Energy Tensors 59 

3.1.2 Maxwell Equations and Stress-Energy Conservation 61 

3.1.3 The Electromagnetic Field; Robertson- Walker and Bianchi Cosmologies 62 

3.2 Baryonic Matter; Cosmological Magnetohydrodynamics 63 

3.2.1 Real Space 63 



vi 



3.2.2 Fourier Space 66 

3.3 Damping of Cosmological Magnetic Fields 69 

3.4 Conclusions 72 

4 Statistics of Cosmic Magnetic Sources 73 

4.1 Tangled Magnetic Fields 73 

4. 1 . 1 Underlying Statistics of the Fields 74 

4.1.2 Realisations of Magnetic Fields 75 

4.2 One-Point Moments 77 

4.3 Two-Point Moments 77 

4.4 Three-Point Moments 81 

4.4.1 General Considerations 81 

4.4.2 Scalar Bispectra 82 

4.4.3 Vector and Tensor Cross Bispectra 83 

4.4.4 Tensor Auto-Correlation 85 

4.4.5 Results 86 

4.5 The Lorentz Forces 88 

4.6 A Damped Causal Field 89 

4.7 Discussion and Conclusions 90 

5 Observable Impacts of a Magnetic Field 92 

5.1 Overview 92 

5.2 Nucleosynthesis 93 

5.2.1 Direct Bounds 93 

5.2.2 Indirect Bounds 94 

5.3 Large-Scale Magnetised Cosmology 95 

5.3.1 General Approach 95 

5.3.2 Damping Scales 96 

5.3.3 Non-Equal Time Correlations 98 

5.3.4 Vector Transfer Functions 99 

5.3.5 Tensor Transfer Functions 101 

5.4 CMB Power Spectra from Tangled Magnetic Fields 102 

5.4.1 Analytical Estimates from the Literature 103 

5.4.2 Numerical Estimates from the Literature 103 

5.4.3 A New Approach to the Magnetised CMB Power Spectrum 104 

5.4.4 An Outline for Generating Statistics from CMBFast 108 

5.5 The CMB Bispectrum 109 

5.6 Conclusion Ill 

6 Discussion and Conclusions 113 

A Further Issues in Perturbation Theory 116 

A.l Derivation of the Robertson- Walker Metric 116 

A. 1.1 Maximally-Symmetric Spaces 116 

A. 1.2 The Robertson- Walker Metric 117 

A. 2 Perturbation Theory and Gauge Issues 119 

A.2.1 Metric-Based Perturbation Theory 120 

A.2.2 Synchronous Gauge 123 

A.2.3 Poisson Gauge 123 

A.2.4 Transferral between Synchronous and Poisson Gauge 124 

A.2.5 Gauge Invariance and the Bardeen Variables 124 

B Viscous Fluids 126 

C Vector and Tensor CMB Statistics 130 

C.l Vector Contributions to the CMB in the Traditional Approach 130 

C.2 Tensor Contributions to the CMB in the Traditional Approach 132 



D E and B Modes 135 

D. 1 Spin-Weighted Polarisation - E and B Modes 135 

D. 2 The Line-of-Sight Approach 138 

D.2.1 Scalar Evolution 139 

D.2.2 Vector Evolution 139 

D.2. 3 Tensor Evolution 140 

D.2.4 Scalar CMB Angular Power Spectra 140 

D. 2. 5 Vector and Tensor CMB Angular Power Spectra 142 

E Supplementary Results concerning Source Statistics 143 

E. l Magnetic Bispectra 143 

E. 1.1 Traceless Scalar- Tensor- Tensor Correlation 143 

E. 1.2 Vector- Tensor- Vector Correlation 144 

E. 1.3 Tensor Auto-Correlation 145 

E. 2 Geometry-Independent Large-Scale Results 148 

F The CMB Bispectrum 151 

F. l The CMB Angular Bispectrum 151 

F. 2 An Algorithm for Evaluating Jij'c 153 

G Mathematical Relations 156 

G. l Legendre Polynomials 156 

G.2 Spherical Harmonics 157 

G.3 Bessel Functions 157 

G.4 Exponential Expansions 158 

G. 5 Miscellaneous 158 

H Conventions and Notation 159 

H. l Conventions 159 

H.1.1 Fundamental 159 

H.1.2 Perturbation Theory 159 

H.l. 3 Magnetised Plasmas 160 

H.2 Notation 160 



Chapter 1 

Introduction 



Magnetic fields are observed on many scales in the cosmos, from planetary scales with coherence lengths 
of a few thousand kilometres and strengths of a few Gauss, to galactic scales with coherence lengths on the 
order of kiloparsecs and a strength of approximately B w fiG. There are also fields with coherence lengths 
on the order of megaparsecs that lie between galaxies and have field strengths lying between nano- and 
micro-Gauss; fields larger yet within clusters are also likely to exist, with field strengths of a comparable 
size. While fields on supercluster scales are extraordinarily difficult to detect, there are suggestions that 
fields up to the order of micro-Gauss may exist even there. (See for example [1, 2, 3, 4, 5, 6] for reviews.) 
It is no great leap to suggest that larger-scale fields yet may be present and, if so, we require a means of 
probing them. 

The three chief observational probes for astronomical fields are the Zeeman effect, synchotron radia- 
tion, and the Faraday rotation. The Zeeman effect, in which the uniform component of the magnetic field 
separates molecular energy levels, is typically rather small (of the order of a few hertz for a micro-Gauss 
field) and thermal effects can readily induce a greater splitting than this. For the strong fields found in many 
astrophysical situations, the Zeeman effect can be a good probe; however, for fields on galactic scales and 
above it is unlikely to be useful. Synchotron radiation is emitted from electrons spiralling around magnetic 
field lines; this allows one to estimate the total magnetic field transverse to the electron motion. Synchotron 
emission is very useful for detections of magnetic fields in external galaxies, but unfortunately the relative 
scarcity of free electrons in clusters and greater scales limits its use to galactic scales. Moreover while syn- 
chotron measurements are useful for determining the transverse field strength they do not give an estimate 
of the total field strength and are also rather model dependent. For larger-scale fields and to determine a 
total field strength we resort to employing measures from Faraday rotation, in which a magnetic field rotates 
the plane of a light-beam's polarisation. A Faraday rotation signal is readily detected from its strong fre- 
quency dependence. Even with the Faraday rotation, fields on cluster and supercluster scales are notoriously 
difficult to calculate with any certainty; estimates range from the nano-Gauss to micro-Gauss levels. 

The origin of these fields remains uncertain; many of the mechanisms suggested to generate the ob- 
served fields require a pre-existing seed field and are more accurately dubbed "amplification" mechanisms 
than generation mechanisms. For our purposes we separate creation and amplification mechanisms into 
processes occurring before, during and after recombination. 

Popular post-recombination processes include the dynamo mechanism [4, 7, 8] and the adiabatic com- 
pression of a previously-magnetised cloud [4, 9]. The dynamo mechanism occurs when a rotating galaxy 
contains a pre-existing, small, seed field. The vorticity induced by the galactic rotation then "winds up" the 
magnetic field lines, boosting the field strength on an astrophysical timescale, the extra magnetic energy 
coming from rotational kinetic energy. The dynamo mechanism can likely boost a seed field of the order 
of lO"''" Gauss up to the observed level of around 10~^ Gauss, although this efficiency is still a matter 
of some debate (see for example [8]). The adiabatic compression of a previously magnetised cloud is also 
effective in boosting field strength; again one may visualise this as a compression of magnetic field lines, 
this time through an ever tighter packing rather than a tighter winding, and the extra magnetic energy comes 
from gravitational potential energy. Adiabatic compression is less efficient than is the dynamo mechanism; 
estimates are that a seed field of around 10^^" Gauss is necessary to produce the observed fields on a re- 
alistic timescale. Of course, there is little reason to believe that both these processes cannot be operating 
simultaneously, with the compression of a rotating, magnetised cloud. 
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Neither of these mechanisms generate fields from scratch; we still require some initial genesis mecha- 
nism to explain the observed fields. This could conceivably occur within clusters and galaxies themselves, 
by some battery mechanism for example; [6] provides some coverage of traditional approaches (the "Bier- 
mann battery" for example) to this matter and [10, 11] are a few modern treatments of magnetic fields 
produced in supernova batteries; such astrophysical sources do not here concern us. Instead we choose to 
consider the possibility that the seed fields, or at least a significant component of them, were relics of an 
earlier era. 

Mechanisms certainly exist to generate this field at reionisation [12, 13, 14] or at recombination itself 
[15, 16], and they might also have been created before recombination or even before nucleosynthesis. 
During the reionisation era magnetic fields can be created by the "shadow" an overdensity casts in the flux 
of an ionising source. While outside of the shadow an induced electric field is balanced by the radiation 
pressure, within the shadowed area the flux is weaker and the forces no longer balance; the ionised material 
is then induced into motion and the resulting current produces a magnetic field. Such fields can be as large 
as 10^^'' or even 10^^^ Gauss, and obey a power spectrum V « fc"^^ where n is the spectral index of the 
overdensities (assumed to be approximately n « —1 in the realm of applicabihty [14]). These fields have 
coherence lengths on the order of around IMpc. 

Fields originating at recombination will be relatively small-scale (though still large compared to galactic 
scales) and with strengths around 10^^" Gauss. They are generated by current flows induced between elec- 
trons and ionised hydrogen and helium during recombination by gravitational perturbations and radiation 
pressure. 

There are many suggested mechanisms that can produce fields before recombination. One possibility 
arises from certain inflationary theories. In general, the density perturbations and gravitational waves pro- 
duced during inflation are not conformally invariant, while magnetic fields are. Generating large-scale fields 
then depends on breaking the conformal invariance of the magnetic field, with highly model-dependent re- 
sults. Possible generation mechanisms arise relatively naturally during the electroweak symmetry breaking 
phase, before or during inflation itself, or in a preheating stage; see for example [4, 6, 17, 18, 1 9, 20, 2 1 , 22] . 
Such fields have power spectra ranging from V oc k to V oc fc~^, or even further tilted to the red. These 
fields are often dubbed "acausal" since they are produced during or before inflation. It can be shown (e.g. 
[23]) that a field produced by a "causal" mechanism must have an index n > 2. There are also recent 
studies into generic second-order phase transitions generating large-scale fields (e.g., [24, 25, 26, 27]); 
such fields generally have power spectra with an index n w 2, heavily modified by the complex physics. 
Cosmic defects, both those models from GUT theories and more recent string-inspired models, might also 
be responsible [28, 29]; these fields are generated by vorticity induced by the self-interaction of a string 
network. 

More recently, attention has been given to the possibility that magnetic fields might be created continu- 
ously in the period between lepton decoupling and recombination, through the vorticity naturally occurring 
at higher order in perturbation theory [30, 31, 32, 33]. Due to the nature of their production, such fields are 
necessarily rather weak and small-scale, though adequate for sourcing cluster fields; they have a compli- 
cated power spectrum that goes as fc^ for low k before damping away. 

Dolgov [34] provides a brief overview of many creation mechanisms. It is also worth commenting that, 
after production, their nature could evolve in the very early universe, perhaps as a result of hydromagnetic 
turbulence [35] or the inverse cascade [36, 37]. 

The exact magnetogenesis model is not our present focus; we are principally interested in studying the 
impact a primordial magnetic field might have on cosmological perturbation theory and, more specifically, 
the cosmic microwave background. It is to be hoped that studying this field will allow constraints on the 
possible strength of a primordial magnetic field - or, indeed, determine whether such a field is incompatible 
with observations. Research in this area is not new; studies of magnetised universes of one form or another 
date back at least to the 1960s (see for example [38, 39, 40]). However, in recent years much study has gone 
into the development of a theory of cosmological magnetohydrodynamics. 

Limits from nucleosynthesis can be particularly powerful, and applicable to tangled as well as large- 
scale magnetic fields [4, 5, 23]. The direct impact of a magnetic field, through the induced splitting in 
electron energy levels and through the energy density it contributes to the universe can be used to constrain 
the current field strength to the order of micro-Gauss. There is also an indirect bound arising from the 
gravitational waves generated by a magnetic field; Caprini and Durrer [23] demonstrate that the bounds on 
acausal fields generated in the extremely early universe are extraordinarily strong, to the level of B « lO^'^" 
Gauss for n « 0, and lessening only for strongly red spectra nearing n « —3. These limits are not entirely 
uncontested, however ([41, 42]). 
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The cosmic microwave background (hereafter CMB) provides additional tools for investigating the 
properties of large-scale magnetic fields. Regardless of the time at which they were generated, all fields 
could be expected to leave a magnetised Sunyaev-Zel'dovich effect (e.g. [43, 44]) and Faraday rotations of 
the primordial CMB [45, 46, 41]. Fields present before reionisation will impact on the physics of the era 
(e.g. [47]), and fields predating recombination will have a direct impact on the cosmological perturbations 
producing the primordial CMB [48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61]. It is with the final 
early-time possibility that this thesis is concerned. 

The field strength of early-time fields is already constrained by limits from the CMB. By assuming the 
universe to be of Bianchi type VII, Barrow et. al. [62] demonstrated that, assuming the total anisotropy 
allowed by the 4-year COBE results [63] to be due to a magnetic field, the field strength is constrained 
to a current value of B 10~^ Gauss. More recently, Clarkson et. al. [64] place weak limits on the 
strength of the magnetic field by considering the impact on the CMB in a generic geometry; assuming a 
Robertson-Walker form tightens these bounds back to the order of nano-Gauss. It is worth stressing that 
these limits are for a large-scale, directional component to the field active on scales larger than the Hubble 
length. Limits for a "tangled" configuration require a closer study. 

Primordial magnetic fields can have a significant impact on the CMB. While early treatments focused 
on the dynamics of a Bianchi universe [40, 65], more modern treatments [48, 49, 50, 51, 52, 53, 54, 55, 
56, 57, 58, 59, 60, 61, 66] consider either small perturbations around a large-scale homogeneous field or a 
tangled field configuration in which fields are taken to possess no net directionality above a certain scale, 
often associated with the cluster scale - that is, the orientation of the net cluster scale fields is random. Both 
of these scenarios source CMB perturbations, directly through the scalar, vector and tensor stresses, and 
indirectly by the density and velocity perturbations they induce in the charged proton-electron fluids. Code 
for calculating the vector and tensor anisotropics generated by primordial magnetic fields was recently 
added to the publicly-available Boltzmann code CAMB [67, 59], and that for scalars has been modelled 
independently [51, 60, 61]. 

Considering the dynamics of the magnetised cosmological plasma, Brandenburg et. al. [35], Tsagas and 
Barrow [68], Jedamzik et. al. [69] and Subramanian and Barrow [70] studied various aspects of magnetised 
cosmological perturbation theory and in particular the damping of magnetosonic and Alfven waves within 
the magnetised cosmological fluid. They independently found that while fast magnetosonic waves undergo 
Silk damping in much the same way as standard acoustic waves, the slow magnetosonic and Alfven waves 
are heavily overdamped and on some scales can survive Silk damping. This not only yields a power boost 
for small scales of the CMB but could also have a strong impact on cluster formation. 

Subramanian and Barrow [49, 53] make semi-analytical estimates of the impact of a stochastic tangled 
magnetic field on the small-scale (/ > 1000) temperature perturbations on the CMB, extending this with 
Seshadri to the polarisation [54, 57]. They found that the Alfven waves generated by a tangled field of size 
B sa 10~^ Gauss can contribute a signal to the temperature angular power spectrum that begins to dominate 
at / K, 3000. The effect is more pronounced for bluer spectra. Durrer, Kahniashvili and collaborators (e.g. 
[50, 52, 55]) investigate the impact a tangled magnetic field would have on the large-scale {I < 500) CMB 
for both temperature and polarisation angular power spectra. They find a similar decrease of signal for low 
n and that a field is constrained to be of the order of nano-Gauss if it has a spectral index n w —3, while a 
causal field with n w 2 is even more tightly constrained. Numerical codes are naturally the most accurate 
and previous findings have been confirmed and enhanced for scalar modes by Koh and Lee [51], Giovannini 
[60] and Yamazaki et. al. [61], and for vector and tensor modes by Lewis [59]. 

The studies thus far have been limited to particular configurations of field statistics and power spectra. 
Even with the numerical models studied by Lewis, Koh and Lee and Yamazaki et. al. much reliance for 
the primordial field's power spectrum and statistics is placed on the results of Mack et. al. [55]. This 
limits the study to a power-law power spectrum; while likely sufficient for fields produced by inflation, this 
is unlikely to be accurate for more complex scenarios such as fields generated from phase transitions or 
plasma processes. Large-scale causal fields are restricted to power spectra n > 2; due to the power that this 
concentrates on small scales, such spectra are unphysical without some additional cutoff or turnover. More- 
over the fields considered have been purely Gaussian and there is little reason to believe this to be a realistic 
assumption. Magnetogenesis mechanisms in the early universe tend to be exceptionally complicated and to 
merely assume a resulting Gaussian field is not warranted. Indeed, one of the few mechanisms for which 
the statistical nature has been derived is the second-order production of, for example, Matarrese et. al. [31] 
which, due to its nature, produces fields with a damped causal power spectrum. 

Moreover, the results in Mack et. al. and the work based on them is limited to the accuracy of the 
approximations they employ for the damping scales, Alfven velocity and normalisation of the spectral 
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index. These approximations are again restricted to Gaussian power-law fields. Despite their efforts there 
is also still not a fully unified treatment of magnetic fields in cosmology. While full treatments are provided 
in principle in Tsagas [71] or Tsagas and Maartens [72], resulting naturally from their use of the covariant 
and gauge-invariant approach to cosmology, Lewis' application of this approach to CMB analysis [59] 
neglected the scalar modes. In a more traditional metric-perturbation approach to cosmology. Mack et. 
al. [55] work in a gauge-invariant formalism and also neglect scalar modes. Koh and Lee [51] work in a 
conformal Newtonian gauge and thus consider only scalars. Giovannini [6], enhancing the study of Koh 
and Lee and seeking to fill the gaps in Lewis' work, also employs conformal Newtonian gauge. 

In this thesis we aim to review and extend the current research in this area, with a specific aim to- 
wards developing techniques by which a field with a significant tangled component could be constrained 
by CMB observations, including contributions from the scalar, vector and tensor components in a fully 
unified manner In chapter 2 we review in detail a linear-order cosmological perturbation theory of the 
classical type pioneered by Lifshitz ([73, 74, 75]). We generally restrict ourselves to synchronous gauge for 
ease of future integration with the CMB Fast code [76]. In chapter 3 we introduce the modifications to the 
standard theory introduced by a magnetic field. Magnetic fields impact directly on the geometry through 
the magnetic energy density and isotropic pressure, but also through the anisotropic shear they introduce. 
Perhaps more importantly, however, the magnetic fields modify the conservation and Euler equations for 
the baryons, making them into a cosmological equivalent of the classical MHD equations. The fields then 
source slow magnetosonic waves and Alfven waves, both of which become heavily overdamped and can to 
some measure survive Silk damping [70]. In the standard picture vector perturbations rapidly damp away 
(though Lewis has demonstrated that in principle a detectable signature might remain from primordial vec- 
tor modes sourced by the neutrino anisotropic stress after neutrino decoupling [77]); as with a system of 
cosmic defects, however, the magnetic field provides an active source. 

It appears increasingly likely from cosmological data such as the CMB that the dominant source of 
perturbations in the universe was adiabatic and Gaussian in nature, consistent with the expectations of an 
inflationary universe [78, 79]. However, this does not exclude the possibility that non-linear sources - 
such as, but certainly not limited to, our magnetic fields - might also have played a role in generating 
perturbations. While their impact on the power spectrum might be small, they could dominate any non- 
Gaussianities that we observe. In order to search for these optimally we need clear predictions for the 
nature of the non-Gaussian signals that they would source. In chapter 4 we investigate in detail the intrinsic 
statistics of an early-universe tangled magnetic field. The stress-energy tensor of the magnetic field is 
quadratic and so at the very least we expect the energy density of the field to obey a distribution. To test 
this suspicion, we analyse the intrinsic statistics of Gaussian-random magnetic fields, concentrating on the 
two- and three-point correlations between the scalar, vector and tensor components of the magnetic stresses. 
We do so by both generating realisations of Gaussian-random magnetic fields and through numerically 
integrating pure analytical results, most of which are presented here for the first time. While the integrations 
we present are reliant upon the fields being Gaussian-random, the code we use to generate our realisations 
is easily extended to include any type of non-Gaussian seed field and any form of power spectrum, not just 
the power-law typically considered. One motivating example is a field continuously sourced in the pre- 
recombination universe by the mechanism of, for example, Matarrese et. al. [31] which, being produced 
by the combination of two Gaussian fields, is in nature and which has a significantly non-trivial power 
spectrum. As a first step towards considering this scenario, we model a Gaussian magnetic field with a 
causal power spectrum, exponentially damped on smaller scales. Unfortunately, the limited dynamic range 
of our realisations prevents us from directly modelling the end-result of the Matarrese et. al. mechanism; 
however, the field we consider will provide us with clues as to its nature. 

The impact of magnetic fields on the CMB temperature and "gradient" £'-mode polarisation angular 
power spectra is likely to be relatively minor on the angular scales most easily resolved; they are expected 
to begin to dominate at multipoles of about I w 3000, which remains unprobed by WMAP and unlikely to 
be detected with such accuracy for a long time yet, although measurements by the CBI, VSA (see e.g. [80]), 
ACBAR [81], Boomerang [82] and CAPMAP [83] probes are ever-improving, and the South Pole Telescope 
[84] is soon to come online. Moreover, angular scales this small are likely to be heavily contaminated by 
foregrounds that will be extremely hard to remove without washing away the effects of a magnetic field. 

The "rotational" S-mode of the CMB polarisation is relatively unexcited; in the standard model B- 
modes are generated by gravitational waves produced by inflationary perturbations and by weak lensing, 
both with characteristic spectra. In general only vector and tensor perturbations excite the B-mode. Since 
a magnetic field produces both of these we have, in principle, a clean probe for its properties. Moreover, a 
cosmological magnetic field would naturally induce Faraday rotation in the CMB polarisation [85, 46, 45, 
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41], which would convert an amount of the i?-modes generated by all three classes of perturbations into the 
B-modes, in a characteristically frequency-dependant manner. In reality, unfortunately, a strong angular 
power spectrum for the B-mode is a long way off. 

In chapter 5 we finally consider the observational impact of magnetic fields, briefly reviewing the known 
constraints from nucleosynthesis [5, 23] before turning in detail to the CMB temperature angular power 
spectrum. Exploiting the simple time-evolution of a magnetic field we can tackle the issue from a slightly 
different angle to previous authors, transferring the intrinsic magnetic statistics directly onto the CMB by 
integrating them across magnetised transfer functions. This approach requires pre-computed power- or 
bi-spectra, which could naturally be either purely analytic or resulting from the realisations we generated 
in chapter 4. The transfer functions are derived entirely independently. The advantages of this approach 
are manifold. At the two-point level one might argue that the approach of Subramanian and Barrow [53], 
Mack et. al. [55], Lewis [59] and Yamazaki et. al. [61, 66] is sufficient and a new formalism entirely 
unnecessary. However, the techniques employed by these authors are restricted, both in the nature of the 
fields that it can model - only purely Gaussian, power-law fields - and in the heavy reliance on successive 
approximate solutions to a range of integrals. With our numerical approach, we are not at all restricted in 
this manner and can consider a far wider range of magnetic fields and their imprint on the CMB angular 
power spectrum. We consider the large-scale approximations to the magnetised transfer functions, which 
then enables us to demonstrate the validity of this approach. The extensibility is demonstrated using the 
damped causal field we considered in chapter 4. 

Magnetic impacts on the two-point CMB spectra are likely to be subdominant to other sources until 
very small scales. An alternative probe comes from the non-Gaussianity that any magnetic field - including 
a Gaussian field - will impart onto the CMB. From a large-scale magnetic field, this non-Gaussianity would 
be expected to show at relatively low multipoles. Given the quality of the current data at low mutipoles 
generated by the WMAP satellite and, in the near future, the Planck satellite, this would seem a sensible 
approach. Unfortunately, the analytical and semi-analytical approaches employed by, for example. Mack et. 
al. and Subramanian and Barrow are unsuited to predictions for the CMB non-Gaussianity; the expressions 
become rapidly unwieldy, albeit probably not insoluble. We outline briefly how our approach can instead be 
employed to realistically predict the CMB angular bispectra arising from the various three-point correlations 
we derived in chapter 4. This approach shares its advantages - and disadvantages - with the two-point case. 
It is severely compromised by the limited dynamic range, more so even than the two-point correlations, due 
to the strong mode-selection involved. Accurate intrinsic bispectra thus take a very long time and a large 
amount of memory to produce since we must use the largest possible dynamic range and average many 
different realisations. However, using such bispectra makes this approach highly extensible and the method 
we outline is entirely general. We conclude by outlining the procedure by which we will generate CMB 
angular bispectra using transfer functions generated from the CMBFast Boltzmann code [86]. 



Chapter 2 

Standard Linearised FLRW Cosmology 



In this chapter we present a review, independently derived but, for the large part, recreating previously- 
known results, of the theory of linear cosmological perturbations of a Friedmann-Lemaitre-Robertson- 
Walker universe. Sections believed original to this thesis include the discussions of vector perturbations. 

2.1 The FLRW Geometry 

Cosmological Spacetimes and the Robertson- Walker Metric 

The Copernican principle states that the Earth is in no special part of the universe. If one assumes that the 
universe is isotropic about the Earth then applying the Copernican principle will immediately lead one to 
conclude that the universe is homogeneous and isotropic throughout. Perhaps the strongest evidence for an 
isotropic universe is the cosmic microwave background (CMB), which to a startling accuracy is observed to 
possess the same temperature (about 2.728K) in all directions [78, 63]. Applying the Copernican principle 
leads us to conclude that the universe is isotropic around every point - i.e., homogeneous. We then expect 
the metric modelling the present universe to be maximally-symmetric - that is, possessing the greatest pos- 
sible numbers of isometrics or, equivalently, possessing the maximum number of Killing vectors. Clearly 
this cannot be literally true, or we would not ourselves exist. However, if we consider the universe on a large 
enough scale that the clumping of matter is entirely negligible, then it becomes a very reasonable assump- 
tion. We should note that these are indeed merely assumptions, and one can work with mildly anisotropic 
cosmologies and reproduce the observed microwave background (e.g. [87]) to within experimental error. 
Moreover, critics might point out that the direct observation of the CMB only makes a statement about the 
isotropy of the universe about the Earth; the homogeneous and isotropic universe follows only by declar- 
ing that isotropy complete and enforcing the Copernican principle. Non-homogeneous cosmologies are 
in general rather intractable, though there has been renewed work on the spherically-symmetric Lemaitre- 
Tolman-Bondi metrics since some authors suggest such models may exhibit late-time acceleration without 
the need for dark energy (see [88, 89, 90] for three recent, conflicting, viewpoints). We assume the Coper- 
nican principle to hold. 

In appendix A we derive the Robertson- Walker metric by foliating spacetime with maximally-symmetric 
three-spaces, and progress to a discussion of gauge issues in cosmology. Here we content ourselves with 
presenting our metric ansatz, in a flat synchronous gauge. We employ the line element 

ds'^ = -dt^ + a^{t) (7y + hij) dx'dx^ = 0^(77) (-rfr/^ + {jij + hij) dx'dx^) . (2.1) 

where 7,,, = diag(l, 1, 1) and hjj is implicitly of order a small parameter e and includes contributions 
from components transforming under co-ordinate maps as scalar, vector and tensor parts. The separation 
will be performed in Fourier space. Synchronous gauge provides us with an unambiguous and familiar 
time co-ordinate and, as long as we take care when specifying initial conditions to remove the spurious 
gauge modes [91], is no worse than any other gauge choice for physical interpretation of results. Note that 
an observer measures the proper time and co-ordinates, dt ~ di]/a and dr ' = dx^ /a. We will generally 
employ the conformal time di] = dt/a, where a{r]) is the scale factor of the FLRW geometry, swapping to 
co-ordinate timet only in certain cases. We use the notation A ~ dA/drjwAA' = dA/dt for differentiation 
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of an object A with respect to the conformal and co-ordinate times respectively, and employ an overbar A 
to denote background quantities and SA to denote perturbed quantities. 

Basic Definitions 

Consider a real-space covariant vector Bi, the 4-velocity, for example. Then the contravariant form will be 

B' = a-^Y^Bj ^ {aB') = 7'^ (a'^Bj) 
and so one can define the comoving covariant vector bi and its contravariant counterpart 

b' = aB\ bi = a-^Bi, b'=f^j. 

In particular, this implies that 



where is a comoving co-ordinate. 
Similarly, for a tensor Bij, 



leads to the definitions of the comoving tensors bij and as 

= c^B'\ = a-^B,,, 5'^ = 7""7'"&™n- 
The mixed form b^- is then simply 

Bj ^ a 7 Bmj = 7 Omj = bj. 

The inverse metric [92] is 

5"" = -a-^ 5°' = 0, g»^=a-2(7'^-/.^^) 
which takes this form to retain the normality of the metric; the metric perturbation is a comoving tensor 

and so 

= 7™/imj = lijh^^ and h'^ = a'Sff' = 7^'"7'"/imn. 

The scale factor a is normalised today to unity, i.e. ao = a(?7o) = 1- This implies that comoving 
quantities become physical at the current epoch. The conformal time 77 is then closely related to the Hubble 
distance.' 

Affine Connections and the Ricci Tensor 

The affine connections in a metric space without torsion are the Christoffel symbols. 
For a perturbed Robertson-Walker metric these are 



^ 00 


d 

a ' 


pi 
^ 00 


= 


pO 


= 




= f( 






pj 




pi 


- U 



(2.2) 



dk4 + djhl^d'h,k) 



'The equations derived in §2.2.3 imply tliat if we assume the current acceleration to have started only recently, we can approximate 
the current conformal time as r; 2/ Hq where Hq is the current Hubble parameter. 
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The Ricci tensor is then 



Straightforward calculations then show that 

2^ 



,2 r>l 



-2a'' Rl = d'h-d^h) (2.3) 

Here /i = = is the trace of the perturbation and we have raised one of the indices. 

The Ricci scalar for this perturbed universe is then 

R = R'f, = \ (e- + h + 3-h-W'^h + d^d^hl\ . (2.4) 
^ \ a a J 

This is in conformal time; were one to transfer back into co-ordinate time, one would find that the back- 
ground term becomes the more familiar i? = 6 (a" /a + a''^ /a^) . 



The Einstein Equations 

If one assumes only that the universe is composed of various fluids - effective (photons and neutrinos, for 
example) and actual (baryons, CDM etc.), as well as other interacting or non-interacting components such 
as electromagnetic fields or networks of cosmic defects - then one may express the matter content of the 
universe in a total stress-energy tensor Tjf. 

For intuitive purposes, this tensor can be defined in Minkowski space by 

T^ = -p, n = -£\ T] = V] 

where p is the mass/energy density of the matter component, £1 is the energy flux vector (which with c = 1 
is equivalent to the momentum density), and T'j is the momentum flux density (see [93]). A more rigorous 
definition of a general stress-energy tensor is presented later. The momentum flux density can be seperated 
into its trace and traceless parts by 

T] =pS]+I[^^2,p = Tl, Ii)=T] -r^5iT^ (2.5) 

where p is the isotropic pressure and 11* embodies the anisotropic stress and contains a traceless scalar 
degree of freedom along with two vector and two tensor degrees of freedom. This vanishes for a perfect 
fluid, for which we have 

^{p + p)u^u,+p5'i. (2.6) 

The Einstein equations can be written 

G'i=R'i- i<5^;i? = SttGT,^ + (2.7) 

Contracting these equations allows one to eliminate the Ricci scalar and express the Einstein equations in 
an alternative "trace-reversed" form, 

R^, = SttG - \5^,t:\ - AS^, (2.8) 
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which emphasises the vacuum equations i?^ = 0. There is obviously great redundancy amongst these 
equations. At zeroth order, the Gq equation generates the Friedmann constraint equation and the G* equa- 
tion generates the Raychaudhuri evolution equation. At first order, the Gq, Gq and Rq generate constraint 
equations while the G*, Rq and Rj equations produce evolution equations. We shall select as evolution 
equations the Rq for the scalar trace and the Rj for the other components, and as constraints we shall select 
Gq for the scalar trace and Gq for the other components. 

Employing the Ricci tensor and scalar (2.3 - 2.4) found above, one readily finds that in the background 
we have 

8nG ( 97-o\ a^A 



Fricdmann; constraint, Gq : 7Y — [ — | — — | (X Tq J 4" — ^ — , (2.9) 



a a 



2 



SttG / o— i 



Raycliaudliuri; evolution, (5^ G- : 2 = [a TA + a A. (2.10) 

a \a J 3 V / 

where Ti, = aH is the Hubble factor in conformal time, H being the observable Hubble parameter. The 
physical meaning of these equations can be rapidly illustrated with the perfect fluid form of the stress-energy 
tensor, for which we have 

aV %T^G ^ ( A \ (aV ^ ^ -r ( ^\ ..... 



from which we may identify the cosmological constant as an effective perfect fluid with stress energy 

Tl'^^ = ^diag(l,-1) 

or, to phrase it differently, an unperturbed perfect fluid of density pA = A/SttG and pressure pA ~ — Pa. 
Using the typical definition of a cosmological equation of state w ~ p/pwe then have wa = — 1. 
The Friedmann equation can also be written as 

SttG 2_ 87rG_ n^ 

where O is the ratio between the universe's total energy density and the critical density. For an individual 
species, then, 

= = (2.13) 

i 

These are normally presented as observed during the current era and the Friedmann equation can then be 
written 

^O,oa-"'=1 (2.14) 

i 

with the scale-factor embodying the time-evolution. It is seen later that for radiation rii = 4, while for 
matter = 3 and for a cosmological constant rii = 0. Had we included a curvature term in our system 
then the effective energy density would evolve with Ui = 2. 
The linearised equations are 

Evolution, 5R°: ll + -fl = IGTrGfl^ ( STS - -ST' 

a \ " 2 

Evolution, 5R] : h' + 2-h] + -h6] - (d'd.h + W^h' ~ d^d.hl - dad'h":) 

= 167rGa2 f 8T] - ^6)6T^ 



Constraint, SG° : 2-h + d.,h) - h = -WnGa'^ST: 
a ■' 

Constraint, (5G* : l9^7l* — (9'7l = X^-kGo^STq. 
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These equations are entirely generic; henceforth, however, the matter sources we shall consider will 
be baryons, cold dark matter, photons, (massless) neutrinos, and in chapter 3 an electromagnetic field. 
We could also add, for example, scalar fields and networks of cosmic defects. The explicit forms of the 
stress-energy tensor for the differing fluids employed in standard cosmology shall be considered in turn. 



Fourier Space and the Scalar- Vector-Tensor Split 

The system of equations presented above are most easily analysed by transferring them to Fourier space 
and separating the components into parts transforming as scalars, vectors and tensors under co-ordinate 
transformations. We work with the Fourier convention 

d' -ikk\ 

that is. 



A(77,x) = j A(77,k)e 



-ik.x '^^^ 



(27r)3 



for a scalar, vector or tensor quantity A. When necessary, co-ordinate axes will be aligned such that \\ k. 
A vector quantity in this space can be separated into a scalar and a solenoidal part as 

B' = ik'Bs + B'y, hB'y = 0, (2.15) 

with ki a comoving wavevector, which implies that 

Bs = -ikB\ Biy^B' - k'kjB^ = (S) - k'kj) B^ = PK'k)B^ , (2.16) 



where Pj(k) = Sj — k^kj is a projection operator projecting a quantity onto a hypersurface defined by the 
Fourier modes. Likewise, a tensor quantity can be split into 



-5]A + fc'fc, - -5) As + fcMj + k,A'y\ + A)' , (2.17) 



with the various conditions 

fcMf = 0, FAf = = 0, 

where A = A\i5 the trace of A, As is the traceless scalar part of A, Af is the (divergenceless) vector part 
of A and is the (traceless, divergenceless) tensor part. 

It is straightforward to demonstrate that the different components of Aj are then recovered by applying 
various projection operators^ to the full tensor: 

A = 5^4, 

As = phA^-^A^[6i-^P^0^A',^QmA^, 

AY = %Ai-fc,%PAi. = fc,/^'^(k)Ai=Pf (k)Ai.(k), (2.18) 

AiT _ Ai ^ Xi A (Ut. ^ Ki\ A ^ f iJ aV \ U . AiV 



A- = A^^-6)A~^k,^-6)jAs-[k^A^ +k,A^ 

P:ik)P^{k) ip;(k)P,^(k)) At = T'jf (k)A^(k). 

It is occasionally useful to work with fully symmetrised forms of the vector and tensor projection operators; 
is so we shall 



when this is so we shall employ Vf^^ = k(^jP^\k) as the vector projector to operate on and V^'^ 



P'l^^ ik)Pj (k) — ^ Pj ik)Pa (k) j for the tensors, where the curved brackets denote symmetrisation on the 



-Technically only Pj*(k) is a true projection operator since it obeys Pj'(k) = 2, P*(k)P^ (k) = P^(k). Any sensible definition 
of a trace for the other projection operators vanishes; neither are they idempotent. However, we shall habitually refer to them all as 
projections. 
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enclosed indices A(j_Bj) = {l/2){AiBj + AjBj). We shall do this, for example, when we come to consider 
the statistics of the magnetic field. 

Separating the metric perturbation, one can see that /i*^ will carry information about the gravitational 
waves while hY will carry information about vorticity. 

We can now make identifications between our variables, separated using the above prescription, and the 
(j), B, Si,tfj, E, Fi, Gij employed in appendix A and by Mukhanov, Feldman and Brandenberger [94]. Since 
we are working in synchronous gauge the lapse and shift functions vanish, implying cf) = B = Si = 0; the 
spatial perturbation is, in the two notations. 



-2^7, 



2E, 



2F 



m 



^ ij — ^ij 



which in Fourier space is 

-2'ipjij 

and so 



2k'^kikjE - 2ikk(iFj) + G,j = -h-fij 

3 



F, 



k ' ' 



/i = - {2k^E + , hs = -2k^E, hY ^ -ikF^, h] 



In this representation of the gauge, then, the gauge-invariant Bardeen variables (A. 37) are 



(2.19) 
(2.20) 



2fc^$ = h<. 



a; „ . 2 ^ a : k 



hs, 2fc^* = -hs + — (hs ~ h) , kV, 
a a 6 



ih 



(2.21) 



This is little more physically lucid than in the alternative prescription and in this chapter we shall not employ 
the Bardeen variables though obviously we could rewrite the scalar and vector components of the Einstein 
equations below as equations for them. We return to the vector Bardeen variable in chapter 5. 

Transferring the Einstein equations into Fourier space and separating them across their scalar, vector 
and tensor components (noting that the equation contains a redundant scalar trace term, which we 
remove) leads us to 



Background 
Equations 



SnG 



inG 



(a^r:) 



a^A, 



Scalar Trace 
Evolution 



Traceless Scalar 
Evolution 



h = STrGa^ {bTl - 6T^ 
1. 



hs + 2-hs + -k^ (h - hs) = lenGa'^dTs 
a 3 



Vector 
Evolution 



2-hY ^ WnGa^STY, 
a 



(2.22) 



Tensor 
Evolution 



/if + 2-hf + k'hf = UnGa'STf, 



Scalar 
Constraints 



h + \k^ {h - hs) = -8TTGa'^ST°, h-hs = 247rG^(5r''j^, 



Vector 
Constraint 



h\, 



m^G-STi^y 



with 5Ts, 6TY and ST^^ defined as above and STq separated as 



Here all the variables are now in Fourier space and are functions of conformal time rj only. 

We can then see that, in the absence of any source, the vector perturbations will damp away rapidly. 
The tensor evolution equation is a damped wave equation and in the absence of tensor sources it will 
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generate damped plane waves. Although vector perturbations are neglected in standard models, they must 
be considered in models containing active sources - models with networks of cosmic defects or magnetic 
fields, for example. Inflation does, however, generate an amount of power in gravitational waves and so 
tensor modes are taken into account in the most accurate pictures. It is, however, a good approximation to 
consider only scalar perturbations. 

When these equations are studied for the separate components, it becomes necessary to discuss the bases 
we are working in for the vectors and the tensors. These bases are introduced in section §2.3.2. 

We now turn to the standard components of the matter/energy content: cold dark matter (§2.2.2), the 
photons (§2.3.2), the massless neutrinos (§2.3.5) and the baryons (§2.4). We also consider, for brevity as 
background sources only, scalar field matter (§2.5) which can drive both inflationary and late-time acceler- 
ating phases. The electromagnetic field is discussed in chapter 3. 



2.2 Fluid Matter 

2.2.1 Generic Stress-Energy Tensor 

Cold dark matter and baryons are perhaps the simplest matter that can be placed into the Einstein equations, 
especially if one neglects all viscous effects. Here we shall quote both shear and bulk viscosities and also 
heat conduction and their impacts on the stress-energy tensor; this will prove useful, for instance, when 
modelling photon viscosities. However when we consider the standard cosmological sources of cold dark 
matter (CDM) and baryons we shall neglect the imperfect elements. 

To model imperfect fluids, seperate the stress-energy and particle current tensors into an ideal and a 
non-ideal part. 



= Tadcai)M _^ y^No„-idcai)A. ^ {p + p) u^'u^ + pSi^ + TjN™-"''^')^' (2.23) 

(Ideal) (Non — Ideal) {Non — Ideal) ^ 



where p is the fluid's mass-energy density, p its pressure, n its number density and its 4-velocity. This 
decomposition introduces an ambiguity into the definitions of p, p, n and u^, so define 

r° = -p, = -n 

in a comoving frame where = (1, 0), and p is the total energy density in this frame, p is defined as the 
"intrinsic" pressure when the non-ideal components vanish. The 4-velocity may be taken, as do Lifshitz and 
Pitaevskii [93], to be the velocity of energy transfer (^ T"* = in a comoving frame), or it can be taken, 
as do Eckart [95] and Weinberg [96], to be the velocity of particle transport (=^ iV' = in a comoving 
frame). We take Eckart and Weinberg's definition. 

These definitions imply that y^(Non-Moai)o _ A^(No„_i^oai) = and ^(Non-ideai) = in a comoving 
frame. Thus one can see that, in a comoving frame, the dissipative effects are held entirely within the 
stress-energy tensor; in a general frame, 

iVL ,s = (2.25) 

(Non— Ideal) ^ ^ 

u^u''T^^°''-"'=^') = 0. (2.26) 

An arbitrary stress-energy can then be found by finding the most general T'(Non-ideai) allowed by both this 
equation and by the second law of thermodynamics; for a demonstration see Weinberg [96]. 
The resulting stress-energy tensor of a generic barotropic fluid in an arbitrary frame is 

= pu^^u, + pHi^ + + + Ci^ 

with a supplementary thermodynamic equation of state usually taken in cosmology to be of the barotropic 
and isentropic formp = w{p)p. Here the 4-velocity is 



(2.27) 
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the projection tensor onto a hypersurface orthogonal to u'' is 
the heat-flow vector is defined as 



the shear tensor is defined as 



- + e^i^.;."", (2.28) 

l^,^=<,+7.,^^-^J>%, (2.29) 

and is the temperature of the fluid, x, ^ and ^ are the (positive) coefficients of heat-flow, shear viscosity 
and bulk viscosity respectively ^ For non-relativistic "dust" - i.e. non-relativistic, pressureless fluids, one 
then takes w ^ 0. Both the baryons and the cold dark matter are taken to be non-relativistic since, even in 
the presence of a primordial magnetic field, the baryons remain highly non-relativistic; see [62, 70, 64, 97]. 

This decomposition of the fluid stress-energy tensor is useful since it acts as a direct relativistic general- 
isation of the familiar components of the fluid stress-energy (see for example Landau and Lifshitz [93] and 
Weinberg [96]). An alternative is to decompose it according to the four-velocity of an observer; this is, for 
example, employed in the gauge-invariant and covariant approach to cosmology [98, 99, 100], developed 
from covariant fluid mechanics [101, 102], wherein spacetime is decomposed into a 3 + 1 split with the 
observer's four-velocity acting as a time parameter, and all tensorial objects are projected parallel to the 
velocity and onto a hypersurface perpendicular to it. In this formalism, the stress-energy tensor splits into 
Tfj.1, = pUf^Ui, + pH^y + q^Uy + u^qy + tt^^ with q^ the momentum flux and tt^^ the anisotropic stress. 
This approach has many advantages but for the purposes of this thesis we shall retain the older, more famil- 
iar formalism. It should be noted, however, that the gauge-invariant and covariant approach has been used 
with great success in the field of magnetised cosmologies; see for example [68, 71, 72, 87, 103]. The great 
benefit of such an approach is that one formulates first the entirely non-linear equations and then curtails 
these to an approximation based around a Robertson- Walker background, as opposed to the metric -based 
approach we are employing wherein we set a (fictional) background metric and perturb up to a more re- 
alistic approximation. This then lets us draw qualitative conclusions about the non-linear behaviour of a 
system; we can also find a clear physical interpretation of each term. 

The two main thermodynamic properties of a fluid that we shall be concerned with are the equation of 
state and the speed of sound, defined by 

P 2 dp dw 
w=-, c^^ — =w + —p. (2.30) 
p op op 

and its temperature. We assume that the fluid is isentropic and barotropic, that is that w = w{p). The 
perfect fluid stress-energy tensor then has the components 

T^ = -P, n^-ip+p)v\ t; ^ps; ^n^ = o. (2.31) 

We have not imposed any restrictions on it; = w{p), which is implicitly a function of space and time. To 
retain homogeneity, = 0{e) and so we neglect any second-order combinations of and the metric 
perturbations. It is worth emphasising, however, that we have heavily restricted the physics of the fluid 
species we can consider; a more general fluid equation of state could involve terms p = w{p,S)p with S 
the entropy of the fluid, and a truly realistic equation of state would be of the form p = p{p, S) derived 
from the micro-physics. 

Expressing the temperature of the imperfect fluid as a background homogeneous component and a 
perturbation,^ 

e(x,r;) =e(ry)+(5e(x,77), 

and assuming that the viscosities can be treated as quantities of zeroth order in e, we can then find that, as 
one would expect, the energy flux is modified by both the heat conduction and also a drag from the bulk 



^Note the change of notation from that usual in the fluid literature, as we are reserving r} for the confornial time rather than the 
shear viscosity. 

''while in this section we rigorously employ this notation, we shall in the future omit the overline on the background temperature 
where the situation seems unambiguous. 
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viscosity: 



a 



X^ = X.e - + = .^ + ^ , Co = 3C.-.^ (2.32) 



while the stresses acquire contributions from the two viscosities, 



q = -Ca(3^ + V.v + l/.)<5; 

1 



Q = ~^a[d'v,+d,v' + h)^-6}{2V ■w + h]] (2.33) 



where we have scaled the coefficients of heat conductivity and bulk and shear viscosity by Xa = x/a and 
similar. Note that, as one should expect given our background, the heat conduction and shear viscosity 
are purely first-order in e. Were they to impact on the background they would impose a directionality on 
the universe by, for example, a net heat flow or a net momentum. If we assume that a particle species is 
coUisionless then we can derive the temperature change from the first law of thermodynamics; 

dg = ^rfQ+prfQ) (2.34) 

where dQ is the change in heat and p the pressure. We can approximate the pressure as p = NQ where N 
is the particle number density (n = — 3(d/a)n), the density as p = Nm, m being the particle mass, and for 
a colUsionless fluid set dQ = 0. With these substitutions we quickly see that 

e + 2-e = (2.35) 

a 



and so 



e cx ^. (2.36) 



The background isotropic stress is, in full. 



\Ti=p^3Ca- (2.37) 
6 a 

and so we see that, insofar as the background dynamics are concerned, the presence of a bulk viscosity 
serves to reduce the pressure of the universe. 

For simplicity, we now assume that any fluids in the universe are perfect and derive their dynamics. 
Non-ideal fluids are considered in appendix B. 

Real-Space Dynamics 

The stress-energy conservation laws for the ideal part of this fluid are given by 

where T/^^'-^'' is the summed stress-energy tensor of any interacting species (for example, the electromagnetic 
field will contribute an interaction term to the baryon fluid) and is a collisional term providing a source 
or sink for stress-energy, a transfer of momentum between baryons and photons coupled by Thomson 
scattering, for example. For clarity we shall always present the contributions to the continuity equations as 
~Tq.^. The interaction and non-ideal contributions add linearly to the results of this section. 

Evaluating the ideal fluid contribution, neglecting terms second order in h or but without yet linearis- 
ing thermodynamic properties yields 

-To% = P + V-((p + p)v) + (p + p)(^3^ + iA^, (2.38) 
orj a 
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Linearising the pressure will in general give 
and so for an isentropic fluid 

6p = clp6 (2.39) 

where we have linearised the density with a dimensionless perturbation 6 = Sp/ji with a spatial average 
density p - that is, p = p(l + (5). 

It is straightforward to now show that 

p + 3-p{l + w) = -Co, 
a 

d'p = (2.40) 

for the background dynamics, and 

6 + 3^{c,''~w)6+{l + w)(v.v+h^ = -SCa, (2.41) 

+-il-3w)]v' + -^d'S = 6C\ 



1 + w a I 1 + w 



Fourier space 



Transferring into Fourier space and separating across the scalar, vector and tensor components is generally 
straightforward. Denoting the spatial trace of a tensor as T = T/, we quickly see that, for the ideal 
sector of the stress-energy in the background, 

tI = -p, To = 0, T^- = cl-p5] 

and in the foreground, 

6T^ = -p6, 6T^^ -p{l + w)v„ 5T; = clpSS] . 
We separate across the scalar, vector and tensor parts to get 

tI = -P, % = 0, T- = 3cIp, ifj^O 

in the background and 



'-{0) 

'(0) 

The background matter conservation equation is 



8T'^ = -p (1 + u;) , (5r = 3c2p,5, (57rj = 0. 



a 

At linear order, the ideal components are 



^+3-p(l + w) =-Co. (2.42) 



(5 + 3-(c,2-iy),5+(l + i«) (fci;s + ^/i) = -(^Co, (2.43) 



a 

(i) 



+ -(l-3u;) i-s-fc-^<5 = (5C^'^ (2.44) 
\1 + w a J 1 + w 

+ f-^ + - (1 - 3u;)) «V = SC'v (2-45) 
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2.2.2 Cold Dark Matter 

Cold dark matter (CDM) is defined as a fluid that interacts with other species purely gravitationally, via the 
Einstein equations. Governing this fluid, in addition to the Einstein equations, will be the CDM specialisa- 
tion of the conservation laws (2.40, 2.41). "Cold" refers to the extreme non-relativistic nature of the dark 
matter; one assumes that it has a vanishing equation of state and speed of sound. Moreover, since CDM 
interacts only gravitationally, it may be used to define the synchronous frame of reference; hence we set 
vl = identically. 

CDM then obviously has a background stress-energy tensor 

Tl^-p^, T;=T; = ni=0 (2.46) 
which contributes only an average density to the dynamics, and 

ST° = -pj,, ST^^ST:^ = 0, (2.47) 

in the foreground, with the CDM fluctuations providing potential wells that will seed the formation of 
large-scale baryonic structure. The stress-energy conservation equations become 

i}, + 3-p, = 0, Sc + h = 0. (2.48) 
a 2 

In the simplest model there are no viscous effects that can be associated with cold dark matter; if there 
were, it would by definition not remain "cold". While naturally it would not take a particular leap of 
intuition to envisage a bulk viscous material acting as CDM it is standard to instead reduce the fluid to its 
very barest fundamentals. 

2.2.3 Single-Fluid Universes 
An Ideal Fluid Universe 

Consider a universe dominated by some generic perfect fluid with (constant) equation of state w and speed 
of sound c^; this universe then evolves according to the (redundant) set of equations 



p + 3-p(l + w) = 0, H = a% 2-- - =-8TrGa^wp. (2.49) 

a 3 a \a J 

We differentiate the Friedmann equation to obtain an expression for p and substitute this back into the 
conservation equation, whence 

2n (7i+ (1 + 3^)^3) =0. 

This has the trivial solution H ~ 0, corresponding to an empty universe, and an ordinary differential 
equation for H which we quickly solve for both the Hubble parameter and the scale factor to find 



2 1 a _ 2 l-3u;l 
1 + 3w rj' a 1 + iw 1 + 2iw ij^ 



The background density is best found by direct integration of the continuity equation, whence 

P = Po — • (2-51) 



\ a 

We can then consider special cases of the equation of state: 

• w = 1/3: A purely radiative or ultra-relativistic fluid has this equation of state, as demonstrated in 
the next section. With w ~ 1/3 we see that 

1 a 

a = oq?/, 7i = — , — = (2.52) 
7] a 
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and so a radiative universe does not accelerate with respect to the conformal time, and the scale 
factor grows linearly with 77. The background density of the radiation fluid decays as a^^, which can 
be interpreted as a stretching due to the volume expansion of the universe plus a stretching due to 
red-shifting. 

w = 0: A fluid with an effectively vanishing pressure is labelled "dust"; due to the extreme non- 
relativistic nature of their bulk distribution, baryons are assumed to be dust. Cold dark matter is also 
taken to be dusty. A dust-dominated universe evolves as 



2 a _ 2 
77' a 



H = 3, - = ^. (2.53) 



The background density of dust evolves, as one might expect, with a ^ which is merely the volume 
expansion of the universe. 

• w = —1/3: A fluid with such an equation of state causes (artificial) singularities to appear in the 
expressions for the Hubble and acceleration parameters. We will consider the importance of this type 
of fluid shortly. 

• w = —1: As we saw earlier, a fluid with this equation of state behaves as a cosmological constant. 
The formalism above breaks down for a cosmological constant and we will consider it shortly. 

In the light of the observations of distant type-la supernovae [104] implying the recent onset of an 
accelerating epoch, we might also ask when the universe appears to undergo an accelerating expansion; 
demanding that a/a > implies that the universe will expand for all fluids with w < 1/3. Thus all 
fluids from the critical radiative through non-relativistic and into negative pressure accelerate the universal 
expansion with respect to conformal time. This is not, however, the physical acceleration observed by the 
astronomers as this is with respect to the conformal rather than proper time. 

If we convert our system to co-ordinate time dt = a{r])drj, we can rewrite the Hubble and Raychaudhuri 
equations as 



-p, \—j = + M (2.54) 

with the matter continuity equation unchanged in form. We can immediately state from the Raychaudhuri 
equation that the universe will undergo accelerated expansion with respect to the observed co-ordinate time 
if w < — 1/3. Should there be a significant amount of a fluid with a lower equation of state than this then 
the universe will ultimately enter a period of never-ending accelerated expansion. 

If we repeat our analysis for co-ordinate time, with H again denoting the observed Hubble parameter 
and a' the derivative of the scale factor with respect to time, we find that 

2 2 1a" 2 / 1 + 3«7 \ 1 

a = aoi-^<i+™), - —^- { (2.55) 

3(1 + w) t a 9 \ (1 + wy ) 



w = 1/3: For radiation. 



r rr 1 a" 1 
" ' 2r a At^ 



(2.56) 

and so the universe is manifestly undergoing deceleration during a radiation-dominated era. 

• w ~{): For dust, 

a = aoi^/3, n^-, - = (2.57) 

• w = — 1/3: Here 

a = aoi, H a" = (2.58) 

and any fluid with a more negative equation of state will undergo an accelerating expansion. Accord- 
ing to this formalism the Hubble parameter will go singular for a cosmological constant and negative 
for a fluid with if < — 1. 
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de Sitter Spaces 

The case w = — 1 cannot be analysed in the above way due to the vanishing of p. Instead we turn back to 
the Hubble equation for a universe dominated by the constant term; in conformal time this is 

d\ ^ o A 



which has the unedifying solution 




a'^ (2.59) 



Vi)] (2.60) 



where ai is the scale factor at some conformal time rji. For A > this is called de Sitter space, and for 
A < it is anti-de Sitter space. This is not a very useful form for physical interpretation, and so we return 
again to co-ordinate time, wherein 

A 



(2.61) 



with the more lucid solution 



a(,)=ale±^/?^*-*^), H^±J^, (2.62) 

V 3 a 3 

de Sitter spaces are thus exponentially expanding or contracting spacetimes. Fluids with equations of state 
nearing w = — 1 are quasi-de Sitter spacetimes; inflationary and quintessential models generate quasi-de 
Sitter spaces from universes dominated by scalar fields of some sort. Any inflating model, not necessarily 
of scalar fields, is characterised phenomenologically with w, and this can be found in the recent universe 
from observations of distant supernovae, as well as from the microwave background (wherein it is tangled 
in various degeneracies). Recently it was determined from large-scale structure with the observation of the 
baryon oscillations in the galactic distribution. The current equation of state of the inflating component of 
the universe - whatever that may turn out to be - is entirely consistent with a cosmological constant, as 
tested by groups analysing the WMAP-nSupernovae datasets [78, 104] and recent detections of the baryon 
oscillations in the large-scale galactic structure [105, 106, 107]. 



2.3 Boltzmann Fluids 

Here we will discuss a generic effective fluid governed by a Boltzmann equation. We then turn to consider 
in great detail a collisional photon fluid which exchanges energy-momentum with the baryon fluid, and 
finally briefly consider massless neutrinos. 

While the approach in this section is our own, the basic material is well-known and can be drawn from 
various sources; see in particular Ma and Bertschinger [108] and Landriau and Shellard [109], along with 
Peebles [110, 111], Padmanabhan [112], Crittenden [113] and Crittenden et. al. [114, 115]. 



2.3.1 General Boltzmann Fluids 

The Boltzmann Equation and Stress-Energy Tensors 

Let us work initially in a Minkowski spacetime. Liouville's theorem states that if a system is entirely satis- 
fied by a Lagrangian formulation with co-ordinates and their conjugate momenta Pi, then the distribution 
function / defined by 

dN = f {x\P,,t) d^xd^P (2.63) 

where dN is the number of particles in a volume element does not change in transport - i.e., df = 0. If one 
takes the time derivative and includes a collisional term acting as a source or sink, the result is Boltzmann's 
equation, 

di^di didxi d^m^di .5/_ac/5/ ^ 

dt dt dx^ dt dR dt dt dx' dx^ OR ^ ' ' 
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for some external 3-potential U and some collisional term C[f]. It is important to note that, since this arises 
in a Lagrangian system, jw*, P^} are variables canonical to x*. 

Given that the mass (or number), momentum and energy of particles are conserved in collisional pro- 
cesses, we may state that 

where rri^ = + 7tiq is the mass-energy of the particle concerned. 

Now, it is clear that the number density of the distribution function is given at an event (x, t) by 



N = I fd'P 

and so we immediately see that 



p = J mfcPV. (2.65) 
It should also be clear that the average velocity of the system is given by 



and that the average of two velocities is 

We can then immediately define the components of the stress-energy tensor (in Minkowski space) as 

T^ = -p = - I mfd'p 



(2.66) 



(2.67) 



mv'fd^p (2.68) 



rpl _ j,l 

3 ' 3 



Using these one may show that the various conservation conditions imply mass continuity, 

dt dx 



+ A ^ 0, (2.69) 



the Euler equation 
and energy flow, 

I + § + (2.71) 

The stress-energy tensor (2.68) is valid only in Minkowski space; however, we may define the mo- 
mentum four-tensor = moU'^ = ■modx'^/\/—ds^ and convert it to a tensorial expression valid in all 
reference frames. In this way one may express a covariant stress-energy tensor of a Boltzmann fluid, 

= I v^d'p^f (x^ p^) . (2.72) 

where the \/—g is included to ensure normality of the integral. 

In a non-trivial metric, one has to take care to differentiate between the momentum P^ appearing in the 
stress-energy tensor, canonical to the co-ordinate x^, and the proper momenta measured in a Riemannian 
(locally-Minkowski) co-ordinate system (p^ = {m,p'-),p^ = (— TO,Pi)). Clearly the canonical momentum 
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Pf^ is gauge-dependant, while the proper momentum, is gauge-invariant. To link the two let us find the 
transform between the FLRW frame and the comoving Riemannian frame. 
Using the tensor transformation law to compare the two conjugate metrics, 

one finds that 

dx^ 1 dx"^ dx'^ 1 / ■ 1 



'^3 

to the first order in /i' , and comparing the two metrics. 



2 / -1 \ _ dxf^ dx,j_ dxf_, dxi, 



gives 



Thus we can write the canonical momentum as 

P' = Z f™' (^'' - l'^'') Pi) ' = « f-"^, + A (2.77) 



which satisfy P'^ = g^^ Pu as one should hope. Taking the inner product of the four-momentum with itself 
again gives 



P^P,, = -ml =p^ -m^ 



as expected. 

We remove the explicit dependence on a by making a (non-canonical) transformation to e = am, 
ap^ = = qn^ where n' is the unit vector in the direction of the fluid's momentum - that is, e will be 
the mass-energy measured by a comoving FLRW observer and we write the comoving momentum as an 
amplitude and a direction. Doing this gives us the canonical momentum 

P^ = (^-e, q (^7y + ^h,,^ n^^ . (2.78) 

and the taking the amplitude of this momentum gives 

e^ = q^+a'^ml. (2.79) 
Working in polar co-ordinates in momentum space, the volume element is then 

(fP = (^1 + q^dqdQn 
and we can rapidly calculate the determinant of the FLRW metric, 

y^=a-^ (l--h 



2 

We now perturb the distribution function around a homogeneous (thermal) background 



/o((7)=5,s(e'"/«"±l)' 



where gs - two, for both photons and neutrinos - is the statistical weight, 9o = a6 is the temperature of 
the particles today, and where fermions take the positive sign and bosons take the negative sign. We write 
the expansion as 

/ {x' , q, nj , 7?) = /o (?) + /o {q)fi {x' , q, rij , 77) . 
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Noting that 



3 

one can show that the linearised stress-energy components are 



1 



To" = -p=-- Jq^ + a^mlfo{l + h)q'dqdn^, 



a 



+ a^mlM^dq - — / / \l q" + ahnlhhq^ dqdn^, (2.80) 



^0 = -il II + ) /o(l + fl)q'dqdnn 



a 



q'dqdQqn'fofi, (2.81) 



a^JJ ^q^^a}m\ 
= ^5] f , q^dq+^ ff , '^^ h'hJofiq'^dqdnn. (2.82) 

For massless particles, such as the photons and neutrinos we consider, we can set mp = in the above 
equations which reduce to 



(2.83) 



in the background, and 



ST^ = 5Tl^^ II qhhq^dqdn,. 



^ qn\fofiq^dqdQ^, (2.84) 
SU^ = ^ 11 qfofl (^Vhj - q^dqdn^ (2.85) 

for the perturbations. 

A massless Boltzmann fluid - corresponding to a collection of photons or massless neutrinos, or to 
an extremely relativistic fluid - then behaves to zeroth order as a barotropic perfect fluid with equation of 
state p ~ ^p, as we previously stated. While this equation of state also holds in the foreground, the extant 
anisotropic stresses ensure that the effective fluid is far from perfect. 

Returning to the Boltzmann equation (for a species not necessarily massless), we may now write it in 
terms of our new variables as 

(9/i dx^ dfi dqdfo , ^ dq dfi dqdfo dn,dfi 

•'0"a + 1" •'0 ■'1 ^ J^~^^^ ~ ^^Ji- (^-oo) 

or] dr] ox' drj oq di] aq di] Oq drj orii 

In this expression, the only quantities of unknown order are dq / drj and dfii /drj. If we consider the geodesic 
equation 

dP>^ 

pO"f_ _ pa p/3 

df] ~ 



where ^—ds^ = di] since we are considering particles along their worldlines, then the time component will 
yield 

which, on substituting for the mass-energy relation, gives 
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and so 

^ = -l-qh,njh'\ (2.87) 
Similarly, considering the space component will give 

2^ = n'n™fi„/i™" - fiA'^ ~ ^n™n„5'"7i" + ^h^n„d'h"''' w ©(/i). (2.88) 
dry e £ 

We may also write dx'^ /dr] « {q/e)fi'^ to zeroth order. 

The Boltzmann equation then becomes in Fourier space 



or] e 2 oq 



to the first order Dividing through by the background distribution function and setting mo = we finally 
have, defining the angle cosine = k.n, 

dfi , 1 „ „ Ujdlnfo C[f] 

— iKfiji — -qniUjh ■' = — — . (2.89) 



Brightness Functions 



The "brightness" function of a Boltzmann fluid can be loosely seen as an analogue of the fractional density 
perturbation and is defined by 

= (2.90) 
One can then see that the exact analogue of the fractional density perturbation, 

s=^J^ = lp^i^^^^ = ^ [dnF 

p j q^dqdilqfo 47r J 

since /o has no angular dependence. One can then see the brightness function as the density contrast within 
some small solid angle. 

It proves useful to expand the brightness function over the Legendre polynomials with 

oo 

F (k, n, 7?) = ^(-*)' {21 + 1) Fi (k, Tj) Pi ifi) . (2.91) 

(=0 

The usefulness of this expansion is that the moments of the brightness function are then recovered by 



Fi{k,r,) = J dm{f^)F{-k,n,7j), 



and one sees that the zeroth moment is the density and the first moment is related to the velocity. Ignoring 
the possibility of vector and tensor perturbations for the moment, one can write 

S^Fo, vs = -jFi. (2.92) 

Curtailing the Legendre expansion at the first order will then give a rough approximation to the brightness 
function which is occasionally useful, 

FRi6 + 4:]iVs. (2.93) 

To express the Boltzmann equation in terms of the brightness function it is easiest to relate the per- 
turbation to the distribution function with the brightness function. Using the relation between a massless 
particle's density and temperature, 

dp SQ 
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one may write the distribution function as the background function with a temperature perturbation. 



1 

q 



Since F is a fully arbitrary function this retains the full generality of the distribution function. Expanding 
the exponentials using the binomial expansions one may now see that 



( q cxp(g/eo) 



V4eo exp((7/eo)-l 
Using the form of /o we may now see that this is identical to 



h--\'-^F- (2.94) 
4 o(\nqj 



The Boltzmann equation, expressed in terms of the brightness function, then becomes 

dF 
dr] 

where 



ik]iF + 2nihjh'^ ^C[F], (2.95) 



Written in terms of the brightness function, the stress energy tensor is 

dnr,F = -(5, 



STl 




P 


P 






P 


47r „ 


STl 




P 


4^/ 



1 

in 



3 

n 



(2.96) 



with the solid angle dfin — sin 6d6d(j) and 6 and (j) are defined in a co-ordinate system with \\ n. We 
may separate the energy flux and momentum flux density into scalar, vector and tensor parts as 



- / dn^],F, 



s:rpiV 



\-jdn^{ 



p Att 



- ]ik' F, 



, dn^- {i]? - 1) , (2.97) 

p At: J 2 ^ ' 



j dflnP [n' - pk'^ F, 

d^n (^h'fij + i {p^ - 1) 6] + ^k'kj (/? + 1) - p (k'hj + kju'^j F. 



ST^ ^ 1 

_7 _ I I f,K-, . ^ _ ( .,2 _ ^\ ^ ( .,2 

While we could expand the brightness function across the Legendre polynomials and so reduce these to 
forms dependant on the moments of the brightness function we shall refrain from doing so until after we 
have considered the vector and tensor modes in further detail; the bases we are lead to employ to simplify 
the photon Boltzmann equation complicate the Legendre expansion. 

While physically lucid, this approach is not sufficient for photons, since it does not take into account po- 
larisation states and we now turn to a more detailed consideration of a collection of photons.lt is customary 
to notate the photon brightness function by A. We shall retain F for the neutrinos. 
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2.3.2 The Photons 

There are two main approaches to deahng with photons in cosmology, the more traditional approach in 
which the Boltzmann equation is separated across the Legendre polynomials to generate a hierarchy of 
coupled differential equations, and the more recent "line-of-sight" approach in which one expresses the 
brightness function as an integration over the past light-cone of the photons. While one can employ the 
traditional approach without the line-of-sight approach, to do so numerically is ruinously slow. The line- 
of-sight approach is not entirely independent since the sources are formulated in terms of the Legendre 
moments of the brightness function; however, one would only need to integrate a limited number of the 
coupled equations to generate these sources and then employ the line-of-sight approach for all higher photon 
moments. 

A classical beam of light is fully specified by the four Stokes parameters, here labelled /, Q, U and 
V (see for example Jackson [116] or Chandrasekhar [117]). The electric fields (e) that make up the beam 
are separated along two axes, labelled L and R. I is the total intensity of the beam, and is the sum of 
the intensities along each axis. Q is a measure of the linear polarisation and is the difference between the 
intensities along the two axes. U and V are measures of the phase differences along the two directions; U 
is the cosine of the phase difference, while V is its sine. 

For an electric field instantaneously resolved along L and i?ase = eisiii((/)— £L)L + eflCos((/!)— e/fJR, 



U 



I^\eLr + \eR\% Q 
2eLeRC0s{eL - sr), V 



|ei| - \eR\ , 
2eLeRsm{eL - sr). 



(2.98) 



We can obviously also define the Stokes parameters as the set {/;, Ir, U, V}. It can then be demonstrated 
(see, for example, [117]) that the Boltzmann equation of transfer for a classical ray of light within a clas- 
sically scattering atmosphere (in a cosmological context, i.e. employing the brightness function A rather 
than the intensity / and including the term WWhij) is 



d_ 

drj 



U 

V y J 



— ikjjL 



«A 

U 

V y J 



+ n*fi-' hij 



1 


V J 

^A(7Z>- 

V y{pA) J 



// ^A \ 

«A 



U 
V 



V y J 



dn-2h-v 



/ 1 \\ 
1 



voy/ 



(2.99) 



where dfl = dpd<f> and f is the differential scattering cross-section. The scattering matrix P separates 
naturally into parts transforming as scalars, vectors and tensors (identified by their spin-0, spin-1 and spin-2 
dependence on the azimuthal angle (p): 



cos I 



-4/i sin ( 







2/i sill (^4 
0_ 
2 cos C$ 











M 
1 





2 cos I 



2nJI J 







/ /i^Tl^ cos 2(^4>~- 4 
—jf cos 2 (0 — (/) 
-2iJ,jf sin 2 ((/) - 

\ 



—fi"^ cos 2 I 
cos 2 (0 
2/i sin 2 (( 




/i^/Isin 2 — ( 
—/I sin 2 {4> — 
2/i77cos2 — 







J 
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We have defined the Stokes parameters for the photons as 

L.R^ = (^A, ^A, U, V) (2.100) 
and we have expanded n across the usual polar co-ordinates, 

fi = sin 6 cos (j)x^ + sin 9 sin (px'^ + cos 9k 

with jj, = cos 9 - that is, we have defined a basis {x^,x^, k}. 

Our approach will be closely related to that of Crittenden in his PhD thesis and work with Coulson and 
Turok [113, 115]; another useful reference (taking a slightly different approach) is that of Landriau and 
Shellard [109]. However, the details presented beneath are, except where noted, our own and in particular 
we employ different bases for the vector and tensor components to either of the above groups. When we 
consider the line-of-sight approach the vector components are, to our knowledge, entirely original to this 
thesis; while Lewis [77] incorporated vector perturbations into the CAMB code he employs a different 
formalism and does not express the transfer functions as a line-of-sight integration. 

The dominant scattering source will be Thomson scattering, with the differential cross-section 

f = aUeCTT (2.101) 



where rig is the density of free electrons and (Jt the Thompson cross-section [116, 117]. Thompson scat- 
tering does not excite the V Stokes parameter, and we shall henceforth neglect it as it can be set to zero 
without loss of generaUty. 

To proceed, we shall also separate A, the metric contribution fi^Whij and the velocity term n^Vi into 
their respective components. We shall also wish to convert ^'^A. to A = {A^, Q = Ap,U, V} by means 
of the transformation 




(2.102) 



which has the inverse transformation 




Scalar Perturbations 

The metric contribution from scalar perturbations is readily shown to be 
while the scalar velocity term is 

n'wf = i^ivs = iPi{ii)vs. 
The Boltzmann equation for scalar perturbations to the photons (suppressing the ^ on A) is then 

lk^l\ Ap \ + (^^Po{^)h + ^P2ifi)hs 
-an^aT M Ap | ^ iiP,{fi)vs { \ - — J A ■ ■ A'^ \ Ap{-p,J) \ dfl 
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A small amount of matrix algebra then demonstrates that the integrand is 



M + 1) (/" 



2 (1 -p^) (1 - M 



2 (1 -F) (1 - fi 




1) U^ + l)+2{l--p^ 
1) (Ai2-1)+2(1-7Z2 






One then sees that U is unexcited by scalar perturbations, and we shall thus set A'^ = {^t, Ap}. 
There being no dependence on cj) in the scalar Boltzmann transport equation, we can immediately integrate 
it out, leaving us with the equation in an identical form but with a coUisional term 



_3_ 
16 



+ 1) / 



1)/ 



+ 1) A 



1 Ai 



If - I] Ap 
if - 1) Ap 

772 



dp. 
dp 

Ap" 
Ap" 



dp 



dp. 



Relating the powers of fj, to the Legendre polynomials. 



and we may expand Ay p across the Legendre polynomials as we did the basic brightness function (2.91). 
The orthogonality of the Legendre polynomials G.4 gives the relation 



J Pa{]l)AT,piP)dp = 2{-trAT, 



Pa- 



Obviously, no summation is implied in the above statement. 
Using these definitions, one may readily demonstrate that 



Po{h)Ato - ^P2{tJ-) (At2 + Apo + Ap2) 
iPo(M) (At2 + Apo + Ap2) - ^P2{p) (At2 + Apo + Ap2) 



and so we may write the two transport equations (for the photon energy density and polarisation respec- 
tively) as 

At — ikfiAx 

= -\ + 2P2{^i)hs) - an^ar [At - Po(Ai)ATo - ^iPi{p)vs + J-P2(m)$s 



Ap - ik^JiAp = -ane(JT ( Ap - - (Po(m) - P2{^J)) 



where 



ir2 



+ Ap2. 



Expanding these equations across the Legendre polynomials and employing the recursion relation for 
Legendre polynomials (G.3) yields the equation 

^(-^)' ({21 + l)Pl{^Ji)ATl - tk {{1 + l)P/+i(Ai) + IPi-iifJ-)) An 
I 

= -I {Po[^J)h + 2P2{^l)hs) - an,<jT{Y.^-i)\2l + l)Pl[^l) 

I 

-Po(m)Ato - ^iPl{^J')vs + ^^2(^)^5 
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Applying the integral operator J^-^ dfiPa{fi) and employing the orthogonality of the Legendre polynomials 
(G.4) leads rapidly to the general transfer equation for the moments of the intensity, 

k 2 • 4 • 

Atq = — ((a + l)ATa+l - aAxa-l) - TT^TOa + —phs^2a 

2a + 1 J 15 

If we undertake a similar process for the polarisation, we get 

k /II 

((a + 1)Apq+i - aApa_i) - aUeCFT Apa - T,^SlOa - --:^Sl2a 



2a + l'' ' ^ ' — y 2 10 

Expanding these equations into hierarchies, we finally reach the equations of motion for scalar pertur- 
bations to a photon fluid, 

2 • 

Ato = fcAri - -h, 

An = ^fc (2At2 - Ato) - an^^T (^Ati + , (2.103) 

1 4 • / I 

At2 = -fc (3At3 - 2Ati) + — /is - a^^eO-T At2 + TTT^i 

5 15 \ 10 

At/ - ^^fc((/ + l)ATi+i-/AT/-i)-aneCTTAT/, / > 3; 

Apo = /cApi - aiieCTT ^Apo - 
Api = ifc(2Ap2- Api)-aneCrTApi, (2.104) 
Ap2 = ifc(3Ap3-2Api)-a?ieaT (^Ap2 + ^$s 

Api = ^^^j-yfc ((/ + l)Ap; + i - /Ap;_i) - aTleCTTApi, / > 3. 

Vector Perturbations 

The vector perturbations depend on the azimuthal angle (p, and their analysis is thus rendered more compli- 
cated than that for the scalars. The metric contribution is 

Employing the basis {st^, x'^, k} and the expansion of a generic vector quantity as V = iVsk + Ki^, e E 
{1, 2}, one sees that the vector part of the metric perturbation may be written as 

hY 

kh^ +k,hl ^-/ahj +-f,3hl = \ hY 



hY hY 



The metric contribution is then 



n'n^hYi = (cos c/jhY + sin^/i^) , (2.105) 

and the vector velocity term in the Boltzmann transport equation is 



hiY = >/l - {vY COS0 + vY sincf) . (2.106) 
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The Boltzmann equation for vector perturbations is thus 

4:^\/l — ^2 (jiY COS + /i^ sin 



d_ 

drj 



At ^ 


\ ( 


Ap 


— ikjjL Ap 




1 \ U 








Att 

The scattering matrix is, after some matrix algebra, seen to be 

A.p^.A-i=|v/w^yr^ 



— 4-\/l — ^2 (^y^ cos + - 



1 /- / At(m, 

-yA.P^.A-M Ap(_7I 




C/(7i, 0) 



where 



If 



C = cos (0 — 0) = cos cos ( 
S = sin (0 — 0) = sin cos 



liJiC 


fiJlC 




liJlC 






—JlS 


—JLS 


C 


+ sine, 


isin0 




- cos 


1 sin 0. 





Ic{T,P) = j Jl^I~I^^At,p cos (j)dn, Ic{U)^ j I -T^U cos <j)dn 
with Is corresponding to the analogous integrations over sin 0, the coUisional term is 



C^(A) = — v/1-mM MT) + MP)+l^Is{U) |cos0 

/c(t/)-/s(T)-/5(P) 

^JiIs{T) + tilsiP) - MU) 
+ ( A^/5(T) + /i/s(P) - /x/c(C/) I sin, 
Is{U)+Ic{T) + Ic{P) 

It proves useful to now transform the variables to 

-zA;^cos0 \ / —i Ay sine 

= VT~^| plA\,cos4> + - mM MA|,sin0 |=A(i) + A(2). 
-C/^sin0 y y C/^cos( 

An understanding of why this expansion is chosen can be gained by taking the cue from h^n^hij and ex- 
panding A across the basis {cos 0, sin 0}, upon which one finds it necessary to impose further redefinitions 
to reduce the equation to a tractable form. Note that our transformation agrees with Landriau and Shellard 
[109] and differs from that of Crittenden and Coulson [113, 115] by a power of n in the temperature redef- 
inition; the difference arises because they did not include the velocity term. The sign convention on U and 
the presence of —i on At produce a neater form for the interaction term 
With this transformation, the Boltzmann transfer equation separates to 





where 



■ y" (1 - jf) {jfA'p - iJlA'j, - U'} dp. (2.107) 
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We now briefly define a variable a'^ = Ap + J7', which has the equation of motion 

with the simple solution 

a'^(jy) = a^i-qi) exp (ik^i {rj - rji) - ar f a{T])ne{rj)df]\ 



where jy; is the initial conformal time. Thus, for a system initially unpolarised with a' (77^) = 0, 

holds for all times. This then means that we need only evolve two parameters for the vector modes, rather 
than three, giving us the evolution equation 



The interaction term reduces to 



$r = ^/{(l-M*)A.-z7l(l-M^) A^} 



and the physical Stokes parameters are recovered with 




—i (A}p cos (p + A^ sin ( 



= Vl - /^^ I A* (Apcos0 + A|,sin<?!)) . (2.108) 
Ap sin (f> — Ap cos (p J 

We now expand At and A p across the Legendres in the usual way, and in a process exactly analogous 
to that for scalars find the hierarchies 



Ayg = kAfpi — arteCTT {^to ~ 
A^i = ifc(2A^2-A^o) + ^^r-a«e^T (^A^i + i$r) , (2-109) 
^Ti = ^y^fc((' + l)A^,+i-;A^j_i) -«wA^,, l>2 



with 



A|,„ = kA'p^-aneaT{A'po-^e) , (2.110) 
= ^^k{{l + l)A%i+,-lAU-i) -an,<jTA},i, 1>1, 

<pY = -A'pn + -A'p, - — A'p4 - —A' - —A'. (2.111) 

In the context of CMB polarisation, unfortunately, the U and V Stokes parameters are not the variables 
one would prefer to measure due to their heavy rotational dependence. In appendix D we construct rota- 
tionally independent analogues of U and V. These are the E (or gradient) and B (or curl) modes of the 
polarisation actually employed in studies of CMB polarisation. 
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Tensor Perturbations 

Again following Landriau and Shellard, we shall expand the tensor perturbations along the symmetric and 
trace-free basis 

= (g) - (g) = 



Mx = x^ «i x^ + x^ ® x^ 



A symmetric, traceless tensor Aij is then expressed as 

A,j = A+M+ij + A-^Mxij- 

In particular, one may expand the metric perturbation to hjj = h+A4+ij + h^Mxij and show that the 
metric contribution to the tensor Boltzmann transport equation is 




n'n^hj^ = (1 - A*^) [^1 cos2(/) + sin2(/i 
The Boltzmann transport equation then becomes 



2(1- /i^) h\_ cos 24) + hi sin 2(f> 






1 47r/ 


(?) 








At(m,i_ _ 

-an.arW Ap I - / A • • Ap{jl,<j>) \ dn 



The scattering matrix reduces to 



A.P^^'.A-i==^ I hf-l)U'' + l)C 712 + 1 + 211^ + 1) S 




2 (l - 7Z2) ^5- _2 (772 + 1) ^5- /^ji^c 

where now we have for clarity defined 

C = cos 2 ((/) — 0) ~ cos 2(j) cos 20 + sin 20 sin 20, 
S — sin 2 (0 — 0) = sin 20 cos 20 — cos 20 sin 20. 

This implies that, defining 

Ic{T) = / (1 -71^) ATCos20dn, Ic{P) = / (1+7*^) Apcos20dII, 
Ic{U) ^2J 7tsin20(in 

and analogous expressions for integrals over sin 20, the coUisional term is 

(1 - M^) IciT) + - 1) lc{P) + {^,^ 1) Is{U) \ 
C^{A)^^{ \ - (1 + IciT) + + 1) IciP) + if,' + 1) IsiU) cos 20 

2fiIs{T)~2fiIs{P) + 2nIc{U) J 

(1 - ^^^) Is{T) + _ 1) i,(P) + (1 _ 
+ \ -{l + fi^)ls{T)+{fi^ + l)ls{P)-{^L^ + l)lc{U) |sin20^. 
-2^/c(T) + 2fiIciP) + 2^/s(C/) 
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We now change variables to 

(1 - A+ cos 2(j) \ / (1 - /i^) sin 20 \ 

+ A+COS20 + + A^sin20 =A(+'+A(><). 

2fiU+sm2(j) J \ -2^0"" cos2(t> J 

This transformation may be motivated by expanding A across the basis {cos 2(f), sin 20} and applying a 
further transformation to render the Boltzmann transport equation as lucid as possible. See for example 
Polnarev [118], Crittenden [113] orLandriau and Shellard [109] for further discussion. 
Under this transformation, the Boltzmann equation separates to 



— ikfi 





where 



3 /■ f/, _,n2 
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l-jf^Atr- {1 +JI^Y A*p - i2jlf U*^ djl (2.112) 



and * e {+, x}. 

Consider first the + mode and select a "temperature" vector to act as a basis vector, 

/ 1 

a+ = (l - cos 20 

V 

when transformed to the transformed variables, this is A+ = (1,0,0). Applying the integral operator 



and expressing the result as a linear combination of the basis vectors necessary for the excited system, we 
find 

„ / (m2-1)cos20 \ 

-71 (1 - JI^) (m^ + l) cos 20 - -M^ (1 _ ji^) {Caei+ + Cth+) 
\ 2^ sin 20 J 

which (with Ca — ^2, Cb — 2) gives us our "polarisation" vector 

b+ = (l + Ai^) cos 20 
y 2/i sill 20 

its transformed analogue is B+ = (0,1,1). We may now expand 

A(+) = a+a+ +/3+b+ 

where A'^+) is the contribution to the brightness function from the + mode. 
Performing the same process on the x mode yields the basis vectors 



ax = (l — /i^) sin 20 
the physical Stokes parameters are thus 







: 


, bx = j 








At = (l-//^) (a+cos20 + a''sin20) , 

Ap = (1 + (/J+COS20 + /?'' sin20) , (2.113) 
U = 2^1 (/3+ sill 20-/3^ cos 20) , 



32 



CHAPTER 2. STANDARD LINEARISED FLRW COSMOLOGY 



with the equations of motion 

d* — ikfia* + 2h^ = —arieCrT {a* — , 

$*-ikflf3* = -flTleCTT (/3* + O • (2.114) 

Expanding a* and /3* as with the basic brightness function (2.91) reduces $^ to 

^* ^ Yd''*' " + 7 («2 + 6/32^) + ^ («4 - PI) ■ (2.1 15) 
Reducing the equations of motion to hierarchies in exactly the same way as before yields 



at 



--l—k{{l + \)a'l^^-la*^^)-an,aTa* (2.116) 



/j* = ka\ - auear {Po + *D 

PI = -±-k{{l + l)PI^,-ll3l_,)^an,aTf3t. (2.117) 



Stress-Energy Tensor 



We are now finally in a position to expand the photon (and thus the massless neutrino) stress-energy tensor, 
(2.96, 2.97) across the modes of the brightness function. 

For the scalars, Af. I]/(-»)'(2Z + l)P;(/^)AT/(k, ?/), d^^Ar = and so J dQ ^ 2n J d^i; thus 



P P 2 

which is the density perturbation, 

"^(0) _ _l_ 

P "^2 

which is to be related to the photon scalar velocity field, and 

STs 



y dA^AfPoOi) = Afo, (2.118) 



d/iAfPi (/i) = - Af 1 (2. 119) 



i y d/iAf F2(a*) = -A?2 (2.120) 



which represents the scalar anisotropic stress. 

For the vectors we work explicitly within our basis. Considering the first component, we see that 

At = — 7? (A^ cos 4> + A|n sin0) and 



p An 



J dl7 A^ sin 6* cos = ^ y d// (Pq (m) + ^2 (a^) ) A^ 



- (Ai^g Ai^j) 



The second component gives identical forms, so 



ST, 



■V 



- ' (A^o - A^2) , (2.121) 



P 3 

which is related to the vector velocity field. We derive the velocity fields shortly. 
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Similarly, 

/ df] A^^ sin 61 COS0 = ^ / dfi {Pi{fi) + Psifi)) 
An J W J 



6T^ 



and so 



^ = - (Af,3 - A|,i) (2.122) 
P 5 

which is a measure of vorticity induced by the photons. 

For the tensors, we must again be explicit in our basis. The tensor stress-energy tensor (2.97) contains 
the term 

- ^Itj + ^/"^ (^1% + Itj) + \ [kik-j - ^lij^ - {kinj + k^n^ 

= i sin^ 9 (cos 2(t)M+ij + sin 2<f>Mxi]) ■ 

This enables us to separate out and STx- Consider the + mode, with A|^ = (1 — /i-^)(Q;+ cos2(/) + 
sin0): 

2 + 4 , 2 , 



This also holds for the x mode and so 



.-a*o + —a*2 + —al (2.123) 
p 15 21 35 



are the sources of gravitational radiation from the photons. 
Velocity Fields 

Relating our energy flux to that for a radiative fluid we can say 
Then 

4 StI^^' 4 y ST^y 



n^S = , 



3 " p ' 3 ^ p ' 

whence we may define the effective velocity fields of the photons to be 

vs = Ia^„ vY ='-{Af^,-A%). (2.124) 

We can then rewrite the evolution equations of the photon density perturbation (scalar I = 0) and 
velocity (scalar / = 1 and vector I = 0, 2) as 



4 2 

1 



7 -T -vsj + -h = 0, 



vs-( + ^k (2A^2- ^7) ~ (^n-eO-T {vsb- vs-y) = 0, (2.125) 
vy^-'±{3Af,-7Af,)+an,<jT{v};,-vl) - (2.126) 



which are useful when we wish to approximate the photons as a fluid. 
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2.3.3 E and B Modes 

The polarisation bases we have thus far employed are far from ideal for study of the sky, due to their heavy 
rotation dependence. While a detailed study is somewhat tangential to the direct field of this thesis we 
present an introduction to the E- and B- modes in appendix D. An intuitive way to consider E and B 
modes is to think of the E modes as the gradient component of the polarisation and the B mode as the curl 
component - that is, the E component makes patterns radial or normal to the radial around a centre, while 
the B component makes curling patterns set at 45° to the E patterns, reminiscent of a Catherine wheel. In a 
small-angle limit the E and B modes reduce to the Q and U polarisation respectively. 

2.3.4 The Line-of-Sight Approach 

It is very slow to naively implement a basic Boltzmann approach by integrating the system of equations 
detailed above. The introduction by Seljak and Zaldarriaga [86] of fast methods employing the line-of- 
sight integration approach make it stubborn to insist on any alternative. This method, which we review 
below, reduces the necessary maximum multipole number Zmax from the region of 1, 500 to the order of 10s 
or even less. The saving in computational time is extremely significant. 

We consider the line-of-sight approach to be split into two sections - first expressing the evolution 
equations in terms of some convenient and simply evaluable line-of-sight integral, and second in terms of 
the statistics on the CMB. This second part will be discussed in full in §2.7.4 and we shall merely here 
present the pertinent results. We define the optical depth between us at 7^0 and an arbitrary time 77 to be 

Vo 

T{ri)dfi (2.127) 

V 

and the visibility function 

3(77) -fcxp(-r). (2.128) 

We often use the co-ordinate x = k{ri — rjo) rather than 77. We consider here only the temperature perturba- 
tions. 

Scalars 

Consider first the scalar perturbations. Here 

At - {ikfi - f ) At = (/i + - l) /is) + r (^Ato + ^if-^vs - J (S/i^ - l) 

where 



$S = At2 + Apo + Ap2. 

We can formally integrate this between 7; = and 7/ = r/o as a standard first-order differential equation to 
give 



AT(r/o) = £° e'"^ (^-^ (/i + (3m' - l) hs) e'^^"' 



+5(77) (^Ato + 4iMt's - \ (3m' - 1) $5) ) dij. (2.129) 
While this equation is none too edifying, it is simple to integrate it by parts; we can take any term 

Vo rna \(^\ 

j^e-»fcA'(r,-r,o)^(^)^^ ^ / _^g-»fcM(r,-„o)^^ (2.130) 

Jo k 



where the boundary term is taken to vanish since we assume it disappears at 77 = and at the current time 
is a monopole which we are not interested in. Effectively this means we can replace any term proportional 
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to in by its time derivative divided by the wavenumber. Doing so leads us after a bit of manipulation to 



At(??o) = 

+9 I^Ato 
We can thus express 



hs - h 
1 



s 



+ — — / 
drj 

Ak^ 



3*5 

2 fc2 



3..£s 



At (770 



(2.131) 



with 



ha - h 



fc2 9?^ 



A 



TO 



3£s 
4 fc2 



H k fc2 + 2 fc2 



3. .$5 

4^^ fc2 



(2.132) 



In section §2.7.4 on CMB anisotropics, we shall first expand the plane waves across the spherical Bessel 
functions and then take ensemble averages; in doing so we can ultimately identify 



A|i(/c,r7) 



STik,v).nix)dr]. 



(2.133) 



We have thus separated the brightness function and polarisation modes into a part Srik, rj), dependant 
on the hierarchies with I < 2 and encoding the total fluid dynamics of the system between earliest times 
and the present day, and a geometrical part ji{x) which doesn't vary with differing cosmological models. 
We then immediately see that we need only evaluate the Boltzmann hierarchies up to some low I - about 
I = 7, say - and, so long as we have precomputed the spherical Bessel functions we can integrate equation 
(2. 133) to determine the modes up to an arbitrarily high-/ with relatively little computation. 



Vector Perturbations 

Here we had that the physical Stokes parameter is 

At = —i^/ 1 — /i2 (At cos ( 
and that this obeys the evolution equation 



At sin < 



with 



A|, - {ikfi - f) A|, = -Aifj.hi^^ + IT (4t;(^) + 



7 



^P2 



35 



ip4 



10 



10 



Following the same process as we did for the scalars then quickly yields the source term 



(2.134) 



However, we shall not directly write the line-of-sight integrations since they are not in an ideal basis for this 
formalism. Instead we rotate the basis such that the trigonometric functions become exponentials; rewriting 
the trigonometric functions as exponentials gives us 



A7 



y 1 - ^2 ((a:^ - zA|) e 



(At + iA^) e' 



-i<t>\ 
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We can thus make the co-ordinate transformation 

2At = A;^ - i A|, 2At = + i A^. (2.135) 
The statistics of the vector perturbations are characterised by two variables ( and C, with the properties 

(C(k)C(k')) = (C(k)C(k')) - lvvik)5 (k - k') , (C(k)C(k')) = 0. (2.136) 

Assuming that our modes are thus uncorrected but similar, we can employ the source term generated from, 
for example, the 1 mode, and write our line-of-sight integral as 

At = -i (C(k)e'^ + C(k)e-*'>j J e-'^^S^ ik,7^)dr, (2.137) 



with 



S^{k, 77) = -I'hie-^ + giv) UvY + 1^1]- (2.138) 



The line-of-sight moments are a bit protracted to calculate; again we only present the result here. We 
find that 

Tensor Perturbations 

For the tensors. 



with the evolution equation 
and 



At = (1 - A*^) (a^ cos 2^ + a"" sin2(/ 
d* - (ikfi - f) a* = -2h^ + T^'^ 



*r = - 1^0 + y (a2 + 6/32) + ^ ("4 - PI) ■ 

From here we rapidly find the source term 

SUk, v) = -2h^e-^^ + 5^- (2.140) 

As with the vector case, things will run more smoothly if we rotate our basis to convert the trigonometric 
functions into exponentials; following the process we did with the vectors we see that the new variables 

a = ^ , a = ^ , (2.141) 

puts our Stokes parameter into the form 

At = (1 - M^) (a^e^'* + a^e'^'''') . (2.142) 

Following Zaldarriaga and Seljak we also choose to characterise the statistics of the gravity waves with 
variables and and assume that our two modes are similar but uncorrelated, which means that we can 
evolve one set (+, for example) and use that for our source term, with the solution 

rVo 

At - (1 - M^) (e^(k)e2'^ + eO^)e-^"^) / e-'^'^S^Pik, 7j)dv, (2.143) 

Jo 

with 

{e{k)e*{^')) = (^'(k)^'*(k')) = lrTik)s (k-k'), {eik)e*{^)) - o (2.144) 

and 

S^ik, rj) = ~2hle-^^^^ + g{ri)<^l. (2.145) 
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The tensor moments can then be shown to be 

A?, = J^S^ik,^)'^dr, (2.146) 

which is pleasing in light of the vector and scalar moments; the spin-2 tensors are undefined for the dipole 
and the quadrupole and the geometrical Bessel term is divided through by x^, while in the spin-1 vector 
case the moments are undefined for the dipole and the geometrical term is merely divided through by x. 
For the spin-0 scalars, the moments are cleanly defined for all / > and the geometrical term is divided 
by a;". These symmetries between the separate types are exploited in far greater depth in the total angular 
momentum formalism of CMB perturbations developed by Hu and White [119]. 



2.3.5 The Neutrinos 

Recent neutrino oscillation observations strongly suggest that, in fact, the neutrino mass is small but non- 
vanishing (a combined mass of TOj^ < leV is a recent estimate from cosmology; see for example [120] 
for a cosmological presentation) but considering them to be massless will remain a good approximation. 
While it is possible to add mass in this formalism (see for example [108]), we shall not do so. 

We start our system long after the neutrinos have decoupled and so assume they do not interact with 
matter; however, it is worth noting that the magnetic field introduced in chapter 3 could well have been 
sourced before neutrino decoupling; if this was the case then we will have additional initial conditions 
generated by the unmodified anisotropic stresses of the magnetic field. Lewis [59] demonstrated that, after 
neutrino decoupling, the neutrino anisotropic stress generally acts to cancel that of the magnetic field and 
so the greatest impact of such a primordial magnetic field is through the sourcing of perturbations in the 
extremely early universe, before neutrino decoupling. 

We model each species of neutrino as a radiative fluid in exactly the same way as the intensity of the 
photons - thus to recover the formalism for neutrinos, we should take the equations for Ay and set all 
interaction terms to zero. Some modification is required for the tensor modes; here we do not expand across 
the basis employed for the photons but rather stop with the change of variables (denoting the brightness 
function for the neutrinos as F) 

= (1 - F+ COS 2(/) + (1 - M^) F"" sin 20. 
The resulting Boltzmann hierarchies are 





a 2 • 

= kFf--h, 










Ff 


= lk{2F,^~ 










Fi 


= iH^Fi- 


2Ff ) + 






(2.147) 


Ff 


- 2/ + l(('- 




- IFtLi) , 


I > 3, 





F^ - kF^, 

Fl ^ \k{2Fl-Fl)-\hX^ (2.148) 
FYi = T^k{{l + l)FYi+^-lFYi_^), l>2, 



Flo = kF^,-2h^, 

Fli = 7^k{{l + l)F^i_,,^lFji), l>\. (2.149) 
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The stress-energy tensor is identical in form to that for the photons, separating out as 

STS_ST:_ StI^I' _ STs_ s 

Pi. Pu Pv Pv 

^ = ^iF^2~F^o), ^ = ^iFh-F^i), (2.150) 
3 Pi. 5 



ST, _ 2 

" 15' '21'^ ■ 35 



^0 + 7TT^2* + :77^4* 



and it has an equivalent density fluctuation and velocity fields 

S^ = Fi, = vY^liFY-F,^) (2.151) 

We would require the neutrino hierarchies only to a level equivalent to the photon ones; the neutrinos 
will merely provide sources in the Einstein equations, requiring moments only as high as the fourth. 



2.3.6 Truncation 

In the line-of-sight integration approach, we need only integrate up a limited number of modes of the 
Boltzmann hierarchies to provide the sources for the line-of-sight integrals; these can be cut off at, say, 
I 7—10 [86]. However, a naive sudden truncation will lead to dreadful errors propagating through 
the code from the error induced in the evolution equation for A/_|-i cascading down to Aq in a finite time 
(and back up to the cut-off again). The resulting errors, without some more sensible truncation approach 
than the harsh cutoff, will be major. Inspired by the line-of-sight integral approach we derive an improved 
approximation for A;+i (equivalent to that in Ma and Bertschinger [108]; it might be emphasised that 
although the approach is our own this is not an original result.) 

Consider first the scalars. From the line-of-sight integration we saw that their oscillatory character is 
governed for the most part by the spherical Bessel functions (see Zaldarriaga and Seljak [86] for a detailed 
discussion on the oscillations of the two parts of the integral). In the absence of scattering and time-varying 
metrics, the result is the integral of a spherical Bessel function. Employing now the recursion relation for 
the spherical Bessel functions (G. 13) we can write the exact solution 

Af+i = (2Z + l) / S^{k,Tjy^drj -Ai^.ix) 

which we approximate to 

Af, 1 « {21 + l)^iM _ Af_i(a;) (2.152) 

X 

since we are concerned primarily with the oscillatory behaviour over time, which holds equally well for 
both temperature and polarisation. Cutting short the hierarchy at /max, we can employ this to write the 
evolution equation for A;^^^ as 

^Lx = k (^ ^'"""^^^ Af_(x) - Af__i^ - an,aT/^tjx). (2.153) 

While the vector line-of-sight solution does not strictly apply to the vector hierarchies, since they are 
formulated in different bases, it is apparent that the oscillatory behaviour will still be dominated by the 
spherical Bessels, here appearing as ji [x) j x. If one works through, it is clear that the above scheme also 
then holds for the vectors and the final equation in the hierarchy has an identical form to (2.153). The 
tensors' oscillations will be dominated by ii{x)/x'^ and, again, the same truncation scheme will hold. 

The neutrino solutions do not contain the scattering sources but otherwise the solutions will be identical 
in behaviour to the photons; removing the scattering term in (2.153) will generate a scheme equally as 
applicable to the neutrinos as to the photons. 
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2.4 Baryonic Matter 

We turn now to the (unmagnetised) baryon fluid; we shall assume that, as with the cold dark matter, the 
baryonic matter can be represented by a perfect, pressureless fluid. However, we must include a coupling 
term that transfers momentum between the baryons and the photons - recalling that there was no impact 
from the photons onto the baryonic mass continuity (2. 103). 

If Cb-*-) represents the transfer of momentum into the photons, we can express the equations governing 
the baryons (2.40, 2.41) as 

-p + 3-p = 0, 
a 

d'p + Cl^^ = (2.154) 



in the background and 



V-v+i/i) = 0, (2.155) 



2 



a 



-v' + cid'6 + Cl_,^ = (2.156) 

where we have set w ~ ~ except where they multiply a spatial derivative. 

To evaluate the transferral of the momentum, consider the scalar / = 1 (2.103) and vector / — (2.109) 
moments of the photon brightness function hierarchy coupling the photons to the baryons. Since the photons 
have the velocity fields vs-y = — (3/4)Aj.]^ and v}^^ ~ (i/4)(Ay2 ~ ^to)' ^^^^ (™ addition to the 

vector / = 2 equation) these are effectively the photonic equivalents of the Euler equation. 

For a generic fluid, the contribution to momentum conservation comes from 

(l + w)p \a l + wj 1 + w 

(c.f. (2.41).) We can then construct the photon analogue of this for the scalar modes, 

ST};];'^ - ^ [is-, + \k (2At2 - Ato) - an^ar {vs - vs^)^ 
and compare it with the corresponding baryon contribution, 

^T^^l'"' = Pb (is + ^vs - kc,H, + Cfcl^ 



Thus we see that to account for the loss of momentum from the photons we need to take 

Ci_,^ = ^^auear {vs - I'sj) (2.157) 



as the term in the baryon Euler equations accounting for the transferral of momentum and from the photons. 

Similarly, in the vector case we combine the vector I = and I = 2 equations to form the photon 
equation equivalent to the Euler equation, 

ST;^. = ^ - I (3A^3 - 7 Air,) + an^a^ « - vY] 
and compare it with the baryon term 

sn^i"" =-p,{vY + lvY + ^''~>c'r' 

to identify 

(^)a^^ = ^^anear {v^ - • (2.158) 
-J Pb 
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Converting these back into the moments of the brightness function. 



3 pf, V 4 



(V)^,^, = l^n.aTf.r + XVX^). (2.159) 



3 Pb 

The sound speed is evaluated [108] from 

where fi is the (approximately constant) mean molecular weight and Ob is the temperature of the baryon 
fluid 

im(«2) « ^Gfc (2.161) 
where we work in units with the Boltzmann constant feg = 1. The temperature evolves by [108] 

Bb + 2-96 - l — '^aueae (6^ - Ob) = 0. (2.162) 



This is derived from the first law of thermodynamics in the same way as for a collisionless fluid (2.35), but 
with the heating rate [108, 111, 121] 

^ = ^'han^ar (&y - Ob) ■ (2.163) 
dv Pb 

In Fourier space we then have for the baryons the stress-energy tensor 

T^o = ~P, %^t]=^=0 (2-164) 

in the background and 

ST^^-pS, STl^^^pvs, STi^^^-pvY, 

5TI ^ 6Ts ^ 5TY = 6T^ = 0. (2.165) 

The equation of mass continuity is 

5 + kvs + ]^h^Q. (2.166) 
The scalar component of the Euler equation is 



VS + -VS- fee/ (5 + cf^^ = (2. 167) 

a ' 



where vs = —ik'^Vi and c^_^^ is similarly the scalar component of the momentum transfer into the photons 
in Fourier space. The vector component is 

i,Y + %Y + iv)c'^-^y ^0, (2.168) 

2.4.1 Tight-Coupling 

Throughout almost the entire period we are considering, the Thomson scattering term t^^ ~ an^aT will 
be extremely large due to the high density of free electrons. It is only for a short period before recombi- 
nation that the free electron density and thus the scattering term drops. We shall shortly demonstrate that 
recombination occurs well within the matter-dominated era and so for the entire time that the universe is 
dominated by radiative species the photons and baryons are tightly coupled together. Even within the era of 
matter domination a tight-coupling approximation will hold until relatively near recombination. 
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To build up our tight-coupling approximation, take the interaction time tc <C 1 and consider the scalar 
photon and baryon evolution equations separated into zeroth and higher orders: 



A^o = = 0; A^2 = ^$5; A^^ = 0; Z > 3 



Oitl): 



Vs + ^vs - kc% = 0; 1 = ht (2Af 2 - A^^q^ , 
= ^fc (BAfg - 2A^i) + ^/is; Af, = ^^fc ((? + l)Af,+i - ZAf , Z > 3; 

A^o = fcA^i; A|; = ^^fc ((Z + l)A^;+i - ;A^;_i) , i > 1; 



Employing the form of $5 then lets us see that at zeroth order in <c polarisation is driven to zero in the 
tight-coupled era. So, therefore, during tight-coupling the only significant photon moments are the zeroth 
and the first, corresponding to the density fluctuation and the velocity respectively, with the anisotropic 
stresses and polarisation of at least first-order in the small t^- 

The First Moment: Tight-Coupled Euler Equations 

If we consider the first moment of the photon hierarchies, we can write a formal solution for A|^j^: 

All = -^ws + Qfc (Afo - 2Af 2) - Af 1 
Applying this recursively to itself we can express this as 

Af 1 = -^vs + U f^vs - IkA^o) + 0{tl) (2.169) 



Substituting this in the baryon Euler equation then gives us 

vs + -vs - kc% + 5^ (rvs - ^fcAfo ) + 0{t,) = 0. 

The Zeroth Moment: Entropy Perturbations 

If we consider now the zeroth moment of the photon hierarchy, we have that 

Afo = -^h - ^kvs + Oitc) 
implying with the baryon continuity equation that 



Afo = Sy = ph + o(tc). 



Integrating gives us the condition that 

3 



4 



S^-Sb^ 5S^b = const + 0{tc) (2. 170) 
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where we have unidentified this difference as the entropy perturbation between the photons and the baryons. 
We may define similar relations between the baryons and the cold dark matter, or between the photons and 
the neutrinos, 

SS~f^ = 5^ - 5^, SSbc = Sb - 5c- 

We may thus state that if a system is set an initial entropy perturbation then to first order in the tight-coupling 
parameter it will retain this perturbation until at the least the epoch of recombination. Stated differently, 
we may separate the initial conditions for the universe into adiabatic modes with 5S^b = 5Sbc = SS^i, = 
0, or into isocurvature modes which possess entropy perturbations but can be shown to have vanishing 
spatial curvature on a given spatial slicing. Adiabatic and isocurvature perturbations provide a basis for 
cosmological initial conditions. CMB analyses are entirely consistent with adiabatic initial conditions with 
no isocurvature component ([78]), although a certain level of isocurvature perturbation is allowed. 

With the relation between the density fluctuations, we may then express the Euler equation for adiabatic 
perturbations as 



Pb + oP-y ] vs + -PbVs = k [ c,Pb6b + ^p^ArpQ 



k ( c.bPf, + -CsyP^ 



3 



k-p^Sy (2.171) 



labelling the effective speeds of sound as c^^ ^ c^^, which identifies the tightly-coupled fluid as a perfect 
fluid with density 'p^^ = 7>b ~^ (4/3)p^ and pressure pt^ ~ (l/3)p^(5-y. An isocurvature perturbation adds 
an extra effective pressure term. 



2.5 Scalar Field Matter 

General Relativity can be formulated as a variational theory; the relevant vacuum Lagrangian density is 

Ceh^V^R. (2.172) 
Including a matter Lagrangian, the action is then 

5"==^ {R + CM)V^d'^x. (2.173) 

The Einstein equations can then be found from this action by variation with respect to the metric and an 
assumption about the form of stress-energy tensor for the matter. A Klein-Gordan field of mass m, for 
example, has the Lagrangian density 

Ckg = -\ (9^09^0 + ^202) . (2.174) 

The form of the stress-energy tensor for matter is somewhat arbitrary; we refer the reader to Weinberg [96] 
for details. Here we shall take the stress-energy tensor to be 

T,^ = J^/:M-2.g^^^. (2.175) 

If we let the universe contain a dominating massless, spatially uniform scalar field which is minimally 
coupled to gravity and has some arbitrary associated potential U (0) then the relevant action is 



S ^ / d'^xy/^ R - -d''(l>da(f> - C/(0) (2.176) 
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where (f> obeys the massless Klein-Gordan equation 



1 , dU 



Considering only the background metric and expanding out the Klein-Gordan equation then gives us 

^ + 2^^ + a2^-0; (2.177) 
a d(p 

converting this to co-ordinate time will yield the more familiar 

+3-0 + -T- = 0- 
a d(p 

This is merely an harmonic equation with a friction term due to the expansion of space. 

The stress-energy tensor (2. 175) gives us a vanishing energy flux and the pressure and density 

The Friedmann and Raychaudhuri equations (2.9, 2. 10), including a curvature /C, are then 

^""^ ^^^^+a'v\=H^-^, 2^ - ^ -8^G f _ ^2^\ ^2.179) 



For a de Sitter or quasi-de Sitter state, then, when a expands exponentially, the curvature term JC is effec- 
tively driven to zero regardless of its initial value. 

In co-ordinate time, inflation occurs when w < —1/3; for a scalar field this condition is 

0^<aV (2.180) 

and for extremal inflation, normally dubbed "slow-roll", 

02<aV (2.181) 

and therefore 

p^-p, (2.182) 

that is, a slowly -rolling scalar field will mimic a cosmological constant and the universe will be in a quasi-de 
Sitter state. In slow-roll inflation we have the Friedmann and Klein-Gordan equations 

3 2 aq) 

from which it may be shown that, given the exponential expansion of a, JC is effectively driven rapidly to 
zero. 

Finally we define the slow-roll parameters, introduced by Liddle and Lyth; if we define 

87rG 1 fduV SttG 1 (fU 



^0 = — ^(^^j ' = — C7d0^ (2.184) 
then it can be demonstrated that 

e0<l, |770|<1 (2.185) 

are necessary, though not sufficient, conditions for inflation. 

All the above applies to a universe dominated by a scalar field minimally-coupled to gravity, regardless 
of whether it is in the early universe or the present universe. Both theories of inflation and theories of 
quintessence employ scalar fields of this type, with various potentials, as well as employing multiple-field 
models or models with modified kinetic terms in the action. However, while it is relatively easy to justify 
the existence of a scalar field in the exceptionally early universe - high-energy physics predicting many 
such fields - it is relatively hard to justify their existence in the late-time universe when the energy is 
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Figure 2.1: Schematic fluid evolution for a ACDM cosmology. 



so very much lower, if only because we can directly probe such energies in the laboratory. Moreover, 
the extremely shallow gradients on the potential must be seen to argue against the simplest quintessence 
models. As a candidate for an early-universe inflaton a single scalar field model (with a scale-invariant 
spectral index) is entirely consistent with CMB observations [78] although other, more complicated, are not 
ruled out (the two-field curvaton model [122] for example); these models are in principle distinguishable 
by the relative amplitudes of the tensor and scalar modes they produce, or their primordial non-Gaussianity. 
For the late-time acceleration we observe, scalar field candidates are popular but not unrivalled, with a 
standard cosmological constant entirely consistent with CMB and large-scale structure observations. 

2.6 The Evolution of the Universe 

2.6.1 Periods in the Universal Evolution 

Because the fluids filling the universe evolve at different rates, there will be different periods in the universal 
history at which a different form of matter dominates; the situation will be similar to the schematic in figure 
2.1. The most rapidly-decaying species, radiation (photons and neutrinos), will have dominated the universe 
at some early time. Following some brief era of approximate matter-radiation equality, the radiation density 
will have become subdominant to the dust species (baryons and cold dark matter). As we shall shortly show, 
the CMB last-scattered some way into matter domination. If the universal expansion is indeed beginning 
to accelerate [78, 104], then in the simplest model we are sitting at the beginning of the period of vacuum 
energy domination. This bleak epoch begins when the matter densities decay below the intrinsic energy of 
the cosmological constant and the universe tends asymptotically towards an eternal de Sitter state. More 
complex dark energetic models naturally have differing future states. It may be commented that our exact 
position at the beginning of vacuum energy domination is a "coincidence problem"; why should the vacuum 
energy density and matter density have grown roughly equivalent in the very recent past (z « 0.36)? There 
are various suggestions ranging from arbitrary tracker potentials for dark energy models that tend to similar 
universal evolutions independent of initial conditions (e.g. [123]), to equally arbitrary modifications of 
the gravitational action (see [124, 125] for recent reviews); other suggestions include modifications of the 
averaging procedure employed to derive our background densities [126] or other back-reactions which 
derive effective dark energies from non-linear terms in the Friedmann equations [127, 128]. 

2.6.2 Vacuum Domination - Inflation 

The epoch of inflation occurs at some point when the energy of the universe lies between the Planck scale 
and the electroweak scale (at about lOOGeV). We do not discuss this era in detail, and merely wish to note 
that, without a period of vacuum domination, there are large fine-tuning problems in cosmology, along with 
the "horizon problem". The main fine-tuning problem is the universe's flatness - a curvature term in the 
Friedmann equation decays as and, to be as flat as it is observed to be today, this implies an extremely 
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finely-tuned initial condition. The "horizon problem" is most readily observed from the microwave sky; two 
points in opposing directions are at the same temperature and yet, obviously, are two horizon distances apart. 
It seems incredible to believe that the entire surface of last scattering formed at the same time without it 
having been in causal contact at some point, and yet it cannot have been. Inflation remedies these problems; 
a small patch of space can have an arbitrary curvature and be well within causal contact and in thermal 
equilibrium, and then inflated until every perturbation is well outside the Hubble distance. The curvature 
is driven to zero and the horizon problem is solved. It can be shown that in a standard model around 60 
e-foldings are necessary to solve the problems. 

Moreover, the perturbations of simple inflationary models predict initial conditions for standard cosmol- 
ogy that are adiabatic, Gaussianly distributed with an almost scale-invariant (Harrison-Zel'dovich) power 
spectrum. This is entirely consistent with the observations of the CMB. We refer the reader further to, for 
example, Liddle and Lyth [121] for a relatively recent overview of simple inflation and assume now that 
some inflationary, or vacuum dominated, epoch has occurred and left us with Gaussian and adiabatic initial 
conditions. 



2.6.3 Radiation Domination 

Technically the universe is radiation dominated as far back as the validity of general relativity and the stan- 
dard model of physics and in the usual history radiation-dominated back to the end of the inflationary epoch; 
however, the phrase is more usually used to describe the universe after the electroweak phase transition or 
even after neutrino decoupling at about IMeV. Cosmological codes such as CAMB and CMBFast begin 
deep in radiation domination but typically after neutrinos have decoupled. We assume the phrase to mean 
this. 

During radiation domination as we have defined it the Friedmann equation is effectively 

^2 ^ SnGa^ + p^) ^ + « 1 (2.186) 

As we saw earlier (2.52) a universe dominated by a radiative fluid evolves as 

a = flo?;, At = — , — = 0. 

?7 a 

The universe remains tightly-coupled throughout radiation domination and adiabatic perturbations thus 
remain adiabatic. Employing the convenient unit y = h], the system of tightly-coupled equations that 
we developed in §2.4. 1, along with the Einstein equation for the evolution of the scalar trace, are 

dS^ 2 dh 4 ,dvQ , od^/i dh 



vs, 4-^=5^, y'—+y— + 6iRJ^ + {l-RM = (2.187) 



'J J z. ail 'i ^ avs ^ 2 

dy 3 dy 3 dy V ' " ^j^/ 

where we have defined 



= _ ^_ . (2.188) 

We can then find the evolution of the baryon and CDM densities by the adiabatic condition. This equation 
also reduces the source term in the Einstein equation to — 6(5-y. Using the Euler equation to eliminate the 
velocity and the mass continuity equation to eliminate the metric perturbation gives the evolution equation 
for S^, 

We study this equation in two limits, the super-horizon limit when y ~ hj ^ 1 and the sub-horizon limit 
where y ^ 1. 

• Super-horizon: The general evolution equation in the super-horizon hmit is 

■id^Sy „ nd'^S^ , dS^ ^ J. 
y^—^ + 2y^—^ - Ay—^ + 4(5^ = 
dy-^ dy^ dy 
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which is an Euler-Cauchy equation for (5^, easily solved by 

= <5oy^ + Siy + 

Press and Vishniac [91] demonstrated that the decaying mode is a symptom of the lack of specification 
in the synchronous gauge and we remove it; we also neglect the slower-growing mode. Then we can 
see that 

= Soy' (2.190) 
and so, always requiring that the initial perturbations are small or vanishing, 

; 3 2 3 1 



W = vs - —W (2.191) 



The velocity is thus sub-dominant on super-horizon scales. We then employ the first Einstein scalar 
constraint to find 

hs = h + -^--6,^h''s- ^Sov'- (2.192) 

Outside of the horizon, then, the density and metric perturbations variables grow simply as the scale 
factor, while the velocity grows slightly faster. 

• Sub-horizon: The equation for 6^ has the general solution 

A ( ( y\ 0^ ■ ( y\ ^ ( y\\ n lo-.^ 

6^ = — + Di COS ^ - 2 — sm ^ ^ cos ^ (2.193) 

f y \^o^ f y\ ^ ■ f y\ 

— = + 2 cos — = ^ sm — = 



+D. (^sin (^--J + 2-cos (^-jj - p ,i„ (^-^J J ^ (2.194, 

For regularity as y we remove D2, and Dq is a gauge mode. Taking the sub-horizon hmit y ^ 1 
then gives us the solution 

^ Di cos (^-^ . (2.195) 
vs = ^D,sm(^^^ (2.196) 



We can then rapidly find that 



and the metric solutions are 



S^. (2.197) 



The oscillations in the densities and coupled photon-baryon velocity found once modes have entered 
the horizon produce the characteristic patterns on the CMB. They are merely sound waves - hence 
the terminology "acoustic peak" for the peaks of the CMB angular power spectrum - in the tightly- 
coupled fluid, driven by gravitational attraction and self-pressure. They are all the more important 
since, as we shall shortly show, oscillations cease once the universe enters matter domination. 



2.6.4 Matter-Radiation Equality 

At matter-radiation equality, we can say 

P.^-P™^^ = %^(1 + W-< = ^ = §^ (2.198) 

where R denotes photons plus three species of massless neutrino, z denotes the redshifting of light, and to 
denotes CDM and baryons. From the temperature of the CMB it can be shown [121] that the density ratio 
of radiation, assuming three species of massless neutrinos, is 



QoR = 4.17 X IQ-'^h-' 
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where h is the observed correction to an assumed Hubble parameter, H = 100/ikms ^Mpc ^. With this 
we see that 

zeq « (2.4 X 104)a„o/i' (2.199) 
and thus, taking the concordance values of 

n,no ~ 0.26, h « 0.72 

we have 



4500. (2.200) 



2.6.5 Matter Domination 



Once the universe has entered a matter-dominated era the situation is changed. The Friedmann equation is 
now given by 

H^ = ^a2(p, + Pj, (2.201) 



which has the solutions (2.53) 



and we work with the system 



2 2 a 2 

a = ao?? , 7i = -, - = -J, 
r] a 77^ 



d6b Idh dvs 2 ^ dSc I dh roono\ 

ay 2, ay ay y ay I dy 

• On the super-horizon scale the adiabatic condition holds between the CDM and the baryons, as well 
as between the baryons and the photons, because the modes are well outside of the acoustic horizon. 
We choose to employ the CDM density as a tracer of the universe's evolution. Employing again the 
scalar trace evolution equation and working in a manner analogous to that for radiation domination, 
we can quickly find that 

o d"^ 5r dSr 

y^-^ + 2y-^-66c^ (2.203) 
dy dy 

with the solution 

Sc = doy^ (2.204) 
where we have again removed a decaying gauge mode. This implies we have the metric trace 

h = Ho- 2doy'^ (2.205) 

and so the traceless metric perturbation 

h, = h+-^- i|(5c = {Ho - 30do) - 2doy^. (2.206) 
y dy y^ 

We can match these solutions to those from the previous section to fix the integration constants if we 
so desire. The velocity in the super-horizon limit couples to nothing and decays as the scale factor, 
that is, 

vo 

vs = ^- (2.207) 

• The sub-horizon scale is again more complicated. From (2.160), the baryon speed of sound, in a 
tight-coupling limit, evolves approximately as 

= 4- (2.208) 

V 

The CDM density, naturally, is unaffected by the system entering the sound horizon and evolves as 
before, 

Sc^dirf. (2.209) 
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However, the baryons oscillate weakly; one may derive that the baryon density evolves as 

y + 2y— + y cjb = Qdiy (2.210) 
which is a forced damped wave equation producing waves with a frequency of Cg. 

2.6.6 Recombination - Formation of the CMB 

Recombination occurs when the temperature of the universe has dropped low enough that hydrogen atoms 
can form. Once this occurs, obviously the density of free electrons plummets and the tight-coupling ap- 
proximation breaks. During this brief period higher moments of the photon hierarchy are excited, and the 
presence of a quadrupole in turn excites polarised modes. Since recombination is relatively brief and pho- 
tons free-stream when it is finished (excepting foreground effects such as the Sunyaev-Zel'dovich effect 
and the reionisation of the universe) polarisation will then give us a unique picture of the fluid dynamics at 
the formation of the CMB. 

It is not our intention here to provide an overview of recombination physics; for such we recommend 
Peebles [110, 111] or Seager et. al. [129, 130]; the latter programmed the widely-used RECFast code 
employed by both CMBFast and CAMB. We shall merely calculate the redshift at which recombination 
occurs; it is readily seen that this is well into the matter dominated era and thus that the largest scale sound 
waves imprinted upon the CMB were frozen in a long time previously. For the photons, the temperature is 
related to the density by 

ecxp"* (2.211) 
which implies that the bulk temperature evolves by 

e = ^ = Oo (1 + z) (2.212) 

by the definition of redshift. 

Recombination occurred when the average temperature of the universe was approximately 3000K - 
that is, when the average energy was of the order of tenths of electron-volts [110]. The binding energy of 
hydrogen is approximately 13eV; however, sufficient energy remains in the tail of the photon distribution 
to keep the universe ionised until the temperature has dropped well below this amount. The CMB today is 
at a temperature of about 2.7K; this then gives a recombination redshift of about 

Zroc « 1100. (2.213) 

With Zoq « 4500, it is clear that the CMB was formed well into the epoch of matter domination. 

It is likely that the existence of a magnetic field might alter the recombination process, most likely to 
impede it. However, there has been little study in this area. 

2.6.7 Late-Time Acceleration 

If the universe should contain a source of effective vacuum energy, such as a cosmological constant or some 
lingering remnant of a slowly-rolling inflaton, then the matter-dominated era will give way to a second 
period of vacuum domination. Observations of type la supernova, generally regarded as standard candles'", 
suggests that the universe did indeed begin to enter such an accelerating phase at a redshift of approxi- 
mately z w 0.36 [104]. The nature of this "dark energy", and the coincidence that it has appeared at the 
same broad time as humanity, is not yet understood. Suggestions range from the relatively orthodox, such 
as "quintessence" models which are effectively inflatons operating in the current universe [133], through 
"k-essence" [134], which are scalar fields with modified kinetic terms, "Chaplygin gases" with inverse 
equations of state [135], and through to the more extreme, such as modifying our methods of taking the 
averages employed in the Friedmann equation [136], or direct modifications to Einstein's law of gravity 
[124, 125]. Each approach has a certain logic behind it and each has flaws and it is not the purpose of this 
thesis to explore these. It should be noted, however, that a straight cosmological constant - or, indeed, some 



^The use of Type la supernova as standaid candles is debated; possible alternative explanations include dust extinction (see e.g. 
[131] for a study into this possibility), and an evolution of Type la supernovae, perhaps with metallicity [132]. 
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field mimicking a cosmological constant so closely as to be indistinguishable, at which point Occam's razor 
can probably be invoked - is an excellent fit for the observed CMB and large-scale structure observations, 
as well as the supernova observations. 

A simple alternative that has reoccurred occasionally in the literature is the existance of a bulk viscosity 
acting at zeroth order - see [137, 138, 139, 140, 141, 142] for a few recent studies. If we assume that the 
universe is dominated by a fluid with a bulk viscosity and express the effective pressure (2.37) using real 
rather than conformal time, we have that 

Peff=p-3CH. (2.214) 

Then we have the condition for acceleration 

M'off = < - o =^ C > 7777 1 + 3w . 

Using the Friedmann equation, and working briefly in SI units, we can then express this condition as 

for any particular epoch where ftrn = {8'^G/3H'^)pm is the relative density for the viscous component. 
If we substitute the observed values for our current epoch, assuming w ~ Q and 51,„ w 0.3, we find a 
numerical bound of 

C > en^h X 10\gm"^s"i w 1.3 X 10\gm"^s-^ (2.215) 

This is highly viscous and a fluid description for such a material is perhaps not warranted, although glass 
does possess a higher bulk viscosity. However, one may see directly from the expression for the effective 
pressure (with w ^ 0) that this fluid is unphysical: 

Peff ~-3CH<-ip (2.216) 
shows that \CH\ is of the order of p. However, the thermodynamics is valid [137] only for 

\CH\ < p. (2.217) 

Employing a bulk viscosity to entirely drive the current expansion of the universe, while neat, is not valid on 
thermodynamical grounds. This, of course, does not rule out the existence of a bulk viscosity contributing 
to the observed acceleration without being the major cause. 

2.7 The Cosmic Microwave Background 
2.7.1 The Sachs-Wolfe Equation 

While a full treatment of photons is complex, insight into the structure of the last-scattering surface can 
be found by formally integrating the Boltzmann equation for a species of collisionless photons between 
the surface of last scattering and the present day. The "surface of last scattering" formed when the colli- 
sional term in the Boltzmann equation became negligible and the photons began to free-stream. From the 
collisionless Boltzmann equation we have 

— ^ - i/s/iAk = -2n,n,/i*^ . (2.218) 

OJ] 

Formally integrating this between the surface of last scattering at a conformal time 7710c and the present day 
at 770 we have 

Ak im) = Ak(r7,ec)e''''(*-*-' - 2 / /i'^n,n,e'*'>(*-'')d?7. 
This equation assumes an infinitesimal thickness of the surface of last scattering. 
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Using again p oc 0'' ^ A = 4(58/0 and truncating the Legendre expansion at / = 1, one recovers the 
Sachs-Wolfe equation. 



— (7]o,k) = l-5^ + fiv 



g^fcM(r,o-^™o) _ 2 / h'^nihJe'''^'^''"'-'^Ur]. (2.219) 



The separate contributions to this term are easily interpreted; the photon density perturbation contributes 
the "intrinsic" temperature perturbation on the surface of last scattering, while the iiv term is a Doppler- 
type effect caused by the red- or blue-shifting of photons scattered from the surface. The integral term is a 
gravitational contribution, more readily intuitive in the conformal Newtonian gauge in a universe filled with 
perfect fluids, where one sees that it reduces merely to the time-derivative of the gravitational potential. A 
photon passing through a time-dependant potential well will obviously emerge with a different energy; had 
the well deepened the light will be redshifted and had the well shallowed the light would be blueshifted. In 
a dust-dominated universe the gravitational potential is constant and this term can be neglected. However, 
the same is not true in a universe dominated by a dark energy and so the integrated term, known as the 
integrated Sachs-Wolfe effect, is an important test of dark energy theories. It is in the Doppler term that 
we expect the majority of the impacts of a magnetic field on scalar and vector modes to be felt, through 
velocity perturbations induced by the magnetic field. Tensor modes might be expected to be dominated by 
the integrated Sachs-Wolfe term. 

Obviously, in reality we do not assume an infinitesimal surface of last scattering. For practical pur- 
poses, CMB codes such as CMBFast, CMBEasy and CAME [67, 86, 143] tend to employ the RECFast 
recombination code [129, 130]. We now consider statistical measures of the CMB in rather more detail. 

2.7.2 Statistical IMeasures on the Sky 

From oc 0^, where is here the ambient photon temperature. 



I 1 f 

Q-(x,^,n) = -y A(k,,y,fi)e ^^^^ 



Since we observe these projected onto our celestial sphere, it makes sense to expand the temperature per- 
turbation across the spherical harmonics as 

l,7n 

which, with the orthogonality of the spherical harmonics (G.6), gives the harmonic coefficients a^^^ as 

-Q-(x,?7,n)Yi*„(n)drJn. 

Assuming the statistical map of the sky to be rotationally invariant immediately leads to the definition 
of the expectation of multipole moments as 



(aZmOpn) = Clllplmn, Cl - ^ i y^("im«;* 



(2.220) 



Cl is known as the angular power spectrum of the CMB. 

The simplest statistical measure of the sky is the two-point correlation function in two different photon 
directions n and n'. For the correlations of a map with itself, this is called the auto-correlation. For 
temperature, the auto-correlation is 



C(n.n') ^ /^(n)^(n')\=5]^(a,„arJ>l™(fi)Vn(n') (2.221) 

^ ' Im pn 

= 5]Gr,,„(n)l^:„(n') = ^5^(2; + l)GP,(fi-n') (2.222) 



47r 
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where we have used the relation between the Legendre polynomials and the spherical harmonics (G.7). 
Since the auto-correlation is linear, we may separate C(n • n') or, equivalently, C/ into the contributions 
from scalar, vector and tensor perturbations of the brightness function. 

2.7.3 Temperature Auto- Correlation - Traditional Approach 
Scalar 

For purposes of clarity, and to demonstrate some results that will be useful in the future, we present 
the derivations, in the traditional Boltzmann approach, of the scalar, vector and tensor temperature auto- 
correlations. For scalars. 



XP)S 1 f 

— (x,n,77) = -^H)'(2Z + l) J ATiPi{f^)e 



-ik.x d.^^ 



I 

and so the temperature auto-correlation function is 



(27r)3 



C'{h ■ n') = l,J2{-^y^P{2l + l)(2p + 1) f f Pi{k ■ n)Pp(k' • n' 



x(A.,(k)A^,(k'))e'(--)->^|^U;; 

Since the scalar hierarchy is independent of directions of k, we can set the expectation value of A(k) to be 

(AT/(k)A^p(k)) - Vs{k)ATi{k)A*Tj^{k')S{k' - k) (2.223) 

where Vs{k) is the initial power spectrum of the fluctuations. Substituting this into the auto-correlation 
function, expanding the Legendres across the spherical harmonics and integrating over k' gives us 

xrs{k)ATi{k)ATpik)k^dk 
which, employing the orthogonality of the spherical harmonics, leads rapidly back to 

C'in ■ n') ^ j^-^ + 1)1 Vsik) | At, f k'dk 

and hence 

Cf = Vs{k) \Ati\^ k^dk (2.224) 

where we have rolled the prefactors into one term that can be normalised to the results of COBE or WMAP. 

From this expression we see the meaning of the terminology "transfer functions" for Ay/; these func- 
tions literally wrap the initial conditions - here the scalar power spectrum - onto the microwave background 
sky. In effect the transfer functions embody the physics of the problem and, once found, we can determine 
the effect of any initial state onto the microwave background sky. While in this traditional approach the 
vector and tensor terms will not yield such a neat result, it is part of the power of the line-of-sight approach 
that we can, in fact, express each contribution to the C,s in the above form. 

Vector 

The standard contribution to the temperature shift in the CMB from vector perturbations was 



e 



V 



(x, n, r,) = iv/l-M'EH)'(2Z + l)Pi {fi) (k, v) cos + (k, t?) sin 
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Deriving the vector contribution to the temperature auto-correlation is moderately unwieldy; here we merely 
summarise the steps and present the full derivation in appendix C. 1 . 

Since the photon hierarchies are symmetric with respect to the change of vector mode, we shall assume 
that the two are uncorrected but similar - that is, 

(aP)(kK(i)(k')) ^ («P'(kK(^)(k')), 

(a|^)(k)a;(2)(k')) - (ap'(k)a;(i)(k'))*« 0. (2.225) 

As in the scalar case, the independence of the evolution equations on the direction of k then allows us to 
define 

(ap^(k)a;(i)(k')) -7'y(fc)ai(fc)a;(fc')<5(k'-k). (2.226) 
Substituting these and using 




to remove the azimuthal angle (f>, and then expanding the Legendre polynomials over the spherical harmon- 
ics and integrating out ultimately gives 

= ^(^^ / ^v(fc) + ai+,\' edk. {1.111) 

Note that this differs dramatically from that presented by Crittenden and Coulson because of the difference 
in the temperature vector that we chose as part of our basis. To our knowledge this expression has not 
appeared elsewhere. 



Tensor 

Assuming as with the vectors that the two tensor modes are uncorrelated but similar, the temperature auto- 
correlation is 

C^(n.n') = l5^5]H)V(2Z + l)(2p+l) //(1-/.2)(1-7Z^)P,(m)F,(m) 



16 

X (a+(k)a;+(k'))cos2 (0- (/.) e'('''-'^)-" 



I P 



(27r)3 (27r)3 



From here we may proceed in a manner entirely analogous to the approach to the vector Cf, the derivation 
is presented in appendix C.2. is removed with the square of n'.fi, which leads after expansions and 
integrations to 

Cf = A{1 - l)l{l + 1)(/ + 2) j Vrik) \&i^2 +ai+ a;+2|' k^dk (2.228) 
where the scaled variables are 

" (21 - 1){21 + 1) ' " (21 - 1){21 + 3) ' " (21 + 1){21 + 3) ' ^ ^ ^ 

This agrees with the result of Crittenden et. al. [114], although our derivation is substantially different. 

While it would in principle be possible to repeat this derivation for the polarisation as derived from 
a traditional Boltzmann approach, to do so is not particularly useful. We could either simply determine 
the power spectra of the Stokes parameters Q and U, the interpretation of which necessitates the use of a 
small-angle approximation due to the ambiguities induced by the rotational variance of the parameters, or 
reconstruct the E mode polarisation induced by the scalar perturbations from the standard approach, but an 
attempt to do the same with the vector and tensor perturbations leads to some unpleasant and convoluted 
integrations and, on the whole, it is simpler by far to rebuild the E and B modes from a line-of-sight 
approach. We now finally turn to building the power spectra for this approach. 
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2.7.4 Angular Power Spectra from the Line-of-Sight Approach 
Scalar Modes 

Here we found that 



AT(k,r;o) - / dr/5|(fc,77)e- 



-IXfl 



(2.230) 



Instead of aiming for the real-space auto-correlation function we can derive the CMB angular power spectra 
from the (real-space) spherical moments aim and reconstruct the relevant angular power spectra with 



where in the full generality {a, 5} G {T, B} (and, of course, here B = 0). Polarisation is introduced in 
appendix D. Setting ourselves at the centre of the co-ordinate system (that is, xq = 0), we see that for the 
temperature auto-correlation we have 



(2.231) 



With the usual definition of the scalar power spectrum Vs{k), we can then write the auto-correlation 
function of ot im as 



1 



\(^T.lmO'T,lm) 



(27r)3 



Vs{k) 



(27r)3 



and then expand the exponential across the spherical harmonics and spherical Bessel functions (G.15) 
Integrating over the directions of n reduces our expression to 



1 



which we can then convert to 



(27r)3 



Vsik) 



-1 



Ct,i = 



Vs{k) 



STik,-n)ji{x)dr] 



k^dk 



and, by comparison with the earlier expression we can then identify 



rila 

AT/(x,77o,n) = / S^{k,ifjji{x)dT] 
Jo 



(2.232) 



(2.233) 



as the scalar contribution to the temperature transfer function - the scalar contribution to the temperature 
moments, as we quoted earlier, and 



T,l 



1 

8^ 



Vs{k)\A^iik,r^o)\ k^dk. 



(2.234) 



Vector Modes 

We approach the vector modes in an analogous manner to the scalars. Considering first the temperature 
case, we had 



The correlation of two multipole moments is then 



{aT,lniaT,lrn) = / ^v(fc) 
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Integrating over the directions of k and using the definition of the spherical harmonics (G.5) we can convert 
this to 



{aT,lni(^T,l7n) 



121 + 1 {l-m)\ 
47r {l + my. 



k^dk. 



But the integral over will yield a Kronecker delta, 



and so if we sum across the index m, divide by 2/ + 1 and employ the definition of the associated Legendre 
function (G.2) we can find that 



2^ G + l)! A 



11 Jri 



k^dk. 



We now notice that we can convert /i idx operating on the exponential and so we can integrate this 
expression once by parts (neglecting a boundary term that would affect the monopole) to leave us with 



27r {l + iy.jk 



Pi{fi)S^{k, Tj) (1 + dl) (xe-"^) dTjdfi 



k^dk. 



Expanding the exponential across the Legendre polynomials and spherical Bessel functions and integrating 
over /i, we end up with 



where we have also used 



S^{k,i)^-^-^d-q 



k^dk 



(2.235) 



(2.236) 



as can be shown by direct computation and substitution of the spherical Bessel equation (G.12). We can 
thus identify the temperature transfer function from vector perturbations, 



A^;(fc,77o) 



(2.237) 



as was stated earlier, and 



Cti = ^ I Vv{k)\A^,{k,ijo)\^edk. 



(2.238) 



The derivation and presentation of the vector transfer function in the line-of-sight approach is clearly enor- 
mously simplified compared to the standard approach. 



Tensor Modes 

Deriving the tensor temperature transfer function is very analogous to the vector case; here we had 
A?(k,r;) = (l-M^) (C^ (k)e2»^ + ^^(k)^-^^^) / S¥{k,r^)e-"^drj. 

Following much the same process as for the vectors, we expand this across the spherical harmonics, employ 
the statistical properties of the variables ^^-^ (k), integrate over the directions of k and express the spherical 
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harmonic in terms of an associated Legendre polynomial and an exponential to give us 

47r 



{aT,lraaTlm) 



(27r)3 



VT{k) 



21 + 1 {I -my. ^j, 



fj, J<f> Jri 



An {l + m)\ 



X P;'^(^)e(2-™)*"^ (1 - e-^f'drjdcpdfi 
Integrating over cp, summing over m and dividing by 2Z + 1 leads us to 



k^dk. 



G 



T,l 



1 (1-2)1 

2TT {l+2)\j. 



Vrik) 



k^dk. 



The definition of the associated Legendre polynomial (G.2) allows us to write 



a 



■T 
T,l 



1 G-2)! 

27T (1 + 2)1 J, 



VT(k) 



— Pz(M)5?(fc,?/) (1 + 92)%— Mrf^dM 



k^dk. 



We can then integrate twice over /i by parts (again neglecting boundary terms), expand the exponential in 
terms of the Legendre polynomials and Bessel functions, and then integrate out the dependence on n, which 
finally gives us 



2 (1-2)1 

2 {1 + 2)1 
nil-2)\J, 



V^(k) 



r^(k) 



k^dk 



S^{k,^)'^drj 



k^dk 



(2.239) 



using 



(2.240) 



From here we can immediately identify the tensor contribution to the temperature transfer function, 

A?z(fc,?7o) 

and 



(2.241) 



(2.242) 



We thus see (as we commented earlier) that there is a simple symmetry on the temperature transfer 
functions for scalars, vectors and tensors; if scalars have spin s = 0, vectors s = 1 and tensors s = 2 we 
have 

^TAk.m)-^l^-,jfT(k,v)'^d^. 

This connection between spins is incorporated rigorously in the spin-weighted approach to cosmological 
perturbation theory, explored in detail in the spin-weighted formaUsm [119, 144, 145]. 

As with the vector case, the simple transfer functions in this model, as opposed to the traditional ap- 
proach, are more than apparent. Moreover, the transfer functions emphasise the split between the geometri- 
cal properties embodied in the spherical Bessel functions, and the input from the physics which is entkely 
encoded within the source terms. 

2.7.5 The CMB Angular Power Spectrum 

It can be useful to derive crude approximations for the CMB anisotropics, based on an instantaneous epoch 
of recombination. In this case we take the visibility function g — 5{rj — 77iec).Then we have for scalar 
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perturbations 



while for vectors we have 



and for tensors 



a: 



Tl 



A 



TO 



(1-1)1 



4vs_ 
k 

2 

+ 3 



hs 1 3$s 
— 4— + -$c H 



'(/ + 2)! 
{l-2)\ 



ji(a^rec) 



''0 /. . 3 9 •■ 

hs-h + jj^hs ] ji{x)dr], 



drj 



ji (a^rec) ^ 4 



j-vjM. 



drj 



jl (^rcc)^ 



(2.243) 



(2.244) 



(2.245) 



These instantaneous-recombination approximations simphfy further when one, for example, assumes a 
tightly-coupled limit throughout. In the next section we shall employ only the scalar contributions to Ati 
and return to the vector and tensor contributions in sections §5.3.4 and §5.3.5. 



The Sachs- Wolfe Plateau 

On very large scales in the matter dominated era, considering only scalar perturbations, we have 

At; w -4dojKa;roc) = -4,-^ji{x^oc) 

as the contribution from the hs term; the others are subdominant to this. The integrated Sachs-Wolfe term 
has vanished. The angular power spectrum of the CMB is then approximately 



Vs{k) 



ji{x^cc)k^dk. 



Assuming a spectral index 



Vs{k) = Ak 

as is produced by many inflationary models, we then have 

Ci^^A\So\' J ji{k{v.oc~v))^- 
This is a standard integral [146] and the result gives 

l{l + l)Ci « -A\6o\^ = const. 

TT 



(2.246) 



(2.247) 



(2.248) 



This is called the Sachs-Wolfe plateau, and explains why a Harrison-Zel'dovich spectral index is known 
as a scale-invariant spectrum. Different initial conditions and different spectral indices will obviously not 
produce a Sachs-Wolfe plateau. While the real large-scale CMB sky is not entirely flat, this behaviour is 
observed to a fair approximation by WMAP. 



The Acoustic Peaks 

The oscillations in the coupled photon-baryon fluid also leave their imprint. With a phase of kcgrj where 
Cs ~ 1/ %/3, and with the density perturbations going as the cosine, one may predict that the first acoustic 
peak will be at fc = - that is, large scales. However, modes on these scales had yet to enter the horizon 
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when the CMB formed and on these scales we instead see the Sachs-Wolfe plateau. The next extremum, 
technically a compression peak, will be at 

k-q^ccCs = TT (2.249) 



and the separation between peaks is 

This corresponds to a comoving wavelength 



Afc = . (2.250) 



27r 

We can map comoving separations onto angles at our own time and convert angles approximately into 
multipole moments by 

a; « 4^ =^ a; « FM (2.251) 

where 

F = 




^(1 + zyn^ + (1 + zfvt^ + vla 

is a function transferring the wavelength to an angle. This corresponds in a flat universe with adiabatic 
initial conditions [145] to 

M « 220 (2.252) 

and so the first acoustic peak is expected to be at around this multipole number. Since different initial 
conditions affect the phase of the perturbations, this separation remains constant regardless and is chiefly a 
test of universal curvature; however, the absolute position of peaks in multipole-space obviously varies. 

Despite their name, these acoustic peaks are not actually Doppler peaks since their extrema are at 
points when the velocity vanishes. The extrema of the velocity perturbations act to level the acoustic peaks 
somewhat. 



The Full CMB Angular Power Spectrum 

Figure 2.2 plots the scalar and tensor angular power spectrum predicted by the "concordance model" of 
cosmology, with Vlmoh^ = 0.135 the total matter energy density, ilboh'^ = 0.0224 the energy density in 
baryons, a flat universe and a Hubble rate of h = 0.71. Initial conditions were generated by a Harrison- 
Zel'dovich power spectrum with no running. Figure 2.3 plots the scalar spectrum against the 1-year WMAP 
data [147]. One can clearly see at the low end the "Sachs-Wolfe" plateau. The full theoretical Sachs-Wolfe 
plateau rises slightly as one reaches the largest scales due to an integrated Sachs-Wolfe effect from the 
cosmological constant. The observed quadrupole (and, to a lesser extent, the octopole) [78, 148] is extraor- 
dinarily low, outside even the cosmic variance caused by our limited sample. There are many attempts to 
justify this low quadrupole - such as a sharp cut-off in the primordial power spectrum [149, 150], topolog- 
ically finite universes [151, 152], foregrounds such as the galactic plane [148, 153] or a thermal Sunyaev- 
Zel'dovich effect [154] or considered more generically [155], correlated adiabatic and isocurvature modes 
[156, 157] or inflation powered by two inflatons [158] - and the matter has been much studied, especially 
in connection with curious alignments also found in the CMB [159, 160]. It could, however, be no more 
than a statistical artifact (e.g. [153, 161]). 

Beyond the Sachs-Wolfe plateau is the first acoustic peak, at an ^ « 220 as predicted. Beyond this 
peak the amplitude of the waves dies away; this is due to "Silk damping" [162] which is a small-scale 
(non-linear) effect contributing a drag to the oscillation of the waves. WMAP is cosmic-variance limited 
throughout the first acoustic peak and other than a few glitches at the base and peak of the first acoustic 
peak the agreement is superb. WMAP does not have good resolution much beyond the base of the first 
peak; datasets covering this smaller-Z region include those of CBI [80], Boomerang [82] and ACBAR [81]. 
Observations are consistent with the concordance model; however, there seems to be a systematic increase 
of power on small scales. Amongst many other possibilities, this could be at least partially due to the effects 
of a magnetic field [49, 53, 61]. 
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Figure 2.2: CMB angular power spectra for scalar modes (top) and tensor modes (bottom) for the concor- 
dance cosmology. Plots generated by CAMB [67]. 




Figure 2.3: CMB angular power spectra for scalar modes (generated by CAMB) plotted against the 1-year 
WMAP data. 



Chapter 3 

Magnetised Cosmology 



3.1 The Electromagnetic Field 

In this chapter we consider the additions to the standard linearised cosmology that a tangled primordial 
magnetic field will introduce. After reducing more general expressions to a suitable cosmological ap- 
proximation we then consider in some detail the transferral of the magnetic terms into Fourier space. We 
conclude with a brief review of the damping of magnetohydrodynamical modes by photon shear viscosity. 

While much of the material presented in this chapter is known, the approach is entirely individual and 
the equations formulated more generally than has previously been seen in the metric based approach. Tsagas 
and Maartens [71, 72] and Lewis [59] work within the gauge-invariant and covariant formalism, and so in 
principle present a greater generality and consider first the full non-linear equations before truncating them 
to some expansion order. However, Lewis does not consider the scalar perturbations and the work Tsagas 
and Maartens is limited to a homogeneous field. Giovannini [6] works within a metric -based approach 
and presents equations to a similar generality but considers only scalar perturbations. For future ease we 
present equations with the electromagnetic fields held to an arbitrary perturbation order before linearising 
their effect; this will aid a two-parameter perturbation approach. 

3.1.1 Field and Stress-Energy Tensors 

In an inertial frame, the electromagnetic field tensor, or Faraday tensor, can be defined by 
where 

A^ = (-0,A) 

is the 4-potential and and A the scalar and vector electromagnetic potentials respectively. The electric 
field e and magnetic field p can be found from 

OA 

/3 = VxA, e = -S/cf>-— (3.1) 

where for the moment we are employing co-ordinate time. Since these are in Minkowski space we have 
Pi = /3* and = e*. This gives the field tensor in a matrix format as 
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(3.2) 



Extending Jedamzik, Katalinic and Olinto [69], we obtain the FLRW form of this from the locally-Minkowski 
tensors above by transforming from Minkowski space to a perturbed FLRW metric using (2.74, 2.76). This 
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gives a field tensor 
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- (hPi - htPa) 




'^(1,0) can then be recov- 



(3.3) 



The electric and magnetic fields observed by a comoving observer with = 
ered [68, 71, 72] by 

with corresponding covariant expressions. Note that we are actually computing the electric field and mag- 
netic field h; our use of the magnetic induction in this case is habitual and the approximations we shall soon 
apply make the field and induction vectors equal, e^"^ = \j~\gap\^^'^^ is the Levi-Civita tensor density 
for this space and t^iafi the totally anti-symmetric tensor density. 

The CO- and contra-variant forms of the electric and magnetic fields are 



„FLRW 



= a (^0, + i/i?e,^ , h™ - a (O, /3, + 



^FLRW = ( 0, £' - -^K^" ) , ^'^LRW = (0, - iKfi") 



(3.4) 
(3.5) 



We shall work with the comoving vectors e; = + {l/2)h^ea and hi = Pi + {l/2)hfPa, and it is 
tacitly assumed that they contain these internal structures. However, it is worth commenting that these 
forms for the electric and magnetic fields are more general than those presented in [69], for example. In 
previous work, authors have employed the conformal equivalence of Minkowski and Robertson-Walker 
magnetohydrodynamics [49] to map the locally-observed Minkowski fields directly onto the Robertson- 
Walker fields, that is ej^^ = ae^, bj^^"^ = aPi. This is sufficient for fields present in the background 
but not for a perturbed Robertson- Walker metric, which is no longer conformally Minkowski. The results 
found by [52, 53, 55] are no less valid, since the fields are assumed small and the coupling terms implicitly 
to be of order 0(e'^/^). The forms presented above, however, should be employed if one wishes to consider 
fields of a different order or, indeed, fields in a Robertson- Walker metric perturbed to second order. 
The stress-energy tensor of the magnetic fields is then given [68, 96] by 



<jp- 



(3.6) 



Noting, then, that 



F'^PF^p = 2 (62 _ e^) , 
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4nT; 


= F^'F.^^ 



one can construct the energy density, momentum flux and momentum flux density of an electromagnetic 
field: 

^F-PF,p^~^{e' + b'), (3.7) 
F'^Foj = - (e X b)' (3.8) 
^S^F-PF^p. ^^{b^ + e') S) - e'e, - h'b,. (3.9) 

We have recovered the familiar energy density of an electromagnetic field, the Poynting vector, and the 
electromagnetic stresses. The latter separate into the isotropic pressure 

47r7^» = 47r (3p) + e^) , (3.10) 

which gives the expected equation of state p ~ (l/3)p, and the anisotropic stress 

47rn; = \{b^ + e^) 5] - e'cj - b'bj. (3.1 1) 

3.1.2 Maxwell Equations and Stress-Energy Conservation 

The Einstein equations are not the only equations governing the evolution of the electromagnetic field. One 
also has the Maxwell equations. Ohm's law and stress-energy conservation. 
The electromagnetic 4-current is taken to be 

r = a-' (f?J) (3.12) 

where g is the comoving charge density and j the comoving charge current density. This is a 4-current as 
observed in a frame comoving with universal expansion. In a locally-Minkowski frame, one would expect 
to observe a current jMink = j — ^?v.' 
The Maxwell equations are then 

F^%=r, i^[AM;.]=0. (3.13) 
The skew-symmetry of the electromagnetic field tensor implies charge conservation 

J^;,. = 0. (3.14) 

The relativistic equivalent to the familiar Ohm's law arises when one projects the (invariant) 4-current into 
the observer's 3-space and sets this observed current proportional to the electric field viewed in this frame 
[68,71, 103] -that is 

Hf^iyf = igi_,i, + u^Ui,)f = aF^^u" + u^u^f = aF^^u". (3.15) 

a is the electrical conductivity. 

One may rapidly demonstrate that the Maxwell equations in a synchronous FLRW metric perturbed to 
first order, with electromagnetic fields held to arbitrary order, are 

fo%=/ : V • e + i (e • V) = aei, 

F"'.„=j' : V X b - f e + 2-e I - i/ie - i (b X V) = aj, (3.16) 
\ a I 2 2 



F[„fcj=o : V-b = 



b + 2-b + V X e = 0, 
a 



'This takes the opposite sign to that one might naively expect since our velocity is defined with reference to the comoving expansion 
rather than with reference to a Minlcowski observer. 
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The requirement of charge continuity impHes that 

g + 3-g + V ■j + lhg + lii-\/)h = 0. (3.17) 
a 2 2 

Interpreting this in the absence of metric perturbations, we see that there is an effective "sink" of charge (as 
viewed by a comoving observer) caused by the universal expansion - charge decays as a~^. 
The spatial part of Ohm's law gives 

j - £>v = (7(e + v X b) (3.18) 

which is the familiar Ohm's law from electrodynamics. The temporal component yields, to 0{e), v • j = 
(TV • e which is merely the scalar product of the standard Ohm's law with the observer's velocity. 

Generalising the results of (for example) Jedamzik et. al. [69] to the case of finite conductivity and a 
perturbed universe, the contributions of electromagnetic fields to stress-energy conservation are 

-4:TtT};.^ = e- e + b • b + 2^ (e^ + 6^) + V • (e X b) + i (e^ + 

= -ae • j - i (^hb^ + (^h) + 2^/ij^ (e,e^ + b,V)^ , (3.19) 

AnT^^ = d, (e x b), + ^d, {b') + ^d, (e^) + (^4^ + ^h}j (e x b), 

Ae, ((e ■V)h)- \b, ((b ■V)h) + (e x b)^. 

+ i (e.e'^ + bjb'') d,hl - dj (e,e^ + b,b') 

= -a (j X b) . - age, + i (b x (b x V))- h - (b • V) /i 

+ ^hi (e X b)^. + i (e,e'= + 5,6'=) d.hl (3.20) 

The first of these is the contribution an electromagnetic field will make to the conducting fluid's mass 
continuity; the field creates fluctuations in the fluid's current which then impacts on the matter conservation. 
The second of these is the contribution the field makes to the Euler equation (momentum conservation). 
Comparing with the form for non-relativistic magnetohydrodynamics (e.g. [116]) we can pick out the 
important contributions to the Euler equation 

1 a(j X b + £»e) (3.21) 

which is the standard Lorentz force. All other terms in the Euler contribution are couplings to the metric 
perturbations, representing the scattering of the fields from the underlying geometry. This coupling is 
readily apparent in covariant approaches to the problem (see for example [68, 71, 72, 87]) in the full non- 
linear equations, where the fields couple directly to the Weyl tensor 



3.1.3 The Electromagnetic Field: Robertson-Walker and Bianchi Cosmologies 

The Robertson-Walker cosmology is a cosmology homogeneous and isotropic about every event, at least to 
zeroth order, which forbids the addition in the background of a directional field. The electromagnetic field 
generally produces both an energy flux and a full anisotropic shear, neither of which are compatible with a 
Robertson-Walker metric. 

To maintain the standard cosmology, it is necessary to ensure that the energy flux and anisotropic shear 
vanish at zeroth order in the perturbation parameter e. To retain the FLRW form we thus set the electromag- 
netic fields to be "half-order"; that is, that we should set 0{e, b) w ©(^/e). While this has the benefit of 
removing electromagnetic shear from the bulk cosmology, it is restrictive for two main reasons: firstly that 
a linearisation of the magnetic field employing the same parameter will push the perturbed fields to one- 
and-a-half order and our field will be correspondingly bland, and secondly that the scattering of the fields 
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from gravity is also pushed to one-and-a-half order This neglects many of the more interesting effects of a 
magnetic field, such as the direct sourcing of tensor perturbations, and removes almost the entire structure 
of MHD. (See [52] for some further discussion on this matter.) It does, however, mean that the comoving 
fields in the Robertson- Walker metric can now be identified with the Minkowski fields. 

However restrictive in linear perturbation theory our approach may be, it allows a great freedom in the 
exact form of the fields that one may add. The modern approach in CMB physics is to employ a half-order 
tangled stochastic magnetic field, (with or without a homogeneous component) under the assumption that 
the initial spectrum is Gaussian and the tangled component has one or more length scales (e.g. [49, 51, 52, 
53, 55, 61]). The fields are usually assumed to be tangled on cluster scales - implying no directionality 
on supercluster scales - and the observed strength on such scales can be used to fix the amplitude of the 
magnetic power spectrum. 

The net effect of these assumptions, along with taking the limit of infinite conductivity, is merely to add 
to the standard Euler equation a Lorentz force. The magnetic field influences not only the temperature maps 
for the CMB but also the polarisation - indeed, it is likely that the effect on the temperature-temperature 
power spectrum will be sub-dominant across most of the realistically observable range, and the effects of 
a magnetic field might be observable primarily by its imprint on the polarisation (e.g. [85, 54, 57, 55]) or 
perhaps its non-Gaussianity [53, 163, 164]. 

An alternative approach, while still remaining within the constraints of a Robertson-Walker cosmology, 
would be to employ a two-parameter linearisation approach, with a magnetic field too small to affect the 
bulk cosmology linearised by a free parameter eb- One would neglect terms of order C(e^, e^) but re- 
tain those of order ©(ees) A brief study of two-parameter perturbation theory (in the context of but not 
restricted to rotating, relativistic stars) is presented by Bruni et. al. [165] and the referenced works therein. 

Were one to drop the condition of isotropy and introduce a mildly isotropic Bianchi cosmology rather 
than the maximally symmetric FLRW, then one could instead employ a magnetic field that gives the universe 
a preferred direction. It would also be possible to include the shear viscosity of the baryons (and possibly 
also of the CDM) at zeroth order which could potentially model a realistic fluid more than the perfect fluid 
approximations. Indeed, the limits that Barrow, Ferreira and Silk place on the strength of a bulk field [62], 
based on the 4-year COBE results, are derived by limiting the anisotropy introduced by a Bianchi (type 
VII) model and attributing it entirely to a magnetic field. The idea of imposing a preferred direction on the 
universe through an ordered magnetic field, while certainly not original (research in magnetised anisotropic 
cosmologies goes back to at least the late 60s; see [38, 39, 40] and references therein) could correspond to 
Tegmark et. al.'s speculative explanation [159] for the low power observed in the quadrupole by WMAP 
[78, 166] resulting from a preferred direction. It is also interesting to note that Tsagas and Maartens have 
demonstrated [87] that, for a relatively weak field, the Robertson- Walker approximation is equivalent at 
first order to a Bianchi I approach. 



We now consider a magnetised baryon fluid. In the presence of a magnetic field, the mass continuity and 
Euler equations, retaining for generality the pressure terms and including again the coUisional term C^^^ 
transferring momentum between the baryons and the photons, become 



3.2 Baryonic Matter: Cosmological Magnetohydrodynamics 



3.2.1 Real Space 



/j + V.((p + p)v)+ f3- + -/ij (p + p)-^ 



ae • J 




d 



{(p + p) v') + d'p + 4- (p + p) v' - — (j X b)' - —ge' 
+ — (b X (b X V))' h - —b' (h-\/)h+ — - (e X b)^ h\ 




These are supplemented by the Maxwell equations (3.16), charge continuity (3.17) and Ohm's law (3.18). 
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Clearly these equations are not in an ideal form either for further analytical study or for numerical 
implementation. Instead, we shall follow the lead of [50, 35, 69, 70] in rescaling the magnetic fields to 
remove the Hubble terms in the Maxwell equations. 

One may rapidly demonstrate that the Maxwell equations reduce (in the absence of metric perturbations) 
to the form of classical electrodynamics if one employs the scalings 

{E, B, Qa, J, CTa} = {a^e, a^h, a^g, a^j, a" V} (3.22) 

with no scaling for the comoving co-ordinates (and hence none for 9* and V), the baryon velocity or the 
metric perturbation. These are generally physically motivated; the electric and magnetic fields scale with 
because their energy density must be that of radiation and decay as a^. The charge and current densities, 
associated with matter, are scaled by a'^. The conductivity has dimensions of length and so scales with a. 
With these new variables, the electrodynamical equations reduce to 

V-E = ga-\{-E-V)h 

VxB-E = J + i/iE+ i (B X V)/i 

B + V X E = 

V • B = *^3.23) 

Qa+V-J = -i(f?a/l-(J-V)/l) 
J - gaV = CTq (E + V X B) . 

In the equations of cosmological MHD presented above, we see we should then apply the scaling 

{Pba.Pba} = {Pb,Pb} (3.24) 

to the mass density and pressure respectively. This scaling is not performed to erase Hubble terms but 
instead to ensure that each term is scaled by the same factor; our scalings were employed to reduce the un- 
perturbed cosmological Maxwell equations to the Minkowski form, rather than remove the time-dependence 
of each variable. Consistency of scaling then requires that the matter density and pressure are scaled as the 
magnetic density and pressure are - as rather than as a? as one would naively expect. (Subramanian and 
Barrow [70] present a more formal and detailed analysis of the conformal relation between magnetohydro- 
dynamics in an unperturbed Robertson-Walker metric and in a Minkowski metric.) Note also that 

Pba = Wa (pba) Pba ^ Pb = Wa (pba) Pb 

which implies that 



We also have 



Wa{pba) = w[pb) . (3.25) 

2 '^P 2 /T 

c^ = — =c,^. (3.26) 
Employing these substitutions, the MHD equations quickly become 

/Ofca + V • {{pba (1 + W))^) + i {pba (1 + w)) h 

= %ba (1 - 3«;) + i-E • J + ^ (/iB^ + /ij (S,(x)£;^ (x) + S,(x)B^ (x))) , (3.27) 

\l+W Pba J Pba\l+W) I+IV 

= A nl ^ (J X B + Qa^r + V (b\^) (B . V) /I - (B X (B X V))'^ h 

A'n:{l + w)pba 87r(l + w)p6a V 

-2- (E X B)^ /i} + {Ej{\!i)E^{^) + B,(x)B^(x)) d'hi] . (3.28) 

Qj J 
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Linearisation 

We expand around the FLRW background by setting 

Pba = Pba{^ + eS), 0{v')^0{e), {B, E, J, g,} ^ V^{B, E, J, g,} . 

The (dimensionless) perturbation to the density S is naturally unsealed. The comoving electric and magnetic 
fields can then be identified with their Minkowski equivalents, 

— ^i^ — Pi 

and the contra- and co- variant components are equal. Neglecting all powers of e above unity and separating 
into background and perturbation leads to the Maxwell equations 

V-E = Qa, 

VxB-E = J, 

B + VxE = 0, 

V • B ^ 0, 

^?a + V • J = 0, 



(3.29) 



J = (JaE, 



supplementing the magnetohydrodynamical equations 



Pba = -Pba (1 - 3w) , Vpb„ = 



in the background and 



j+(l + u;)V-v+i(l + i(;)A = -^E-J, 



1 + w a 



d'S + -^Cl^^ - , _ \ , , (J X B + QaEY . 



(l + w) 1 + w ^^'^ 47rpfc„(l + w) 

at first order 

For baryonic matter we again set w = = except where they multiply a spatial derivative giving 

j_ a_ _ 

■ = -Pba Pba « a; ^Pba = (3.30) 

a 

and 

6b + {l + w)\/ -wb + l-h = ^^E-J, (3.31) 

+ -v' +cid'Sb + Cl_^^ = -^{3 xB + gaEf = ^L\ (3.32) 

a 47rp(,a Pba 

One can now clearly see that the only difference in the Euler equation obeyed by the baryons with a magnetic 
field of this type, compared with the standard cosmological picture (2.155), is the existence of the Lorentz 
force L. The greater structure of the interactions between the magnetic fields, the geometry, and the per- 
turbations is at a higher-order. This complex structure gives rise to, for example, direct coupling between 
the magnetic fields and the Weyl tensor ([71]) and magnetic fields automatically sourced by second-order 
vorticity ([31, 32]). The vast bulk of cosmological MHD remains unexplored. 

Early-Universe Approximations 

It is usual to assume that the conductivity CTq is extremely high until after recombination (see for example [4] 
or the appendix of [17]); this loose statement may be quantified by considering the dimensionless magnetic 
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Reynolds number 



|V X (v X B)| 

Rb = 'infiQcr^ ^ w iTTfioavL (3.33) 



where L is the typical length-scale of the system. To a good approximation, the universe possesses a 
low Reynold's number for much of its evolution. Using Ohm's law, assuming a vanishing conductivity 
while retaining a finite current density then removes the electric fields. This is sometimes dubbed the 
magnetohydrodynamical limit. It is also standard in MHD (see [116]) to take the displacement current as 
negligible for non-relativistic scenarios; the situation here is highly non-relativistic, and so we shall also 
employ this approximation. 
The equations now become 

J = VxB, B = 0, Qa^O, V-B = 0, fha^-Pba, (3-34) 



a 



and so 



Sb + {l + w)\/ -Vb + ^h = 0, (3.35) 



Pba 



The total stress-energy tensor for these two fluids is 



1^0 = Pb, 5^0=5^=0, (3.36) 
5TS =Pb5b + -^B'{^), ST^^~p,vl (3.37) 



87ra4 

ST: = ^B"^{^)BM, <5n; = ^(^B'»(x)B„(x)<5i.-i?*(x)B,(x)). (3.38) 



The scaled magnetic field B{x.) is independent of time and so, if one postulates a strength for the mag- 
netic field in the present epoch and normalises the scale factor so that 0(770) = 1- the present value can be 
employed throughout. This assumes that the conductivity of the universe remains negligible after recom- 
bination; while the conductivity is likely to remain extraordinarily high, this is not going to be an entirely 
valid assumption. Moreover, this assumption neglects any non-linear effects on the magnetic field. In effect 
we have neglected the action of both gravity and, indeed, magnetohydrodynamics, and any conclusions 
based on the above model after recombination should be treated with caution. 



3.2.2 Fourier Space 

Even with our simplifying assumptions, the cosmological MHD equations form a complicated set of equa- 
tions; however, despite the non-linear nature of the Lorentz force and the stress-energy tensor of the mag- 
netic fields, we shall find the system is rendered somewhat more tractable in Fourier space. 

Consider first the scaled Maxwell equations and conservation of charge, which are linear and so will 
not be convolved. In Fourier space we see that these are 

B(k) =0, k • B(k) = (3.39) 

where we have neglected the trivial equations. The magnetic stress-energy tensor in real space has the 
isotropic and anisotropic stresses 

47ra47^' = 4^r^ = ii?™(x)B™(x), 
Ana^U) = ii?'"(x)i?„(x)<5;. -i?'(x)i?,(x), 
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with a vanishing Poynting vector and the energy density equal to a third of the isotropic stress. We employ 
T^i, to denote the scaled stress-energy tensor The isotropic pressure is transferred to Fourier space by 

iTTTiik) = ^1 i?™(x)i?,„(x)e*''-^d3^ 

= I jj B-{^)BMe'^^-'''^-d'J^ 

= i|i?'»(m„(k-k')g^ 

which is the expected convolution. Note that the reality of the fields in co-ordinate space requires i?(k) = 
—B*{k). For the anisotropic stresses we have 

Wn;.(k) = j |iB'"(k')i3™(k - \^)5] - i3'(k')i?j(k - k')| (3.40) 

The scalar, vector and tensor parts are derived from this by applying combinations of P^* (k), (k), Vj^} (k) 
and 'P(^'"' (k) as in equations (2.18). We find 

4^^(k) = 4^Q^(k) QT^(k)5j+n; 
= ^Ffc,(47rn;.(k)) 

= \ j {B™(k')i3™(k - k') - 3 (k . B(k')) (k . B(k - k')) } ^ (3.41) 

for the anisotropic pressure. For the magnetic vorticity we employ the symmetrised vector projection which 
gives us 

4^r2'(k) = 47r7'r^"(k) Qr:(k)<5i.+a4nj.j (3.42) 

= fc(,Pi)(k)(4™4n;(k)) 

= / I (k • B(k')) (k • B(k - k')) k - ^ (k • B(k')) Sa(k - k') 

--(k.B(k-k'))i3a(k')j^, (3.43) 
and the symmetrised tensor projection likewise gives us 

= iy |i3™(k')S™(k- k') (st - tk) - 2B("(k')S6)(k- k') 
- (k • B(k')) (k • B(k - k')) ((5b" + 



+2 (k • B(k')) fc('^i?b)(k - k') + 2 (k • B(k - k')) fc("B,)(k')|^ (3.44) 

We shall study this stress-energy tensor in much greater detail in the next chapter and content ourselves 
here with commenting that this highly-nonlinear form will naturally introduce to the system a significant 
measure of non-Gaussianity, even for a magnetic field which is itself Gaussian in nature. It should also be 
commented that while our simplified system will retain the Gaussianity of these fields the preservation of 
Gaussianity of a magnetic field in general is not necessarily to be expected. 
Turning now to the Lorentz forces, in co-ordinate space we had that 



47rL(x) = (V X B(x)) x B(x) 
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for the infinitely conductive universe. Following the same process to push this into Fourier space, we have 



47rL(k) = / / (V X B(k')) x B(x)e'(*'-*' ^-^rf^^^ 



(k' X B(k')) X Bik")e'^^-^'-^"^ ''d^:)i 



27r3 

d^k' d^k" 



27r3 27r3 



(k' X B(k')) X B(k")<5(k - k' - k") r (3-45) 

where we have used (27r)3(5(k — k') = J e'^''^'' ^■^d'^x. Employing 

((A X B) X C) = C(A • B) -B(A • C) (3.46) 

we can write 

47rL(k) ^-tj B(k') (k' • B(k - k')) ^ (3.47) 

where we have also used Maxwell's third equation, k • B(k) = 0. If we now use the freedom we have in 
our integration wavemode to write k' ^ k — k' then d^k' — d'^k' and the Lorentz force becomes the 
simple 

//- \ d^k' 

Bj{k - k') (k ■ B(k')j ^ (3.48) 

where again we have used Maxwell's third equation. We can now split this into a scalar part, 
AttLs = -ik ■ L(x) j {k- B(k')) (k • B(k - k')J 



27r3 



which, comparing with the scalar pressures is 

2k , , , 2k 



Ls^f - Ts) - fP;{k)Ti{k), (3.49) 
and an (unsymmetrised) vector part 

^nLYik) = Pr(k)L,(k) ^tkj (k • B(k')) [B,ik - k') - (k • B(k - k')) k) ^ 
which is readily seen to be 

if(k) ==ifcr^(k). (3.50) 

That is, the scalar contribution to the Lorentz force is directly proportional to the difference of the iso- and 
aniso-tropic pressures, while the vortical contribution to the Lorentz force is directly proportional to the 
magnetic vorticity itself, when seen in Fourier space. 

Considering the full baryon fluid, then, aligning the co-ordinate axes along the Fourier mode and em- 
ploying the vector and tensor bases defined in §2.3.2 results in the stress-energy tensor 



1^0 = -P„ T°=T;=n} = (3.51) 



in the background and 



1 



ST: = ^Ti, STs^^Ts, ST^ = \rr, (3.52) 

f'± j-i'i 



1 r wSv,' 

STl = {B,{k')B,{k-k')-B,{k')B^{k-k')}-^, 

— 1 f d^k' 

5Tl = / {i3i(k')i?2(k-k') + Bi(k-k')i?2(k')}-— 3- 

oTTO J (27r) 
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The equation of mass continuity becomes 



6b + {1 + w) kvs + = 0. (3.53) 



The scalar component of the Euler equation is 



4 + -4 - kc^S + = (t: ~ Ts) (3.54) 



and the vector component is 



„f + %y + (v')e,^-7 ^ (3,55) 



a 

a - " Pha 

This then completes the system of equations that one would need to include in a Boltzmann integrator - 
CMBFast [76] would be ideal due to its use of synchronous gauge - to include a primordial magnetic field 
along with a standard cosmology. 



3.3 Damping of Cosmological Magnetic Fields 

In this section we shall review the pertinent results of [35, 52, 55, 69, 70] governing the scales at which 
magnetohydrodynamical modes in the universe are damped by viscous processes. This scale, k^, it should 
be emphasised, is distinct from an inherent magnetic damping scale arising from some particular magne- 
togenesis model, being viscous in origin and arising from the shear drag imposed on the baryons by the 
photon fluid. The primordial damping scale is likely to be very small and constant, while the viscous damp- 
ing scale will be somewhat larger and time-dependent. The effective damping scale of the magnetic field 
will then be 

fc,(77)=min(fcP""\fcz3(77)). (3.56) 

At some epoch, therefore, the effective magnetic damping scale will become time-dependent. 

Mode damping is a small-scale effect of the photon (or neutrino) viscous drag on the coupled photon- 
baryon fluid; to analyse it we return to real space and, for ease of mathematics, linearise the magnetic field 
around an ordered background with 

B = Bo + Bi, Bo = 0, Bo = Soz. 

We employ a shear viscosity to model the photon viscosity (see appendix B), impose infinite conductivity 
and, since we are working on scales much less than the Hubble scale, neglect aja. We have the system of 
equations 

(5 + V-v = 0, ^«0, (3.57) 

Pha 

V + c^VJ = . , , (Bo X (V X Bi)) + f V^v + iv (V • v)) , (3.58) 

Bi = V X (v X Bo) . (3.59) 

We may then derive a wave equation for v, 

V - c^V (V.v) = VA X (V X (V X (v X va))) + ia (^V^v + (V • v)^ . (3.60) 
We have defined the Alfven velocity 

= . _ ■ (3.61) 

V-^nPba +Pba) 
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In Fourier space this becomes 

^+{cl+vl) (k.v)k 

= (k • va) (v(k • va) - k(v • va) - v^(k • v)) - (^fc^v + ik(k • v)^ . (3.62) 

We align the magnetic field with the z-axis and define k • = kvA cos 9 and v • va = v^- Then we 
consider various perturbation modes: 

• Incompressible waves: Alfven Waves 

If we take Vv = 0=^kv = then by the continuity equation we are considering perturbations 
that do not support density perturbations. In the wave equation, we then see that 

"^^a 7,2 • , ,2 2 „„„2 



k^ir + k^v\ cos^ Ow = 0. (3.63) 



These waves will then oscillate when kvA cos 9 ^ 2>£,ak'^ / '^Pba^ will overdamp when kvA cos 9 ^ 
3Ca^^/4pfta. For photons, we have the shear viscosity [70] 



= ^^e^/. (3.64) 

where 9 is the temperature and = {ne(JT)^^ the mean photon diffusion length. From here it can 
be shown that the ratio of the friction term to the natural frequency is approximately 

D k L(n) 

— - 530—^ (3.65) 

t^o a[ri) S_9 

where B-g is the background field in units of nano-Gauss. Many modes will thus be overdamped. Of 
the two solutions of a heavily damped oscillator we expect one, with a large initial velocity, to damp 
rapidly, and another with a small initial velocity to effectively freeze. It is this second mode that will 
survive Silk damping. 

• Magnetosonic Waves 

Consider now the compressible waves; defining Vk = k.v and taking inner products of the wave 
equation with first k and then z we can find the two equations 

Vk + (ct + vl) k^Vk - k^vl cos^ 9v, + ^k^d = 0, (3.66) 

Pba 

V, + ctk^ cos 9vk + ^k^v, + 4^k^ cos Ovk- (3.67) 

Taking a mode parallel to the magnetic field (k j| V4) gives 

ik + ^k'vk+clk'vk^Q (3.68) 

Pba 

which is a standard. Silk-damped, sound wave. If we consider a wavevector perpendicular to the 
magnetic field, k _L v^, we instead find 

Vk + ^k'vk - {cl + v\) k^k = (3.69) 

Pba 

which is a damped fast magnetosonic wave. This damps in the same way as a standard sound wave. 

Finally if we consider a wavevector tilted with respect to the field, k.v^ — kvA cos 0, we have a slow 
magnetosonic wave. Subramanian and Barrow showed that this behaves approximately as the Alfven 
waves, though the analysis is slightly more involved. A different approach with the same conclusions 
was presented in [69]. 
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To briefly summarise, then, we have seen that, during the tightly-coupled epoch, fast magnetosonic 
waves sourced by a magnetic field will damp as sound waves, while one mode apiece of the slow magne- 
tosonic waves and Alfven waves will become strongly overdamped and freeze, thus surviving Silk damping. 

Free-streaming occurs when the mean free path of the photon 1^ = {near)^^ grows larger than the 
wavelength of a given mode. At decoupling this is around 3Mpc, and after recombination all of the modes 
will freely stream. Accurate evaluation of modes in the free-streaming regime requires a full treatment 
of the photon and baryon fluids; however, Subramanian and Barrow provide an approximate treatment, 
considering the Euler equation 

V + -V + (v • V)v = — -S/pb + — j X b - -V0 - ^^an^arv (3.70) 
a pb pb a S pb 

where cf) is the gravitational potential from Poisson's equation. We then have two chief regimes, one in 
which the magnetic pressure dominates over the baryon pressure, and the opposite. When the baryon 
pressure dominates, one may derive an evolution equation for the velocity 



, ^ an^aT v + -^fc^w^v = 0. (3.71) 
a 3pb ) Apb 

The Hubble damping will be much smaller than the viscous damping and so the ratio between the damping 
and natural frequency is 

(3 X 10^). /^((fc/a)^(77)B_9)-' (3.72) 

V Pb 

which, given that we are free-streaming and {k/a)lj « 1, and that we are considering particularly weak 
fields, is strongly overdamped. 

Employing a "terminal-velocity" approximation for the low-amplitude mode which is effectively frozen 
- that is, neglecting the acceleration - one can find rough solutions to the equations. In this regime the 
solution is rapidly 




'(/;^ D*)) ^ ( )~v\cos^e J a" l-,dt 



v{r]) = v{r]f)e V""/ " ' J = v{7jf)e~'''^''°'' J = v{r]f)e '=0. (3.73) 

where we have swapped the integral to co-ordinate time for neatness. This allows us to identify the damping 
scale 

k^^ ^y^cosH [ ^dt. (3.74) 

This is at a minimum at recombination, and evaluated at recombination and comparing with the Silk scale 
we have 

fc^i « \I\vaLs. (3.75) 

The analysis in the case of a stronger field is more complicated and unlikely to be necessary given the 
relative weakness of the primordial cosmological field. 

In general we will take the damping scale to be approximately 

~ \[\'"aI^ (3.76) 

where is the photon diffusion length. The Alfven modes that survived Silk damping will be converted 
into fast and slow magnetosonic waves. The damping scales are similar to that above for fast waves, while 
for slow waves the baryon speed of sound dominates over the Alfven velocity. The time-dependence of the 
viscous damping scale arises from the photon diffusion length; for the more complicated case of a tangled 
field configuration, addressed in chapter 5, the Alfven velocity is also time-dependent. 
For further discussion on damping scales see appendix A of [23]. 
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3.4 Conclusions 

We have presented, in a synchronous gauge, the sources and Lorentz forces arising from a magnetic field of 
arbitrary size and type. We have then reduced the resulting system to a realistically tractable approximation 
reminiscent of standard MHD and found that the only difference between a magnetised and a standard 
cosmology at linear order is the existence of a Lorentz force. This Lorentz force is proportional to the 
stresses when viewed in Fourier space. This system is in an ideal form to transfer to some Boltzmann 
code; our motivation is to construct a formalism suitable for CMBFast, although we could also employ 
CMBEasy [143]. We also briefly considered the damping scales relevent to the problem, working in an 
altered formalism with a large-scale homogeneous field and a small perturbation to address issues that are 
otherwise only present in second-order magnetised theories. We derived the form of the viscous damping 
scale that will determine both the scale on which Alfven and slow magnetosonic perturbations are cut-off, 
and also the scale on which the magnetic field will ultimately damp. 



Chapter 4 

Statistics of Cosmic Magnetic Sources 



4.1 Tangled Magnetic Fields 

In this chapter we consider in detail the nature and statistics of the magnetic sources through a combination 
of simulated reaHsations and analytical study. Both have advantages and disadvantages; the simulated fields 
can be vastly more general but are limited in dynamic range and computational power, while the analytic 
fields are heavily restricted by mathematical limitations. In line with the modern treatment, we do not 
assume that the magnetic field is a large-scale, ordered field with a small arbitrary perturbation, but instead 
consider entirely inhomogeneous fields tangled on some length scale (see for example Mack et. al. [55]). 
For simplicity (and to compare with the previous literature), we assume that the magnetic fields are random 
variables obeying a Gaussian probability distribution function; however, our realisations may be formulated 
more generally than this. It should however surprise no-one that a non-Gaussian magnetic field generates 
a non-Gaussian stress-energy, and so the Gaussian case is likely to be the most intuitively informative. 
Analytically we are currently restricted to Gaussian fields. From equation (3.16), b oc a~'^; we will be 
modelling the time-independent scaled field B. The only time-dependence then arises from the damping 
scale. Since this will be associated with the grid-size of the realisations this is not here an issue, though it 
may need to be addressed when we come to wrap our statistics onto the CMB - for some configurations 
this will lead to time-dependent stresses, thus introducing decoherence into the sourced perturbations. 

Magnetic fields, being a non-linear source with a full anisotropic stress, naturally provide sources for 
scalar, vector and tensor perturbations. For scalar perturbations one does not expect a significant effect 
on large scales. However, the contribution to the temperature auto-correlation on the microwave sky can 
begin to dominate at an / of 1000 — 3000 depending on spectral index (see §§5.4.1,5.4.2 or [53, 59, 61]). 
This effect comes both from the impact of the magnetic energy and anisotropic pressure directly onto the 
spacetime geometry and from the Lorentz forces imparted onto the coupled proton-electron fluid. One 
also expects a significant impact on the vector perturbations as compared to the standard picture since the 
magnetic fields will both directly generate vector perturbations in the spacetime and contribute vortical 
Lorentz forces. Prior to neutrino decoupling a primordial magnetic field acts as a source for gravitational 
waves; following neutrino decoupling there will also be a contribution from the neutrinos, which Lewis has 
shown serves to cancel much of the magnetic stress [59]. Since the Lorentz forces and the stress-energy 
tensor are both quadratic in the magnetic field, we also expect a level of non-Gaussianity to be imprinted 
onto the fluid and perturbations, even for a magnetic field that is itself Gaussian. 

The features of the magnetic field - the Lorentz forces and the direct sourcing of geometric fluctuations 
- are all contained within the stress-energy tensor. We can then consider the statistics of the stress-energy 
tensor alone and be hopeful of characterising the majority of the non-Gaussian effects that might impact on 
the CMB. The non-Gaussianity predicted from our analysis and our simulations can be projected onto the 
CMB sky by folding them with the transfer functions generated by the modified CAMB code [59, 67] or a 
modification of CMB Fast [51, 61, 76]. The great benefit of our formalism derived in the previous chapter 
is the ease with which we may implement it into CMBFast. Care would have to be taken, however, with 
the initial conditions - see Lewis [59] and Giovannini [60]. In principle, the i3-mode polarisation will give 
the purest magnetic signal, being sourced purely by vector and tensor perturbations; however, care would 
have to be taken to disentangle these from any B-modes caused by the gravitational lensing of the dominant 
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i?-mode and from other early-universe sources of gravitational wave. Nonetheless, even on the S-mode 
the contaminants will be myriad. The inherently non-Gaussian nature of the sources, both gravitational and 
the Lorentz forces, offers an alternative route to characterising the nature of a primordial magnetic field. 

We shall concentrate our study of the statistics on the space-space part of the magnetic stress-energy 
tensor, the stresses, since the magnetic energy density is proportional to the isotropic pressure, and in 
our cosmological setting the Poynting vector vanishes. The Lorentz forces are directly proportional to 
components of the stress-energy; loosely speaking, their properties can be found by applying prefactors of 
the wavemodes to the stress-energy results. 

The (scaled) stress-energy tensor can be written 

Ta&(k) = i7a&fak)-ra6(k). (4.1) 

where 

This chapter of the thesis is derived from work by myself and Robert Crittenden [163]. 



4.1.1 Underlying Statistics of the Fields 

We begin by specifying the underlying statistics of the tangled magnetic fields. In Fourier space. Maxwell's 
second law impUes that 

(Ba(k)Bfc*(k')) = (v{k)Pab{k) + '-H{k)eabX^ S{k - k') (4.2) 

where V{k) is the magnetic field power spectrum, Pab is the operator projecting vectors and tensors onto a 
plane orthogonal to ka and kb, 

Pab{k) = 7a6 - kakb, (4.3) 

and 7i(fc) is the power spectrum of the anti-symmetric helical term (see for example [56, 167, 168].) Here 
we have assumed the fields are statistically isotropic and homogeneous. If the magnetic fields are Gaus- 
sianly distributed, then all their statistics are determined by their power spectrum. In the interests of sim- 
plicity we henceforth assume that the helical component of the field vanishes; however we should note that 
helicity may well be a generic feature of magnetic fields generated in the very early universe (e.g. the non- 
conservation of helicity during the lepton stage of the universe [ 169] and from the magnetic-axion coupUng 
[170]). 

The power spectrum is often taken to be a simple power law, 

V(k) = Afc". (4.4) 

To avoid divergences, these power law spectra are generally assumed to have some small scale cutoff usually 
associated with the photon viscosity damping scale; see §3.3 and [49, 55, 69]. Durrer and Caprini [23, 171] 
demonstrate that, for a causally-generated magnetic field, the spectral index must be n > 2; it must also in 
any event be n > —3 to avoid over-production of long-range coherent fields. They also demonstrate that 
nucleosynthesis limits on the gravitational waves produced by the magnetic fields place extremely strong 
bounds on magnetic fields, to the level of lO^'^^G for inflation-produced fields with n = 0, although this has 
been contested (see §5.2.2). For spectra that might realistically imprint on the microwave background we 
must consider spectra with ti < — 2, which are much less tightly constrained. For purposes of comparison 
we shall usually take either n = for a flat spectrum - where "flat" refers to the spectrum of primordial 
magnetic fields themselves - in which each mode contributes equally, orn = —2.5 for a spectrum nearing 
the "realistically observable" n w —3, which we shall refer to as "steep". Such fields can be produced by 
inflation (for example, [21, 172]). 

'Magnetic fields will also cause Faraday rotation from E modes into B modes [45, 46, 41, 85]; support for scalar modes in a 
uniform magnetic field was added to CMBFast by [46] and also to CMBFast for tangled fields by [41], both in the case of small 
rotations. 
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It is worth emphasising that, while we generally restrict ourselves to power-law spectra, this is not a 
necessity. For the analytical results we will numerically integrate the formulae rather than attempt approx- 
imations, while for our realisations the form of the power spectrum can be entirely arbitrary; in both cases 
it is as easy to employ a non-power law spectrum as it is a power-law. It is also a simple matter to employ 
a non-sharp damping scale - we could, for example, employ an exponentially or Gaussian-damped tail for 
greater freedom in modelling the effective microphysics. We do not explore such spectra much, but we 
do present some few results for an exponentially-damped causal field, qualitatively similar to the spectrum 
derived by Matarrese et. al. [31] for a field sourced by second-order vorticity in the electron-baryon plasma 
(see also [30, 31, 32, 33].) However, the results presented should not be taken to be much more than in- 
dicative of the potential nature of such a field; fields produced by the product of two Gaussian variables 
will possess a probability distribution function, while our results are for a Gaussian field. Moreover, 
the dynamic range presented in the simulations is significantly shorter for our results than should be for 
that type of field. The formalism we are employing will also not apply to such a field - not least due to 
its time-dependence - and their amplitude is very small. Similarly fields sourced at recombination [16] or 
reionisation [13], for example, arise at a very small scale. The question of the statistical nature of both 
recombination and very early universe fields has not been well explored in the literature. Here we present 
results from a Gaussian field as an illustrative example; any conclusions about the non-Gaussian signatures 
of magnetic fields will depend sensitively on this assumption, and we plan to explore more general scenarios 
in future work. 

The normalisation of a magnetic power spectrum is typically fixed by reference to a particular comoving 
smoothing scale A and the variance of the field strength at this scale, Bx. Specifically, we smooth the field 
by convolving it with the Gaussian filter 

/(fc)=cxp(^-:^j (4.5) 

and define the variance of the field strength at the scale A by 

S2 = (B-(x)B,(x)), (4.6) 
implying that the power spectrum and B\ are related by 

Bl^ j (f\iP{k)e-^^^\ (4.7) 

This allows us to relate the astronomically observed field strengths at, say, cluster scales, to the amplitude 
of the magnetic power spectrum. We shall sometimes write 

V{k) = AQ{k). (4.8) 



4.1.2 Realisations of IMagnetic Fields 

To aid our study of the non-Gaussian properties of tangled magnetic fields, we create static realisations of 
the fields numerically. The great advantage of doing so is that we are not bound by analytic difficulties; for 
example, while we can derive analytical forms for the power and bispectra for Gaussian fields it is not clear 
how we should approach the integrations for non-Gaussian fields. Realisations do not have this limitation. 
We create the fields on a grid in Fourier space of size 1%^^, where ^dim is typically 100-200. Since the fields 
are solenoidal we can generate the three magnetic field components for each fc-mode using two complex 
Gaussian uncorrelated random fields with unit variance. 




We then determine the magnetic field Fourier components by applying a rotation matrix, 




= R C, 
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Figure 4.1: Sample realisations of the magnetic field for a spectrum n = 0. Left: Gaussian magnetic field 
slice, Bx\z=q', centre: the (very non-Gaussian) isotropic pressure t\z=o', right: the (slightly non-Gaussian) 
anisotropic pressure ts\z=o- Compared to the magnetic field, non-linearity transfers power to smaller scales 
in the sources. (Figures by Robert Crittenden.) 

where R is a 3 x 2 matrix. From the definition of the magnetic field power spectrum, we see that to get the 
proper statistical properties, we require 

{BaB;) = Ran, {C^C'') = (R • R^),b = r{k)Pab{k). 

While this does not specify the rotation matrix uniquely, it is straightforward to show that choosing the 
rotation matrix as 



R 



Vik) 



1/2 



fc2 _i 7-2 



( 



\ 



kx k z 
kykz 



tvy 



(4.9) 



will produce fields with the correct statistical properties. This rotation is well defined except in the case 
when kx = ky = 0. Here, B^ = and the other components are uncorrected, so we instead choose 



Rn 



Vik) 




(4.10) 



The reality of the fields is ensured by requiring B(— k) = B* (k). 

Throughout, we are careful to avoid creating modes with frequencies higher than the Nyquist frequency 
of the grid, which could be aliased into power on other frequencies; this frequency is half the grid frequency. 
Since the quantity of greatest interest, the stress-energy, is a quadratic function of the fields, it will typically 
have power up to twice the cutoff frequency of the magnetic fields. To avoid aliasing these fields, we 
generally require that the magnetic field cutoff frequency be less than half the Nyquist frequency. We also 
have an infra-red cut-off which is the inevitable result of working on a finite grid. For steeply-red spectra 
the natural suppression at small-scales will allow us to expand our dynamic range up to ^ Idim- 

Figure 4.1 shows a sample Gaussian realisation of one component of the magnetic field along a slice 
through the realisation, as well as the resulting trace and traceless components of the stress-energy (the 
isotropic and anisotropic pressures). Both the isotropic and anisotropic pressures show power on smaller 
scales than the fields themselves, a direct result of their non-linearity. In addition, the isotropic pressure 
is darker, reflecting a paucity of positive fluctuations and a significant deviation from Gaussianity. The 
anisotropic pressure appears to be more similar to the magnetic field - that is, relatively Gaussian. These 
observations will be made concrete in the next section when we consider the one-point statistics of the 
pressures. 
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4.2 One-Point Moments 

There are many ways to characterise non-Gaussianity, particularly given such a strongly non-linear stress- 
energy term. In this section we briefly consider the skewness and kurtosis of the one-point probability 
distributions of the isotropic and anisotropic pressures. In this section the results we present are the mean 
of twenty realisations with a grid-size of ^dim = 192, and the errors quoted are one standard deviation. 

The simplest to consider is the distribution of the trace part, since it is simply the square of the magnetic 
field. Despite the divergence-free condition, the three components of the magnetic field at a single point in 
space are uncorrected and Gaussian. The product of n Gaussian fields is a distribution with n degrees 
of freedom, and so we expect the trace of the stress-energy to have a distribution with three degrees of 
freedom. 

All the moments of a one-point distribution may be given by its moment generating function as 

^ (^"> = |!r MWI*=o (4-11) 

where, for a distribution with p degrees of freedom 

^^(^) = 7 (4.12) 

(1 - 2tf'^ 

The central moments are then readily calculated and the normalised skewness and kurtosis are defined to be 

71 = ^. 72 = ^-3. (4.13) 

We quickly find that, for the distribution, the normalised skewness and kurtosis are 

71 = « 1.633 , 72 = — = 4 (4.14) 
VP P 

where the numerical results are for a distribution with 3 degrees of freedom. The results from the realisations 
can be seen to be in agreement with the predictions; with a flat spectrum we find that, for the isotropic 
pressure, 71 = 1.63 ± 0.01 and 72 = 3.99 ± 0.05. For a more realistically observable field, with a power 
spectrum of n ~ —2.5, say, we find 71 = 1.61 ± 0.01 and 72 = 3.92 ± 0.05. It is apparent that the statistics 
for the isotropic pressure are, as expected, relatively insensitive to the spectral index one employs. 

The anisotropic stress is harder to characterise because it is not a local function of the fields, but contains 
derivatives of them. However, it is effectively the sum of the products of two Gaussian fields which are, for 
the most part, independent of each other. The distribution of the product of two independent Gaussians is 
non-Gaussian but is symmetric (actually following a modified Bessel distribution, as shown in the appendix 
of [173].) Thus the effect of adding such terms is to dilute the skewness. That is, while the isotropic stress 
is the sum of three very skewed variables, the anisotropic stress is the sum of terms and symmetric 
modified Bessels, making the result less skewed. 

The probability distributions of the isotropic and anisotropic stresses for a flat spectrum are plotted in the 
left-hand panel of figure 4.2 along with a Gaussian and a distribution. The damping scale we employed 
was fcc = ^dim/4.1 - i.e. just beneath half the Nyquist frequency. For the steep magnetic spectra, plotted in 
the right-hand panel, we again used twenty realisations and a grid-spacing of ^dim = 192 but with a damping 
scale at the size of the grid to ensure a reasonable mode coverage in the low-fc/fcc regime. The anisotropic 
pressure distribution has quite different properties when the spectral index is changed, including a switch in 
sign of the skewness. For the flat spectrum we find 71 = —0.24 ± 0.003 and 72 = 1.10 ± 0.01, while with 
a steep spectrum with a power spectrum of n = —2.5, we find 71 = 0.38 ± 0.01 and 72 = 0.86 ± 0.02. The 
distributions are plotted in the right-hand side of the figure, again with a sample Gaussian, and the change 
in the skewness is readily apparent. 



4.3 Two-Point Moments 



We next calculate the two point power spectra of the various perturbation types. These give a useful example 
of how the higher order calculations will proceed and provide a means of testing our realisations. Some 
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Figure 4.2: The left figure shows the probability distribution of the isotropic and anisotropic pressures for 
a spectrum n = 0, with a Gaussian distribution shown for comparison. The isotropic distribution is well fit 
by a curve. On the right we compare the anisotropic pressure distribution for different spectral indices. 
The X-axis is in units of the root mean square amplitude of the relevant field. 



of these have been previously calculated, such as the vector [55] and tensor [23, 52, 55] power spectra, 
while the trace and traceless scalar auto-correlations and their cross correlation, to our knowledge, were 
first presented in our publication [163]. 

By the nature of the scalar- vector-tensor decomposition, we do not expect any cross correlations except 
between the trace and traceless scalar pieces. Thus, we consider five power spectra: one cross spectrum 
and the auto-spectra of the four pieces of the stress-energy. We focus on constructing rotationally invariant 
spectra which will contain all the information in the general correlations. 

In general, the power spectra will involve expectations of four magnetic fields. Since these are as- 
sumed to be Gaussian, they can be evaluated using Wick's theorem which, for four Gaussian fields, may be 
expressed as 

(ABCD) = (AB) (CD) + (AC) (ED) + (AD) {EC) . 
It is most useful to begin with the general two point correlation, 

Babcd = {rab{\^)r*M) = '5(k - p) ^ <f\<^V{k')r{\\ii - k'|) (4.15) 
X (P,,(k')P6d(k - k') + P,rf(k')nc(k - k')) 

with indices {a, 5, c} running from 1 to 3. Note that there are two terms rather than three since we are 
interested in the perturbations from the mean value of the field. The power spectra of the various stresses 
may be obtained from this by applying an operator A.'^^^''' formed from the relevant combinations of the 
projection operators (2.18) to yield 

(T^(k)rB(p)) = ^(k -v) j S\<i!r{k')r{\k-'k!\)TAB (4.16) 

with A and B denoting the two stress components and Tab ~ Tab (t, Mi P) denoting the relevant angular 
integrand. The relevant angles possible between the wavevectors have been defined as 

7 = k-k', ^ = k'-ir^', /3 = k-k^^', (4.17) 

where k — k' denotes the unit vector in the direction of k — k'. 

The trace-trace correlation is found by applying the operator A"'^'''^ = (1/4)--)/°''^'='^ whence we obtain 



(4.18) 



4.3. TWO-POINT MOMENTS 



79 



Similarly, we obtain the traceless scalar auto-correlation function by applying 
j^abcd ^ (_i)2gat(j^)gcd(-]^^. ^^^^ algebra yicWs the result 

Frsrs = 2 + ^^l'-^{^'+ - 37M/? + ^7^/3' ■ (4.19) 

The cross correlation between the trace and traceless scalar pieces requires the operator 

j^abcd ^ _(i/2)7'^''Qc''(k). This gives 

Frrs = -1 + ^ (7' + + ^A^' - ^A*7/9. (4.20) 

For the vector and tensor contributions, it is useful to construct rotationally invariant combinations that 
can be relatively easily mapped onto the CMB. The divergenceless condition on the vectors implies that 
their correlation function can be written as 

(r,^(k)r*^(p)) = i7'^(fc)P,,(k)5(k-p). (4.21) 

where our definition differs by a factor of two from [55]. All the information is condensed in the rotationally 
invariant vector isotropic spectrum V^{k) = (r*^ (k)T*^ (k)) . The operator necessary to recover this is 

j^abcd ^ ^(apf')''(k)^(=p;^)(k) ^ fc"fc('=P^)''(k) + fc^fc("P'')'=(k). (4.22) 
The resulting angular term can then be shown to be 

P^v>v- = 1 - 272/32 + ^jf3, (4.23) 
Similar arguments apply for the tensor correlations. The full tensor two-point correlation is 

(rJ,(k)T;J(p)) = ^V^ik)MaUm^ - P), (4.24) 

where Abated (k) = Pac(k)Pbd(k) + Pad(k)P;,c(k) - Pa6(k)Pcd(k) which, as can be readily shown, 
satisfies the transverse-traceless condition on the tensors, and 'y°-'''^^'^MabcdO^) = 4. We focus on the 
rotationally invariant tensor isotropic spectrum 7'^(fc) ~ (T*.'-^(k)Tj*-^(k)). Using the tensor projection 
operators and simplifying, the relevant operator is 

A"''"^ = (p'(''(k)P'')^'(k) - (l/2)py(k)P'^''(k)) (i^*'(k)p/^(k) - (l/2)Py(k)P'='^(k)) 
= P'=('^(k)P'')'*(k) - (l/2)P"''(k)P'='^(k). 
This leads to a simple angular term of 

P,T,T = (l+72)(l + /32). (4.25) 

The vector and tensor results differ from those otherwise presented [23, 52, 55] by ±(/32 — 72). It is 
straightforward, however, to see that if one redefines the integration wavemode as k' = k — k" then one 
maps /i' ^ /i, /3' — > 7, 7' — > (3- On integration, then, the product 72/32 is invariant while 72 — /32 may be 
taken to vanish. Our results are thus in agreement with those previously presented. 

We can compare numerical integrations of these power spectra with the results arising from the realised 
magnetic fields. Our results for a flat power spectrum (n ~ 0) are presented in figure 4.3 where P(fc) 
denotes the various spectra (all presented on the same scale). The agreement between the analytic results 
(lines) and a simulated field (data points) is striking. We have plotted the power spectra averaged over 
twenty realisations with a grid-size of Zdim = 192, a damping scale at kc = /dim/4.1. We evaluated the 1-cr 
error at each point but have not plotted it as it is negligible for all but the lowest modes. 

We could also consider magnetic fields with n> 2 corresponding to causally-generated fields [23]; the 
features for such fields are qualitatively similar to those for a flat spectra and there are no difficulties in 
evaluating the theoretical predictions in this regime. We present a few results for a causal field damped to 
avoid piling power on an unrealistically small scale in §4.6. 
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Figure 4.3: Magnetic stress-energy power spectra (n = 0) - the realisations agree well with the analytic 
predictions. The error bars from the realisations are small except at very low k. 




Figure 4.4: Magnetic stress-energy power spectra (n = —2.5). The dashed line shows the spectral depen- 
dence expected naively, cx The turnover at low k reflects the finite size of the grid. 



Analytic results can be found in certain limits. There are two regimes of interest for the spectral index, 
as shown by Durrer et. al. [52]. For n > —3/2 the integrations are dominated by the cutoff scale. In this 
ultraviolet regime, if fe ^ kc, the angular integrations are straight forward ~ — 1, /? ~ —7)- Relative to 
the trace correlation, the amplitudes of the other correlations are 

jrsrs) ^ 7 {rrs) ^ {r^r^) ^ 14 (r^ ^ 28 
(rr) 5' (tt) ' (rr) 15' (rr) 15 ^ ' 

respectively, agreeing with the large-scale results of both the realisations and the integrations. For n < 
—3/2 the situation is considerably more complex and we content ourselves with the results of our simu- 
lations in figure 4.4. In this infra-red regime the cutoff is unimportant and the spectra quickly approach 
the power law PA{k) cx fc2n+3 naively expected from the fc-integration. Also notable is the change of 
behaviour of the scalar cross-correlation; whereas this vanishes on large scales in the n > —3/2 regime, it 
remains finite on large scales for n < —3/2 and so in principle might be observable on the sky. There are 
also the effects of the unphysical infra-red cut-off causing a suppression at low-fc. 
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4.4 Three-Point Moments 

In this section we focus on the three point moments in Fourier space, for which it is possible (if laborious) 
to obtain analytic expressions. The magnetic field realisations provide a way of exploring other kinds of 
non-Gaussianities which may arise. 

At the three point level, it is no longer guaranteed that correlations between the scalar, vector and tensor 
pieces will vanish, and we present some of the first calculations of these here. There are many possible 
three point moments, but here we consider only the rotationally invariant combinations (ttt), (ttts), 
{tt^t^) and (t^t^t^), the two scalar-vector correlations (tt^^t^) and (rgr^^r^), the two scalar- 
tensor correlations {tt"-'^'^ tJ^^ and {tst"-^'^ tJ^^ , the vector-tensor cross-correlation {t^ t^'^ t^^) and the 
tensor auto-correlation (t^Tc . We work throughout in Fourier space, where the three-point moments 

are known as the bispectra. One advantage of working in Fourier space is that the transfer functions, which 
fold in the fluid dynamics and describe the impact on the microwave background, are local. 

4.4.1 General Considerations 

In principle we can calculate all the three point statistics described above in Fourier space. The bispectra 
involve three wave modes, and since we assume the fields are homogeneous and isotropic, the sum of the 
three modes must be zero. Thus the bispectra are a function of the amplitudes of the modes alone (or 
alternatively, two amplitudes and the angle between them.) We denote different geometries by selecting a 
baseline k and a vector p making an angle ((> with k and having an amplitude p = rk (see figure 4.5). We 
may then calculate q = — k — p. For simplicity, we here concentrate on the colinear (degenerate) case in 
which p = k implying q = —2k - that is, r = 1 and = 0- though evaluating the contributions the 
primordial non-Gaussianities will have on the microwave background would require the full bispectra. 

We calculate the bispectra analogously to the power spectra, although matters are complicated by 
the need to deal with expectations of six fields rather than four. The object of most general interest is 
Bijkimn (k, p, q) = (fij (k)T-fe; (q)TVnn(p)) , which is related to the expectation value of six magnetic fields, 

BiJulmn{KP,cO = JJJ d^k'd^p'dSq/ 

X (B,(k')S,(k - k')Bk{p')Bi{p - p')B,„(q')Sn(q - q')> • (4-27) 

As in the two-point case, all three-point moments of interest may be found by applying the relevant projec- 
tion operator, ^ to this. Expanding this six-point correlation with Wick's theorem generates fifteen 
terms, eight of which contribute to the reduced bispectrum, that is, the bispectrum neglecting the one-point 
terms proportional to (5(k), S{p) or d{q). This leads eventually to 

Syfei™„(k,p,q) =(5(k + p + q) J £k'V{k')V{\k~-k'\)V{\p + k'\) (4.28) 

xP,fc(k') (P,„(k - k')Pi„(p + k')) + {i^ j,p -^q},{k^l,m^ n.} 

These eight terms reduce to the same contribution if the projection tensor _4y'^'™" that recovers a set 
bispectrum is independently symmetric in {ij}, {kl} and {mn}. 

In the power spectra calculations, the geometry was straight forward; here it is considerably more com- 
plicated. The three wavevectors of the bispectrum are constrained by homogeneity to obey k + q + p = 0. 
Combined with the dummy integration wavevector, these define a four sided tetrahedron. This has six edges, 
k, q, p, k', k — k' and p + k'. From these, we can generate fifteen unique angles which could arise in the 
bispectra calculations. This is to be compared to just three edges and three angles required for the power 
spectra. Clearly these angles are not all independent; they are, in fact, functions of just five underlying 
angles. 

For our purposes, it is easiest to work with the fifteen which we separate into four hierarchies; those 
between the set wavevectors k, p and q, angle cosines of these vectors with k', cosines with k — k', and 
cosines with p + k'. The final group are defined below. We take the angles, with {a, b} C {k, p, q}, to be 

6ab^a-h, aa = a-k', /3a=a-k-k', 7a=a-p + k', 

/3 = k' ■ k^' 7 = k' • p + k' Ji = k^' ■ p + k'. (4.29) 
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Figure 4.5: The geometry for the bispectra calculations; k, p, q are the wavevectors for the three legs, while 
k' is an integration mode. 



In terms of the angles £,kq and in figure 4.5 we obviously have 0kq = — cos ^kq and similarly for 9pq. We 
also have — cos 9. ja and 7 are, of course, entirely unrelated to the metric on our spatial hypersurface 
Jab or its determinant. 

In a manner entirely analogous to the two-point case we find the different bispectra by applying to (4.28) 
different projection operators to extract the relevant scalar, vector or tensor parts and, given that we ensure 
that fc'™" has the required symmetries, we may express the bispectra as 

(rA(k)rB(q)rc(p)) =5(k + p + q) J d^k'V{k')V{\k - k'^VHp + (STabc) (4.30) 

where {ABC} denote denote different parts of the stress-energy tensor and Tabc is the relevant angular 
component. 

4.4.2 Scalar Bispectra 

We begin with the simplest case, the bispectrum of the magnetic pressure. This is found by defining 

j^ijklmn ^ (^-yl^-^^ij^kl^nin which givCS US 

^Trrr = P"" + f + f - (4.31) 

The first scalar cross-correlation will be between the square of the pressure and the anisotropic pressure, 
found by using ^y'^*"" = (-l/4)7'^7'''Q™"(q) to give 

^STrrrs = 3 (l - - 7,' - ~\CP^+f+n^) 

+ aq{PqP + 7,7) + fliPqJq + ^Pj) " P'fPqJq) (4.32) 

Similarly the second scalar cross-correlation, with y^yfe'™" — (1/2)7'^ (5'"''(p)(5™"(q), gives 

5 

TtTsTS — -^TTSTS (4.33) 

n=0 
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where 



TTsrs 

"•^TTSTS 



ST": 



r4 



-6, 
0, 

^2 + 7' + + 3 (a^ + «2 + /32 + /j2 ^ ^2 ^ ^2^ ^ 9^2^^ 

+ 90pq{apaq + PpPq + 7p7g)) 

3 (PipUpJp + ^f3qjq + iapPqOpq) + 3 {ap-fpUq^q + Ppjpf3qjq)) 
-Wap-fpPq-yq. 



(4.34) 



Finally, the anisotropic scalar bispectrum is found by applying ^^ifc™'" 
which results in 

6 



n=0 



(-l)3Q''J'(k)Q'^-'(p) xQ™"(q) 
(4.35) 



with 



O ■77^ 

TSTSTS 

"•^TSTSTS 



3 {^{fiklk + Pplp + Pqlq + -^h) + 7(afc7fc + "pTp + a«7«) 
+/9(afc/3fc + ap/3p + aqPq) + iOkpiakCtp + Pkfip + "fklp) 

+i0kq{akO.q + I3kl3q + "fklq) + 3dpq{apaq + fJpPq + Jpjq) 



+96kp0kq0pq 



-3 |^7yUafc/3fe + P^iUp-fp + l3-ff3q-fq 

+i{p.dkpPklp + idkqO-klq + P9pqap(3q) 

+3{akPk{apPp + aqfiq) + apjp{akjk + Ctq-fq) + Pq^qiPklk + Pplp)) 
+9{6kp6kqlp-fq + OkpOpqPkPq + OkqOpqUkap) I (4.36) 



8^^.^.,^^^., = 9[fiakPkap-fp+^akPkPqlq+ Pctp^pPqlq 



-8JP° 



+ H0kpf3klpPq7q + OkqCtkapJp^q + OpqakPkCtpPq) 

-21ak(ikap^pPqlq- 



4.4.3 Vector and Tensor Cross Bispectra 

For the vector and tensor correlations we restrict ourselves to the various rotationally-invariant quantities, 
which can be identified with cross-correlations between the scalar pressures and either the vector or tensor 
moduli. The first of these, the correlation between the scalar pressure and the vorticity, we recover with the 
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operator = (l/2)7yp('=FP(p)g("P")''(q). The eventual result is 

6 

^TtVtV = ^ T'^^V^.V (4.37) 



n=l 

with 



'?^J'\tV j-v — 39pq 

P {Pplq + Pqlp) + 7 (ap7g + a^Tp) 
SJ^^^v^v = -/3 (Aiap7<j + 77p/3g) - 2/36*^, (a,/?, + ap/3p) - 2 (apO, + Pppq)ijp + 7, + 26'p,) 

-27p7, (^"p + /3p + + Z?,' + + 2^^,) 

8J"^^v^l. = 4,dpq7plq {apttq + /3pf3q) + 2/3jpJq (ofp/^p + ttq^q) + 2(3apPq (jp + 7q + 26'p^) 
SJF^^V^V- = —if30pqapJpPqJq. 

The cross-correlation with the anisotropic pressure is recovered with the operator = — (k)p*^'^Pa'' {p)q^'^ P^^" (q), 
giving 

7 

^TsT^T^ = - ^ J^rsT^rV (4.38) 



with 



-2 



+3 (6'fcp7, + 6'fc57p) 7fc + Opq (6 (6'^p + 9lq) Pp-fq + Pqjp) -p + (ap7, + a97p)7) 



ST^^^V^V = 4:9pg (SdkpOkq + apUq + Ppf3q + Jpjq) + f30pq {iakPk + 2 {apf3p + aq(3q)) 
+60pq [Okp [akUp + (3kPp) + Okq {akUq + PkPq)) 

+lplq (3a? + + 2al + 2/3^ + 2al + 2/3, + 60^^ + Wlq + f) 

+ 2 (7p + 7^) {ttpUq + fipPq + WkpOkq) + /3 [ttp^qfl + Pq^p^) 

+3 {aklp^Okq + Pklqji-Okp) + 37fc (afcap7, + PkPqlp) 

-?>TI^^V^V = 4:9pq {otpPqP + iOkqakO-p + idkpPkPq) + 4 [0pq {UpUq + (3p(3q + WkpOkq) lp'1 
+ 'iakPk {ctpPp + aqf3q)) + 69kp ((afcCtp + /3fe/3p) 7p7q + PkPq {lp + Iq)) 

+QOkq {{akaq + Pkfiq) Iplq + UkUp {'^p + 7^)) + 2ap/3q(3 (7p + 7^) 

+ (ap/3p + aqf3q + iakPk) IplqP + ia.kPk {ctplql^ + Pqlpl) 

ST'^^^v^v = l29pgakapPkPq + 4.9pq7pjq {appqP + iOkqakUp + i9kpPkf3q) 
+6akl3k^p^q {apj3p + UgPg) + GakPkapPq {jp + 7,) 

STI^^V^V = l20pqakapPkPqlpJq- 
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The cross-correlation between the scalar trace and the tensor modulus, (tt^''''t^), is found by the 
application ofA'^''^"'" = (l/2)7*J7''^'='''''(p)7'Jj,'""(q). After a lengthy calculation one sees that 

SJ-'^^T^T = 2 
8J-^^T^T = 

^TI^t^t = + (3 {ap/3p + aqfiq) + 7 (ap7p + aq-fq) 

[Pplp + I3q1q) + dpq (SapUq + iPpfiq + 57p7,) 

SJ^trTrT = C + Olq (zf + 7' + m') + {ll + ll) - P (PO^P^P + 7/3,7,) 

-9pq {(} {apPq + 2aqPp) + 27 (Q!p7q + Q;g7p) + 2jl{PpJq + Pq"tp)) 
+Olq ("p + Q'' + /3p + Pi + 7p + ll) 

+2 (a^ + ^2 + /?2 + /32) (^2 _^ ^2^ ^ ^ ^^^^ 

SJF^^T^T = -2/3^6'pg7p7q - f3^9lq + 2(3j0pqPpJq + 2fJjiepqaqjp + /3 (ap/?, - 2aqPp) -Jp-Jq 
-9lq {/3 {ap(3p + aq(3q) - 7 (ap7p + 0^7,) - JI {Pp-fp + Pqlq)) 
-2/3 {UpPp + aqPq) {-ll + 7^) - {apttq + PpPq + Jpjg) 

-20pq {{al + al + Pl + Pi) jpjq + {apaq + PpPq) {-ll + 7^)) 

SJ^^^T^T = P9lq{9pqapPq-'yPq-fq-'pap-fp)+2P9pq{apPp + aqPq)-fpJq 

+2p9pqapPq{jl+jl) + 9p^ (ofpOIg + PpPq) Jplq 
^J'lrTrT = -'PQlqOtpPqlplq 

and 

7 

J'rrTrT = Y.^rr^rT- (4-39) 

The correlation between the traceless scalar and the tensors is even more complex; applying — 
— Q'-' (k)7'^'''"''(p)7'^'""(q) to Bijkimn leads to an angular integrand which we express as 

8 

J'^.^T^T =Y,KsrTrT- (4.40) 

n=0 

We present the forms of JF"^^t^t in appendix E. 1 . 1 . 

The final rotationally-invariant cross-correlation is that between the vectors and the tensors, (r^ r ^'') , 
found by applying ^ V^'^ (k)V^''^''{p)'P^ (q). This ultimately produces 

8 

^,v,T,v = K-rTrV (4-41) 

n=2 

with T^v^T^v presented in appendix E. 1 .2. 

4.4.4 Tensor Auto- Correlation 

There is no rotationally-invariant vector auto-correlation possible at the three-point level; one has a residual 
vector freedom. Thus the last bispectra we consider is the full tensor auto-correlation, (t^t^^t"^-'"), which 
can be found by the application of 




Figure 4.6; Here we show the various coHnear bispectra for the flat spectrum n = generated from a 
collection of realisations. Analytic results agree well with the numerical simulations. 



The result is far from pretty; it simplifies considerably for large-scales and colinear bispectra (for which, 
indeed, the result is vanishing). We present the full generality in appendix E.1.3; it has the form 



9 



J^,T,T,T =Y,KTrTrT- (4.42) 

n=0 

4.4.5 Results 

As was the case for the power spectra, there are two very different spectral regimes for the bispectra. For 
ultra-violet spectra with n > — 1, the integrals are dominated by the highest k modes around the cutoff 
scale. For these spectral indices, the bispectra become independent of k when k <^ kc and the analytic 
expressions are straight forward to integrate. Indeed, we can do them exactly in the limit k <^ k^, we 
present these results in appendix E.2 for a generic geometry and here only the colinear case. We see that 

(r(k)T(p)T(q)) - B7r<5(k + p + q) 

(r(k)T(p)Ts(q)) - 
7 

(T(k)r5(p)rs(q)) ^ -B7r5(k + p + q) 
5 

34 

(Ts(k)Ts(p)rs(q)) = -—BnSik + p + ci) (4.43) 

3b 

(r(k)rr(p)r^(q)) = -^i?^<5(k + p + q) 
(r5(k)rr(p)r^(q)) = —Bn6{k + p + <i) 
(r(k)rr(p)rf (q)) - -B7r<5(k + p + q) 
(r5(k)rr(p)rr(q)) = -igi?^5(k + p + q) 
(rr(k)rr(p)r^(q)) = — B7r<5(k + p + q) 



r-(k)r-(p)r-(q)) = 



in excellent agreement with the results, both simulated and numerically integrated, shown in the figures 
below. 
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Figure 4.7: Here we show the cohnearbispectxa fora steep spectrum (n — —2.5.) The scaling is as expected 
naively, oc fc^"+'^ = (dotted Une). 



Flat Spectrum Results 

The bispectra that are derived from the simulated fields are heavily compromised by the grid-size; unlike 
the two-point case the three-point moments use only a restricted number of the modes, selected by the 
geometry chosen for the wavevectors. The result from a single realisation is in most cases noise-dominated. 
To overcome this difficulty we have chosen to simulate a large number of different realisations, taking the 
mean signal and using their variance to provide an estimate for the errors involved. The results, for a flat 
power spectrum, a grid-size of ^dim = 192 (and a damping scale of kc ~ Zdim/4.1) and 1500 combined 
realisations, are plotted rebinned into 64 bins in figures 4.6 with the numerically-integrated predictions 
overlaid. For simplicity we have concentrated on the colinear case, wherein p = k and so q = — (k + p). 
We plot k/kc against B{k) where B{k) represents the colinear bispectra. 

Steep spectrum results 

In the regime < — 1 matters are, as with the two-point case, complicated by the presence of numerous 
poles; the integrals are dominated by the volume lying between the poles. Rather than attempt a solution, 
we use our realisations to calculate the bispectra. We present the results for n = —2.5 in figures 4.7. There 
is a dependence on the grid-size for this spectrum due to the paucity of modes of appreciable power given 
the strongly red spectrum. We tested this by running three realisations with differing grid-sizes, keeping the 
total number of modes constant in each case constant; specifically we took 1,500 simulations at /dim = 192, 
5000 simulations at /dim = 128, and 40,000 simulations at /dim = 64. As might be expected we found 
a suppression for the case wherein /dim = 64 - due to scarcity of modes at low k - but there was good 
agreement between the other two cases. We have plotted the results from the /dim ~ 192 run for greatest 
dynamic range, again rebinning into 64 bins. 

With this highly-tilted spectrum we see, as with the two-point case, that the features of the magnetic 
spectrum at the cut-off scale apparent in the flat case are washed out by the spectral tilt. The predomi- 
nant shape again is the fc-dependence we expect from the radial component of the integral; in this case 
B{k) oc fc^("+^); these are plotted for comparison. Again, as with the two-point case there is an infra-red 
suppression. The magnitudes of the bispectra fall into three close bands; the strongest are the correlations 
between the scalars and the tensors, while the middle-band is composed of the scalar auto- and cross- 
correlations. The weakest bispectra are those involving correlations with the vectors and, in some cases, 
the 1 — cr error bars are greater than the mean value; such points have been removed from these plots for 
aesthetic purposes. The (t^t^^t^) correlation is particularly weak. 
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Figure 4.8: Probability distribution function of the scalar Lorentz force for n ~ (left) and n ~ —2.5 
(right); plotted alongside in grey are those of the scalar pressures. 
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Figure 4.9: Scalar and isotropic vector power spectra of the Lorentz force for a magnetic field with index 
n = (left) and n = —2.5 (right); plotted alongside in grey are those of the scalar pressures. 

4.5 The Lorentz Forces 

For completeness we briefly present the results for the Lorentz forces. Recall (3.49,3.50) that these were 

2k 

Laik) ^ lkaLs{k)+L^ik), Lsik) = yP»^(k)Ty(k), L,(k) ^ ikr^ (k) . 

Constructing these from our realised fields and evaluating the one-point moments of the scalar component, 
we find a skewness 71 = 0.615 ± 0.003 and a kurtosis 72 = 1.83 ± 0.02 for a flat magnetic spectrum, and 
71 — 0.034 ± 0.001, 72 = 0.337 ± 0.004 for an index n = —2.5. The (unnormalised) probability density 
functions are plotted in figures 4.8, alongside those of the scalar pressures. From both the figures and the 
moments it is readily clear that the scalar Lorentz force is very nearly Gaussianly distributed; the difference 
between this and the energy density arises because combining the non-Gaussian energy density with the 
almost-Gaussian anisotropic pressure naturally reduces the level of non-Gaussianity. 

The power spectra are plotted in figure 4.9, alongside the pressures where helpful. The differences 
in the power spectra between the Lorentz forces and the corresponding stresses comes entirely from the 
multiplicative k. We have for the scalar case that 

4fc2 

= 2k^ (1 - 7^) (1 - (3^) . (4.44) 
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Figure 4.10: The Lorentz force bispectra for an n = field (left) and and n = —2.5 field (right). 



(This can, of course, also be found by application of ^'■''^'(fc) = {2k/?>Yk^yk^U to Bijki-) For the 
vectors, 

LV(k)=ifcr^(k) 



which more simply implies 



(4.45) 



!F is not now purely angular and the radial integration is modified. The resulting spectra then naturally 
display a suppression at low-A:. This suppression also induces a length scale at which the Lorentz force 
has a maximum effect. For a flat magnetic spectrum and the scalar Lorentz force this length-scale is at 
approximately three-quarters of the damping scale, while for the vectors it is a little more, at about O.Sfcc. 
Forming the power spectra of the Lorentz forces for a steeply-titled magnetic field {n = —2.5), we see that 
as before the features are washed out somewhat. However, due to the k^ dependence above we also see 
that, for most of the dynamic range, the Lorentz force spectra go as which in this specific case is 

obviously flat. On larger scales this breaks down somewhat and the correlations increase. It is interesting to 
note that the length-scales apparent in the flat case are still evident in the large-scale tail as a final inflection. 
The increase in power begins at roughly k — Q.ikc for both the scalar and vector Lorentz forces. This 
corresponds to the points on the large-scale side of the flat-spectrum curve at which they curve inwards. 

Finally, the bispectra we can construct from the Lorentz forces are the scalar auto-correlation 
and the cross-correlation (LsL^Ly). These are plotted in figure 4. 10 for ^dim = 192 and 1500 realisations. 



4.6 A Damped Causal Field 

Here we briefly consider the results of a field with a power spectrum 

' 7k V\ 



P(fc)=Aft^cxp| - ( — 



(4.46) 



At the one-point level, as one might expect, the statistics of the scalar pressure are similar to those for the 
flat case; here we find 71 = 1.63 ± 0.01 and 72 = 3.96 ± 0.07. For the anisotropic pressure we have 
71 = —0.25 ± 0.01 and 72 = 1.11 ± 0.03; we then see that for 71 > the one-point statistics of the 
pressures are insensitive to the spectral index. 

The power spectra are shown in figure 4. 1 1 . They are very similar to those produced by an undamped 
causal field, itself very similar to the flat field. For this field we content ourselves with the stresses and do 
not present the Lorentz forces which will also be very similar to the flat case. We retain the (1-cr) error 
bars due to increased large-scale errors coming from a large-scale suppression seen also in the analytical 
integration. Qualitatively, it is obvious that the features of a damped causal field are identical to a flat case; 
this is unsurprising since both are in the region n > —3/2. The details, however, do differ, most noticeably 
in the increased hump on the tensor spectrum. 
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Figure 4.1 1: The power spectra for the stresses of a damped causal magnetic field. 





Figure 4. 12: The bispectra of the stresses of a damped causal magnetic field. 



The bispectra are in figure 4.12. 

In all qualitative respects, the damped causal field closely resembles the case n 



0. 



4.7 Discussion and Conclusions 



We have studied, analytically and via reaUsations, some of the higher point correlations for tangled large- 
scale magnetic fields. The analysis is obviously highly model-dependent, and extending the analytic results 
to other models could be very difficult. However, it would be a simple matter to generalise the numerical 
realisations to perform the same analysis for a wide variety of time-independent models; all we require is the 
statistical distribution of the underlying field, the power-spectrum and the form of the stress-energy tensor. 
For example, while we have assumed the simplest - and perhaps most instructive - case of a magnetic field 
with Gaussian statistics, it would be a simple matter to employ a probability distribution for a magnetic 
field, which is physically motivated by the creation mechanism considered by Matarrese ef. al. [31]. (Since 
our code is time-independent the analysis would be relatively complex.) The realisations will however be 
limited by the narrow dynamic range allowed in the computation. 

In our particular case of a tangled primordial magnetic field with a power-law spectrum, we have demon- 
strated that we can recover the 1-, 2- and 3-point statistics from simulations and with an excellent agreement 
to our analytic predictions. At the one-point level we have not only verified that the magnetic energy den- 
sity follows a probability distribution function (as expected given that it is directly the square of the 
underlying Gaussian magnetic field), but that the anisotropic pressure is also non-Gaussian with a signifi- 
cantly more complex relation to the fields. There is also a spectral dependence on its probability distribution 
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function affecting the skewness, which swaps sign as one passes through n = —3/2. The kurtosis, while 
exhibiting a spectral dependence, remains positive. 

At the two-point level we have calculated the scalar, vector and tensor auto-correlations, as well as the 
scalar-cross correlation. For the scale-invariant spectrum we confirm the power-spectra with the expected 
ratios for scales longer than the cutoff; we also see that the scalar cross-correlation vanishes on large scales 
but is not in general entirely zero for modes close to the cutoff scale. For a highly-tilted spectrum, the 
cutoff scale is less important and the spectra behave with power law behaviour and with the relative ratios 
approximately constant. The fc-dependence is the power-law that would be expected from a naive point 
of view. The surprise is that in this regime the scalar cross-correlation no longer vanishes on large-scales; 
rather, the correlation remains roughly constant at (tts) / \J {tt) (tsts) ~ 0.7. Thus, while the isotropic 
and anisotropic pressures are indeed correlated, they are not perfectly correlated. 

At the three-point level we considered a number of rotationally-invariant bispectra, concentrating for 
simplicity on the colinear case. We find significant non-Gaussianities - in excellent agreement with the 
analytic predictions. For the flat spectrum, these approach fixed ratios on large scales. These can be both 
positive or negative, or even zero. As in the two-point case, some qualitative aspects change when we 
consider a strongly-tilted magnetic power spectrum; features arising from the cutoff scale tend to disappear, 
leaving instead a simple power-law drop off. The relative ratios of the bispectra also change, and even their 
relative signs differ The correlation between the isotropic pressure squared and the anisotropic pressure, 
which vanishes for flat spectra, becomes non-zero. 

It is interesting to note that the changeover between infra-red and ultraviolet behaviour changes as one 
considers higher-order moments. For an a-point function, the changeover will be at 

71=-- (4.47) 
a 

which implies that if one could take a very high-order moment, the stresses would exhibit an ultraviolet 
behaviour for the spectral index ?i ^ - that is, the behaviour of sources would tend towards the behaviour 
of the field. 

It remains for future work [174] to fold these results in with the transfer functions for magnetised 
cosmologies and calculate the non-Gaussianities expected to be imprinted upon the cosmic microwave sky. 
We can then consider how such signals might be used to constrain the properties of a magnetic field of 
this type. It would also obviously be straight-forward to consider different magnetic power spectra and 
statistics. While it is too early to speculate what these will discover, the higher order correlations in the 
sources will certainly lead to similar higher order correlations in the CMB observables, including perhaps 
cross correlations between the polarisation modes such as {E'^B'^). The foundations of this process form 
the basis of the next chapter of this thesis. 

The techniques used in this chapter could be applied to a broad variety of models. Moreover, we have 
here to our knowledge presented the first calculations of cross-correlations between, for example, scalars 
and tensors, and demonstrated that they can be of an equal magnitude to scalar auto-correlations. This has 
great potential relevance to the wider field of sources with non-linear stress-energy tensors, or sources with 
non-Gaussian initial conditions. For example, it would be interesting to compare our results to the same 
moments evaluated for defect models, particularly given the current resurgence of interest into networks of 
cosmic strings. For non-coherent cases - such as defect models, in which the sources evolve once they have 
entered the horizon, or very possibly magnetic models in which the intrinsic statistics are dependent on the 
evolving damping scale koirj) - a single static simulation will obviously not be sufficient. It is, however, 
straightforward in principle to construct the necessary time-dependent matrices. 



Chapter 5 

Observable Impacts of a Magnetic Field 



5.1 Overview 

The earliest probe into the nature of a magnetic field that we possess comes from the era of nucleosynthesis. 
A magnetic field alters nucleosynthesis directly and indirectly. The direct impact comes both from a shift 
in nuclear energy levels and from the magnetic energy density, decaying as radiation, altering the universe's 
expansion rate. The indirect impact arises from the gravitational waves that the magnetic field will generate. 
Strong nucleosynthesis constraints on the energy density in gravitational waves are already known and these 
can provide equally strong constraints on the field strength and spectral index of a power-law magnetic 
field. Likewise, constraints are known on the expansion rate of the universe during recombination and the 
possible energy density in radiation; given the strong bounds on current photon and neutrino densities, these 
constraints can then be passed on to the strength of the magnetic field. 

However, the chief diagnostic for early universe magnetic fields - and other primordial, non-linear 
sources - is the CMB. For the case of a magnetic field, it has been shown that the temperature angular spec- 
trum Ct.i from magnetically-induced vector and scalar perturbations increases slightly across all angles, 
but that the magnetic signal remains subdominant to that from standard scalar perturbations until around 
I « 2000, depending on the field strength and spectral index. The field also sources tensor modes, but they 
are relatively low-amplitude; their signal is similar to the inflationary gravitational wave signature but likely 
to be rather weaker [59]. The direct impact of a magnetic field onto the CMB (TT) correlation does not, 
then, appear to be an ideal probe of a magnetic field. Unfortunately this is the component of the CMB map 
that is known to the highest resolution; WMAP is limited only by cosmic variance up to ^ « 350 [78] and 
in the smaller-scale regime observations from CBI and VSA [80], ACBAR [81] and the forthcoming SPT 
[84] missions will determine the spectrum to ever-greater accuracies. The Planck satellite [175] is expected 
to extend the region limited only by cosmic variance to I w 1500. Even so, the high-? regime is littered with 
foreground sources and contamination from these will be high. The CBI mission observed a weak increase 
of power observed on small scales, as compared to the concordance model [80]; should this be real and not 
a statistical or systematic artifact, it could possibly be explained in part by employing a primordial magnetic 
field (e.g. [61, 66]). However, nucleosynthesis bounds imply that a primordial field is unlikely to account 
for all of the increase. 

In addition to the contributions to the CMB temperature fluctuations, a magnetic field also sources 
polarisation S-modes; these will likely be subdominant to those from the standard model until the very 
small scales. Due to the presence of both vector and tensor perturbations, the field also induces B-mode 
polarisation. In the standard picture, these are produced only from lensed i?-modes and from inflationary 
gravitational waves. One could conclude that, in principle, a B-mode power spectrum would give the 
clearest signature for primordial magnetic fields. Unfortunately, the CMB polarisation maps are poorly 
known compared to the temperature maps. While we currently possess a power spectrum Cte.i, this is by 
no means cosmic-variance limited on any scale. The 2-, 3- or 4-year WMAP results, when they emerge, are 
expected to improve this situation somewhat, but WMAP was not designed to probe the CMB polarisation 
with this accuracy. The {EE) correlation has been detected to some accuracy (e.g. DASI [176], CAPMAP 
[83], CBI [177] and Boomerang [82], the latter two of which also detected a rough power spectrum). The 
observations of the B-modes yield bounds consistent with zero (e.g. [176, 177]). These observations are 
on relatively small scales, directly observing the region at which magnetic effects may come to dominate; 
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however, we are some distance from the required accuracy, particularly for the _B-modes. See [178] for a 
recent review of the prospects for detecting magnetic -induced polarisation with the Planck satellite. 

Given the limitations of power spectra, the non-Gaussianity of the temperature map is a reasonable 
place to look to further the constraints on primordial magnetic fields and other non-linear sources. While 
thus far the observations are entirely consistent with Gaussian initial conditions, there are non-Gaussian 
features in the WMAP maps (e.g. [160]) and the number of non-Gaussian features could well increase 
with the next generation of CMB experiments. There are many ways to characterise non-Gaussianity, 
and a search for non-Gaussian signatures from primordial magnetic fields will be eased by predictions of 
their form. The primordial bispectra we derived are generally strongest on very large scales; while this 
feature will naturally be smeared out in the 2-D multipole space we should still expect the most significant 
magnetic non-Gaussianities to lie on the large scales, at which WMAP is generally cosmic-variance limited. 
This chapter is concerned with planning how such predictions would be made, along with confirming and 
extending the range of two-point signals. 

In this chapter we approach the magnetised CMB with a slightly different philosophy to previous studies 
in the literature, and demonstrate that our approach is not only valid but also highly extensible. While we 
concentrate on the CMB angular power spectrum for Gaussian power-law fields, these provide a material 
proof that one may take pre-computed power- or bi-spectra and predict from these the statistical nature 
of the CMB sky for higher-orders and more general fields. This then immediately implies that mapping 
the magnetic non-Gaussianities onto the CMB is reahstically possible to a good accuracy, and far more 
generally than would be possible attempting to derive their forms analytically in the approach generally 
applied to magnetic fields (e.g. [55]). 

We first briefly review the constraints placed on a magnetic field from nucleosynthesis before consid- 
ering the impacts of a magnetic field upon large-scale cosmology. After justifying the approach we shall 
take, we derive approximate large-scale solutions to the vector and tensor photon transfer functions. We 
briefly provide an overview of the previous research into the magnetised CMB angular power spectrum 
and highlight the areas in which it is deficient, before deriving the two-point moments employing our own 
approach. This is used as a "proof-of-concept" of our methods and as demonstration that it can be applied 
with little extension to characterising CMB non-Gaussianities arising from a primordial magnetic field. We 
finish by introducing the CMB angular bispectrum and demonstrating that our approach is easily adapted 
to its study, and by outlining a procedure by which we could add magnetic support to the CMBFast code of 
Zaldarriaga and Seljak [76]. 



5.2 Nucleosynthesis 
5.2.1 Direct Bounds 

There are two major ways in which a magnetic field could directly influence nucleosynthesis. The first, 
and perhaps most obvious, is that electrons tend to circulate around a magnetic field, which leads [5] to a 
quantisation of their energy to 

= + ml + 2eBhn, (5.1) 

where is the quantum number characterising the induced Landau levels. With this altered energy the 
electron energy density will also naturally be altered, in turn altering the neutron decay rates. A stronger 
magnetic field will tend to increase neutron decay and hence lower the amount of (for example) He4 gener- 
ated during nucleosynthesis. The magnetic alteration becomes significant for field strengths above a critical 




(5.2) 



and assuming that our field is at or below this level provides us with a loose bound on the magnetic energy 
density during nucleosynthesis, which is approximately 

B|nuc <Bc~ 4.4 X 10"G. (5.3) 

The other direct impact a magnetic field has on nucleosynthesis comes from its energy density altering 
the expansion of the universe and thus the evolution of temperature. The presence of another radiative 
field will act to increase the universe's expansion rate and thus decrease the amount of time during which 
nucleosynthesis is possible - and during which neutrons can decay. With fewer neutrons decaying, we thus 
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have an increase in He4 due to the presence of a magnetic field. Since we know the helium abundance and 
the energy density in radiation during nucleosynthesis, we can then derive a bound on the magnetic field, 
which turns out to be tighter than that we can place from energy considerations. A magnetic field of 

S w 6 X lO^^G (5.4) 

present during recombination would provide an energy density equal to that of the universe and is thus 
rather too high. Taking a primordial magnetic field to be smaller than this (and scaling with B cx a^^ to the 
current epoch), direct nucleosynthesis bounds can constrain a magnetic field to be approximately 

B <^iG. (5.5) 

For further details, see [5] and its references. 



5.2.2 Indirect Bounds 

In this section we summarise the arguments of Caprini and Durrer [23, 42] that impose stringent limits on 
tangled magnetic fields that arise from nucleosynthesis bounds. The tensor Einstein evolution equation in 
the presence of a magnetic field is 

hij + -h,j + k^h.j = f^. (5.6) 

Caprini and Durrer solve this equation approximately for a stochastic magnetic field with a power-law spec- 
trum and characterise the resulting gravitational waves by their amplitude and their power spectra, which 
is bluer than the magnetic spectrum if n < and redder than the magnetic spectrum if n > 0. They then 
use these gravitational waves, and the existing limits on gravitational waves present during nucleosynthesis, 
to constrain the magnetic fields. These limits are heavily dependent on the time at which the field was 
produced, the primordial damping scale at that time - as we showed in §3.3, the damping scale is time- 
dependent - and the time at which the viscous damping scale dominated over the primordial damping scale. 
They are also extraordinarily strong; for a field generated at a conformal time 771,1 and smoothed on a scale 
A, they present the approximate limits 

B, < 700/. (^) y/2("+5)/^r (^)nG. (5.7) 

For fields produced during inflation with 77i,i « 8 x lO^^s, this provides limits down to lO^'^^G for n > 
and leaves weak constraints only for fields with n w — 3. It should be noted, however, that these limits 
are derived with a smoothing scale A = O.lMpc. The constraints for a more typical scale A = IMpc are 
correspondingly weaker 

The approach Caprini and Durrer take is not without criticism; Kosowsky et. al. [41] comment that 
the conversion of energy from the magnetic fields into the gravitational waves has no impact on the energy 
density of the universe or its evolution, since both gravitational waves and the magnetic energy density 
decay as radiation, implying that the limits are on the total energy density of the magnetic field. This returns 
us to a limit of between nano- and micro-Gauss. Caprini and Durrer present a defence in [42]. Caprini and 
Durrer's argument is that, since the damping scale evolves with time, the magnetic energy density does 
not decay as radiation but faster A bound placed on the magnetic energy density at nucleosynthesis will 
then yield a tighter bound than would otherwise be the case. So far as this goes, we will tend to view 
Kosowsky et. al.'s bounds as somewhat conservative and consider the Caprini/Durrer bounds as perhaps 
slightly stronger than is warrented. 



5.3. LARGE-SCALE MAGNETISED COSMOLOGY 



95 



5.3 Large-Scale Magnetised Cosmology 
5.3.1 General Approach 

The primordial magnetic field in our model is frozen into the plasma on large-scales and decays (3.39) as 

b cx 4- B = 0. 

The field is in a tangled configuration and possesses no directionality on scales larger than some length A, 
of the order of megaparsecs, on which length scale the magnetic energy is Bx- We characterise the statistics 
of this field with a power spectrum 

(S(k)B(k')) = VB{k)PabO<.)S{k - k') 

and in the simplest case of a Gaussian field the power spectrum contains all the information about the field. 
This spectrum is generally taken to be a power law 

In the later universe, the magnetic field damps on an evolving scale (3.75). This scale is relevant back 
to neutrino decoupling; at the earliest times, photon viscosity dominates neutrino viscosity until rj « lO^s, 
with neutrino viscosity dominating until decoupling when it again becomes subdominant to photon viscosity 
[23]. The magnetic field was generated with a primordial damping scale fcP'™, and the effective magnetic 
damping scale will be 

fee = mill (fcP™",fcz,(?7)). (5.8) 

At early times, then, the magnetic field is effectively static since damping processes occur on very small 
scales - that is, at early times, /jP'"" < ko- However, since ko decays, at later times the situation is 
reversed and the damping scale of the magnetic field evolves. We return to this point in §5.3.3. 
The magnetic field possesses a stress-energy tensor (4.1) 

1 f ^3], 

r^k) = -fl{k)S- - f-{k), fSik) = J B^{k')B,{k k')^ (5.9) 

which can be separated into its scalar trace, traceless scale, vector and tensor components. The intrinsic 
two- and three-point correlations between these components were considered in detail in the last chapter 
These correlations will form the underlying statistics for the magnetic sources and will be imparted onto 
the perturbations they produce. From the results of chapter 4 we can see that there are two regimes - the 
ultraviolet, in which the damping scale dominates the sources, and the infra-red in which the sources are 
generally independent of the damping scale. The boundary between these regimes differs with the statistic 
that one is considering: for a 2-point moment it is at n = —3/2, while for a 3-point moment it is at ?i = — 1 . 

We modelled the 2- and 3-point statistics of the magnetic sources by generating simulated fields on a 
grid, concentrating on those from power-law Gaussian fields for which we can also calculate the sources 
through a mixture of analysis and numerical integration. For the simulated fields, our use of a grid imposes 
an unphysical but unavoidable infra-red cut-off which we will have to deal with before employing the results 
for CMB study. It also results in a limited dynamic range from memory restrictions on the size of the grid. 
However, it also allows a great flexibility in the nature of the fields that we might choose to model. The 
results from the simulations, for both 2- and 3-point moments, were entirely consistent with the analysis. 

The magnetic stresses source both plasma and gravitational perturbations over time. In the scalar case 
we have density and velocity perturbations in the plasmas and the two scalar metric perturbations. In the 
vector case there are the two velocity perturbations and two metric perturbations, while in the tensor case 
there are the two tensor perturbations. At each time, the statistics of the sources are also generated in the 
perturbations. However, we should note that coherence is not guaranteed - perturbations generated rela- 
tively late may not be simply related to those sourced relatively early, due to the evolution of the magnetic 
damping scale. If the primordial field is infra-red, then this is not an issue and the simple outline that we 
present in this chapter is entirely valid, since the fields evolve purely as a~^, and this time-dependence 
is easily factored out. For ultra-violet fields, however, the source statistics are evolving with the damping 
scale - this causes the heavy dependence on cut-off scale noted by Koh and Lee [51], for example. It is 
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unclear at the moment to what extent this is an issue; we briefly comment in more detail in §5.3.3. As 
we mentioned before, it is also interesting that the boundary between infra-red and ultra-violet behaviour 
occurs at a different spectral index for 2- and 3-point moments; a bispectrum can possess a bluer index than 
a power spectrum while remaining infra-red. 

Assuming that the imparted statistics remain coherent, we can then approach the induced CMB per- 
turbations by evaluating the transfer functions generated by a magnetised cosmology, for which we can 
employ different levels of approximation or the results from a Boltzmann code. This process can be decou- 
pled entirely from the statistics; with one set of transfer functions we can consider a wide variety of CMB 
statistics. The usual methods for predicting magnetised signatures on the sky (e.g. [53, 55, 66]) involve 
attempting to find closed analytical approximations for the properties of the magnetic field and then eval- 
uating the statistics of the perturbations as they stand at recombination. These approaches are very hard to 
extend beyond simple Gaussian, power-law magnetic fields and will be difficult to extend to higher-order 
statistics. Our approach - while obviously physically identical - does not rely on the form of the magnetic 
field. We can thus with little effort model the intrinsic statistics of non power-law or non-Gaussian fields 
and, using the same transfer functions, generate the corresponding CMB statistics. 

With coherent sources, we can find the CMB statistical imprints from static realisations; speaking 
heuristically, the imprint at one point in the sky will be given in Fourier space by a transfer function, 
embodying the evolution, multiplying a factor embodying the phase information, 

A(k,n) ~ ^ AT/(fc)^(k)Pi(^) (5.10) 
I 

with 

(5(k)5*(k')) = (5(k-k'). 

The CMB statistics can then be built up by considering correlations of this and integrating across wave- 
modes. Since the transfer functions do not contain any statistics they can be taken outside the correlation 
and we can heuristically consider correlations of the form 

(AA) oc J |AT/(fc)|' (5(k)5(k'))d3k, 

(AAA) cx JJJ AT,{k)ATi{p)ATi{q){S{k)S{p)S{q))d^kd^pd^q. 

We can employ any combination of approximations for the transfer functions and for the source statistics, 
which means that for each particular case we consider we can employ a spectrum evaluated analytically, or 
employ an approximation to the analytical spectrum, or interpolate between points on a realised grid. We 
can then fold these across transfer functions best suited for our aims, whether approximate or calculated 
from a Boltzmann routine. 

In the remainder of this section we consider the magnetic damping scales and the parameters of the pri- 
mordial magnetic field B\, k\ and the Alfven velocity va, before briefly considering the resulting potential 
issue of the non-coherence of our sources. We then focus on approximations for the large-scale vector and 
tensor transfer functions, neglecting the induced scalar perturbations as subdominant to signals from the 
standard mode. We assume a flat universe evolving today as a oc {rj/rjaf' implying that the current con- 
formal time is given by 7^0 ~ "^IHq. This will be a reasonable approximation since the universe has only 
recently begun accelerating. Given and the current densities of baryons, matter, photons and neutrinos 
we then have a full system. We shall take as a first approximation the 1-year WMAP parameters, that is that 

f^ofc/i^ = 0.0224, 1^07/1^ = 2.48 X 10"^/^"^ r^Oi. = 1-69 x 10"^/^"^ /i = 0.71. (5.11) 

5.3.2 Damping Scales 

The primordial magnetic field is assumed to have been generated at some (brief) redshift Zin corresponding 
to some generation epoch ?/in. At generation, the field will have some primordial cut-off scale fcP''"\ 
However, viscous processes operate in the interim period between magnetogenesis and recombination, both 
from neutrinos before decoupUng and from photons at very early times and after neutrino decoupling, and 
this generates a second damping scale. While the viscous damping scales remain below the primordial 
damping scales - that is, while kn > fcP"'" - the fields are static. However, the viscous damping scale 
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evolves and eventually will pass the intrinsic damping scale and at this point the magnetic field will begin 
to damp on ever smaller scales. Caprini and Durrer [23] present an overview of the history of the magnetic 
damping scale. 

After neutrino decoupling, the damping scale is tied to the Alfven scale, which we assume to be smaller 
than the intrinsic damping scale, so 




(5.12) 



where 1-^ is the photon diffusion length (see §3.3) and va the Alfven velocity. This scale will govern the 
damping of the magnetic field; the two-point correlations of the sources are then damped at a scale 2kc. 

The scalar and vector modes evolve up to the epoch of recombination; at recombination the Silk length 
is given by 

Xs^2.7{nanlf,h^y^Mpc (5.13) 

(see [179]). For scalar and vector perturbations we then find the damping scale by substituting this for in 
the Alfven scale (5.12). 

In §5.3.5 we demonstrate that magnetically-sourced tensor perturbations are effectively negligible fol- 
lowing matter-radiation equality; as such we can take the Alfven damping scale at equality to determine the 
damping scale for tensor perturbations. The photon diffusion length at equality is given [55] by 

with 8cq the photon temperature at equality, and thus the tensor damping scale by 

/ _ \ -1 

(5.15) 




These damping scales were derived in a formalism that assumed a large homogeneous component to 
the magnetic field. This is not strictly the case here and so to evaluate them we employ an effective field 
strength from B\. The Alfven velocity is given by 

47r [p^ + p^) 

Equation (4.7) related the magnetic field strength when smoothed on some scale A to the power spectrum; 

Bl = j V{k)e-^^''^S\<i^AT:A j k^Q{k)e-^^''^ dk 

with Vik) = AQ{k) (see (4.8)). This implies that we can relate a field smoothed to a scale k\ to an 
effective field smoothed on a scale kc- Taking the ratio between the field Bx smoothed on the scale k\ and 
the effective field B^s cut-off on the scale kc gives 



Bl _ Big 



J k^V{k) exp {-k^/kl)dk J k^V{k) exp {-k'^/k^)dk ' 
Using the Alfven velocity (5.16) and magnetic damping scale (5.12) we can also see that 



(5.17) 



'•- = V 3G A.^e. ^'P' ■ ^'-''^ 

We then have two equations for our two unknowns _Bcff and k^, a and Ag are evaluated at recombination. 
A closed form of this system is not possible. We can, though, employ a simple iterative procedure wherein 
we make a rough approximation for either the smoothed field or the cut-off wavenumber and use (5.18) 
to determine the other. We then adjust our parameters until the integration of (5.17) is consistent. Once 
kc is known we can then employ (4.7) to determine the normalisation of the magnetic spectrum. While 
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cumbersome, this approach allows us to retain generality. In the tensor case we substitute 1^ evaluated at 
matter-radiation equality for the SiUc length and employ Ocq. 

For a power-law field, an approximate solution to the normalisation of the magnetic spectrum (4.7) is 
[55] 

2n+4_n+5 n2 

A« — — ^. (5.19) 

We can then determine an approximate effective Bcb, damping on a scale kc, by 

Tl+3 

Substituting the effective background field into the Alfven velocity gives us 

leading to a magnetic damping scale at recombination of 

fcc=(^) (^^) k^r''^^--''- (5.22) 

The tensor damping scale takes this form with 1^ substituted for A5 and a evaluated at matter-radiation 
equality rather than recombination. 



5.3.3 Non-Equal Time Correlations 

In §2.7.4 we derived the equations by which the intrinsic statistics of a primordial source are wrapped on to 
the CMB across the transfer functions. However, in our derivation we implicitly assumed that the evolution 
of each wavemode remains coherent - that is, that each /c-mode evolves independently and the primordial 
statistics are easily transferred onto the CMB. To firm this statement up, consider the multipole moments of 
the scalar CMB, 

aT,im = 1(11^ I S^ik,7j)e-^^'^drjdn^^ (5.23) 

The general two-point correlation of this is 

{aT,im.aT,i'm') = ^ ^ ( ^ ^ W^l'™' K) (5.24) 

X / / (5|(k,77)5J^(k',77'))e*^"'^'-"^^d77d7?'dr!„df7„. 

J r] J r}' 

The quantity {Sj^{'k,ri)S^^ (k' is known as a non-equal time correlator; such correlators appear fre- 
quently in studies of defect models (e.g. [180, 181, 182, 183, 184]) and should in general be calculated in 
their entirety. In the standard picture the perturbations are coherent - the statistics are imprinted at the end 
of inflation and each mode then evolves independently. In this case, we can then decouple the non-equal 
time correlator into 

(5|(k,,7)5^,^(k',,7'))-^(k-k')v/(|5|(fc,r7)P)y^(|5|(fc,V)P). (5.25) 

Substitution in (5.24) then ultimately reproduces the previous result, (2.232). 

On large scales, the magnetic field is frozen in to the plasma and this simple evolution would lead one 
to believe that we can employ such an approach. For infra-red fields, with statistics that do not depend 
on the cutoff scale, this is still the case. However, for ultraviolet fields the statistics are dominated by 
the cutoff scale, which evolves with time. An active, evolving source causes an amount of decoherence; 
different wavemodes will evolve in a different manner, and we must employ the non-equal time correlators. 



(27r)3 (27r)3' 
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In general, these have to be computed, which can be very intensive, albeit entirely realistic, especially when 
one works with field realisations. 

This point does not appear to have been previously addressed in the literature, and correspondingly the 
results presented for ultraviolet fields should be treated with some caution until we better understand the 
microphysics around the cutoff scale. While we will work with the assumption that we can assume a simple, 
coherent approach for all types of field, it should be remembered that our approach is strictly applicable 
only to the infra-red regime. 

We also comment that, since an a-point moment leaves the ultraviolet regime at a spectral index 

n = --, (5.26) 

a 

it is possible to consider fields with n E (—3/2,0) as independent of the cutoff scale so long as one 
considers a correlation of high enough order. 

5.3.4 Vector Transfer Functions 

In this section we produce large-scale approximations for the vector photon transfer functions, which will 
enable us to predict the nature of the low-Z CMB power spectra from magnetic vorticity and anisotropic 
stresses. We neglect the scalar mode; the scalar CMB signature is likely to be insensitive to a realistically 
observable magnetic field. It is, moreover, rather intractable. In contrast, the tensor mode might be substan- 
tially enhanced as compared to a standard inflationary model, and in our scenario the only source for vector 
perturbations comes from the magnetic field. Finding an approximation for the vector modes will require 
us to construct a tight-coupling limit similar to that we built for the scalars. The tensors are rather simpler. 
This section resembles the analysis of Mack et. al. [55] but employs our own formalism. 

The transfer functions we derive here should be trusted only on relatively large scales. Mack et. al. 
derive similar transfer functions and apply them to multipoles as high as I = 500; however, we feel this 
enormously overstates their validity due to the approximations involved. Comparison with the numerical 
results of Lewis [59] suggests that these should be trusted for / < 300 at the most. For smaller-scale studies 
we will require the results of a numerical Boltzmann code. However, the approximations for the vector and 
tensor transfer functions will prove useful in demonstrating a "proof-of-concept" for our approach to the 
problem. 

The evolution of the baryon vector velocity is given (3.55) by 

< + -< + o - ""eO-T « - < ) = —T (k) (5.27) 

a ^ Pba ^ Pba 

where we are considering only one mode and suppressing the index. We shall neglect the contribution from 
the neutrinos; while for a strictly accurate analysis we must include these, and Lewis has commented that 
much of the large-scale power is in fact controlled by a cancelling neutrino stress rather than regularity of 
the vorticity [59], our approach should be sufficient for a first order calculation. 
This Euler equation is supplemented by the vector Einstein equations (2.22) 

V + 2-V = l6^G^Qp,,(A^3-A^0 + lr^(k)), (5.28) 

V = _i6z^G^(pba^'6^ + P^aO (5.29) 

where we are employing the gauge-invariant metric perturbation V = {i/k)h^ (2.21). We also have 
the vector Boltzmann hierarchies for the photons, (2.109-2.110). Adapting the procedure we employed 
for scalar perturbations in section §2.4.1 we write this hierarchy separated to zeroth and higher orders in 
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^(G + l)A^,+i-/A^,_0-^T/j, ^>2; (5.30) 



^ - ^ l^^{il + l)A^p,^,-lAl,_,)-A^^A, 1>1 



2/ 



Here 



cl>v = 3 V 3 _ _6_^ _ 3_ y _ 3_ y 

g PO ^ 7 P2 35 P4 Tl -^g T3 



Recursively substituting through the hierarchies down from I = 4 for the temperature and / = 5 for the 
polarisation and back up, we can readily see that to the first order in tc, 



A^o = 'iiv]^ -4itcv^ +Oitl), 



15 

+2\ 



A^, = Oiti), l>2- (5.31) 



^PO 



10 



Along with the photon velocity (2. 124) 



7,^ - - CA'^ - A''^ ) 



we then have = v}^ and the tightly-coupled Euler equation 



Pba + :^P-ya j '"b + Pba-^b = i^T . (5.32) 

Working with the Einstein equations (5.28) in radiation domination and neglecting quantities of first- 
order in the tight-coupling parameter we can quickly find the approximate solution 

V « , , ' (5.33) 
where we have neglected a complementary function that grows in the past. This implies the velocity 

with i?b = 'Pbal'P^ia- (Compare equations (4.10) and (4.13) in [55].) 
In matter domination we instead find 



(5.34) 
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where we retained the complementary function and matched the two solutions at the epoch of matter- 
radiation equality. This implies the velocity 

- '^^^"'^('^^ (5.36) 



a2p^p(l + Rh) \ rj \acq 

These forms are valid when the wavelength is longer than that of the Silk wavelength A5. To model the 
wavemodes on a smaller scale we add a photon shear viscosity ^ to the system, giving the tightly-coupled 
Euler equation 

oP-ya jVb +[Pba-+k = —t"^ (5.37) 

i ) \ a a J a* 

where we have rescaled the densities to their proper values. Here the photon viscosity is [55] 



4 _ 

^ = -[^P-yo.a^ (5.38) 



again with = {npCrT)^^- Since the modes we are interested in are those which are severely overdamped 
we can employ a terminal-velocity approximation [70] by assuming the damping is severe enough that the 
modes no longer accelerate; doing so we find 



= (^2p,o + -{k7j)(kl,)p^,j . (5.39) 

(In radiation domination the 2 in front of the baryon density becomes a 1, but this term is generally subdom- 
inant regardless.) This applies when k > ks. V remains unchanged; we assume that the magnetic vector 
source dominates over the shear viscosity. 

The instantaneous approximation for A^j (2.244) is 



'/rcc 



recalling that x = k{r] — 7]o). is first-order in the tight-coupling parameter and so is neglected; more- 
over, on large scales, the velocity will dominate over the metric perturbation and so we also neglect the 
integrated Sachs-Wolfe term. The vector transfer function sourced by a primordial magnetic field is then 
approximately 



- 4.,/|±|i;iMM^ I ...^ {^-^){^y^ < . (5.40) 
V('-l)' P70 [ 15/4A;;^, k>ks 

5.3.5 Tensor Transfer Functions 

Neglecting the anisotropic stresses of the neutrinos and photons (or considering the situation before neutrino 
decoupling; see [59] for a detailed discussion), the tensor mode evolves as 

+ 2-h^ + k^h^ ^IGttG^!—^. (5.41) 
The complementary functions are simple to find; in radiation domination we quickly have 

^fl hQjo{ki]) + hiyo{kT]), (5.42) 

and in matter domination we have 

hl^h2^^ + h,yiM (5.43) 
krj krj 

where yi (x) is a spherical Bessel function of the second kind. 
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We find the full solutions with a Wronskian Green's function method; given an equation 



with the homogeneous solutions ui{t) and U2{t), a general solution [185] is 

y{t) = ciui(<) + + ^ G{t,t)S{t)dt 

where 



G{t,t) = - 
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U2{t) 
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Ul{t) 


U2{t) 


A{t) 


Ul{t) 


U2{t) 




<{t) 





(5.44) 



(5.45) 



(5.46) 



is the Green's function. This implies that we have a particular solution to (5.41) 

sin(y - y') 

cq 



/i^(y) = 16^Gr^(k)%fc2 T 

'^cq J 2/i„ 



yy' 



-dy' 



(5.47) 



where we have assumed that the magnetic field was generated relatively rapidly at some time rjin and are em- 
ploying the co-ordinate y ~ h]. We are interested merely in h^{k, rf) and large-scales. Since the magnetic 
source decays as r;* in matter domination we also neglect the particular integral beyond matter-radiation 
equality; this means we may match the waves sourced by the stresses before equality with the homoge- 
neous solutions after equality. Taking y <C 1, retaining only the dominant contribution and matching the 
derivatives, we find 



h{k, 77) « 47rG77^2eq In — kr' (k) 



krj 



(5.48) 



The tensor transfer function can then be recovered from the instantaneous-recombination approximation 
(2.245) 

, 2 



{l-2)\ 



jl ('^rcc ) 



We neglect the intrinsic term as it will be rapidly dominated by the integrated Sachs- Wolfe term, which we 
integrate from 77 = since we shall consider large-scale modes that were superhorizon at decoupling. We 
then have the approximate tensor transfer function 



7rG7?o^Zeqln( ^ ) (k) 



{l-2)\ 

As in the vector case we assume this to be valid up to ^ < 300 



krj 



(5.49) 



5.4 CMB Power Spectra from Tangled Magnetic Fields 

In this section we consider the CMB angular power spectrum induced by a primordial magnetic field, 
employing the approximations for the vector and tensor transfer functions (5.40, 5.49) derived above. We 
begin by summarising the previous literature, both analytical and numerical. In the past, the effects of a 
magnetic field on the CMB have been derived with predominantly analytical or at most semi-analytical 
methods. Our approach instead employs the power spectra generated in chapter 4, wrapping these directly 
across the approximate transfer functions. The main advantage of our approach is its extensibility - while 
the analytical spectra we generated are constrained in the same manner as previous work to Gaussian, 
power-law fields, realised spectra can be produced for any field configuration. We also have a lessened 
reliance on approximate analytical results that assume power-law spectra. For the angular power spectrum 
we confirm and reproduce the previous results and it is merely a technical (albeit non-trivial) exercise to 
adapt our methods to the CMB bispectra. 
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5.4.1 Analytical Estimates from the Literature 

Scalar modes have been much neglected in the literature, partly due to their complexity and the number 
of terms that appear in the estimates, but also because the scalar modes induced by magnetic fields are 
generally subdominant (e.g. [55, 59]); however, numerical models of the scalar modes indicate that their 
effect can begin to become important on small scales. Analytical and semi-analytical efforts have con- 
centrated primarily on the effects of the vector and tensor modes. While there have been many studies of 
these, we shall concentrate on very briefly reviewing studies in the two main regimes, / < 500 [55] and 
I > 1000 [49, 53] which takes a somewhat separate approach. We shall concentrate on the temperature 
power spectrum although we shall mention the polarisation results these authors present. 

Subramanian and Barrow [49, 53] concentrate on the vector perturbations induced by a magnetic field. 
With Seshadri [54, 57] they also consider the impacts of these modes on the small-scale polarisation. Work- 
ing in two regimes, that in which photon viscosity is important and that in which it may be neglected, they 
derive analytical approximations for the two-point auto-correlation function, one of which grows with I 
and the other of which decays. For a concordance-like cosmology, the peak extrapolated from these two 
behaviours lies just before the magnetic signal begins to dominate over the standard signal, which happens 
at / « 2000 if B\ « 3nG and n = —2.9. This signal is from the Alfven (and slow magnetosonic) waves 
that survive Silk damping through extreme overdamping, and damp only slowly on small scales. The power 
increases with increasing spectral index and, correspondingly, the signals dominate the concordance signal 
for a lower I. For an early-universe field, though, one should ensure that nucleosynthesis bounds (§5.2) are 
not broken; if one trusts the gravitational wave bounds [23], nano-Gauss fields with indices much different 
from 77, w —3 are heavily constrained. 

Modelling the polarisation signals from the vorticity in much the same manner, they find a S-mode 
beginning to dominate at I w 1000 — 2000 depending on the cosmological parameters and magnetic field. 
The case Bx ~ 3nG, n = —2.9 dominates over the standard signals at I « 1700. Again, shallower spectral 
indices give larger results on small scales They also found that the i?-mode is much smaller than the B, 
not least because they are neglecting the scalar modes, and that the standard scalar modes dominate both 
the temperature and polarisation maps for all larger scales, making the detection of the magnetic signals 
difficult. 

Mack et. al. [55] provide a unifying review of the previous estimates [49, 51, 52, 53, 54, 55, 56, 57, 59, 
61, 66] of semi-analytical vector and tensor anisotropies from primordial magnetic fields for larger scales 
I < 500. In deriving the statistical properties for their fields they provide various approximate results that 
have become standard in considering primordial magnetic fields, even for numerical studies. Although 
widely used, these rely sensitively on the power-law form of the power spectrum and on the assumed 
Gaussianity of the fields. It would be much preferable to remove the reliance on such approximations, 
even at the cost of employing numerical integrations to produce the source statistics. By considering a thin 
last-scattering surface and employing approximations similar to ours. Mack et. al. find the vorticity at 
recombination in two limits, one in which photon damping may be neglected and one in which it cannot. 
They proceed to approximate the vector power spectra for a range of field strengths and spectral indices 
and find forms asymptotically rising to a limit for I < 500, for all correlations between temperature and 
polarisation. As was found in the large-^ limit, the strengths of the effect rise with spectral index. Repeating 
the approximations for tensor modes they find similar qualitative results, excepting that the power spectra 
from gravitational waves are scale-invariant (and dominate over the vector modes) for n w —3. ' 

5.4.2 Numerical Estimates from the Literature 

Koh and Lee [51] performed a limited numerical study of the impact of magnetic fields onto the CMB, 
considering only the scalar mode. They employed CMBFast, modified to incorporate a tangled magnetic 
field of the type we considered in chapter 4. However, the damping scale they employ is not calculated from 
the photon viscosity but rather a phenomenological argument related to the cluster scale; they recognise this 
issue and comment that the resulting CMB power spectrum is very sensitive toko- This strong dependence 
on the cutoff scale arises from their potentially unwarrented use of ultraviolet fields. They consider both 
the temperature and polarisation auto-correlations, plus the cross-correlation. In each case they find, as the 

'This explains tlie use of ttie ptirase "scale-invariant" when refening to the highly-red magnetic spectrum n = —3; this spec- 
tral index itself causes in'emovable singularities but indices nearing scale-invariant are perndtted and, indeed, are the most weakly 
constrained by big-bang nucleosynthesis [23]. 



104 



CHAPTER 5. OBSERVABLE IMPACTS OF A MAGNETIC FIELD 



analytical studies suggested, that the power is boosted with increasing field strength and spectral index. The 
fields they consider (n > and B\ « nG) are ruled out by the Caprini/Durrer nucleosynthesis bounds. 

Lewis incorporated a more rigorous model of a primordial magnetic field into the vector and tensor 
components of the CAMB code [59], although he neglected the scalar modes. He considered the tem- 
perature and both the polarisation spectra although his concentration was on the B-mode which gives the 
cleanest signal for magnetic fields. For the tensor modes, he found that the gravitational waves sourced by 
magnetic fields after neutrino decoupling are negligible, the magnetic anisotropic stress being countered to 
a large degree by the presence of neutrinos. Those waves sourced before neutrino decoupling provide the 
dominant contribution; this closely resembles the signal from inflation-produced gravitational waves with a 
modified spectral index. The non-Gaussianity of the signal would discriminate between the two, as would 
the corresponding impacts on the high-Z temperature spectrum and the non-Gaussianities on larger scales. 
Lewis found that the magnetic signals from vector modes could begin to dominate at a high I « 2000 for 
a field B\ sa 8nG and n « —2.9. Lewis concluded that fields with B\ > O.lnG can yield observable 
impacts on the CMB, albeit requiring good power spectra for the E- and i?-modes. 

Perhaps the greatest benefit of Lewis' study is his detailed analysis of the initial conditions of the prob- 
lem, albeit in the GIG formalism; this area had been somewhat neglected previously. Although he did not 
perform the calculations, Giovannini [6] provided the scalar initial conditions, in both conformal Newto- 
nian and synchronous gauges, that Lewis neglected. However, while his work presents full temperature 
and polarisation power spectra from the magnetised vector and tensor perturbations, and transfer functions 
including the impact of a magnetic field across all scales, Lewis is heavily restricted in the type of field he 
can consider by his reliance on approximations based on Mack et. a/.'s formalism. A particular issue is the 
approximation for V^'^ {k) which for ultraviolet fields is only a marginal fit and depends on the field being 
both Gaussian and power law. He is also reliant on power-law approximations for the normalisation of the 
power spectrum A, the effective magnetic field i?cff(??) and the damping scale kc{r]). The approximations 
are regularly good only to the 10% level and this lessens the accuracy of his study somewhat. 

Yamazaki et. al. [61, 66] performed a parameter estimation employing a modified CMB Fast including 
support for scalar and vector modes. In the earlier study [61], they confirmed for high n the previous results 
that the CMB begins to deviate from the concordance model at I > 1000 from the impact of scalar modes, 
and that the vector mode easily dominates the scalar at larger scales. Unlike Koh and Lee, Yamazaki et. al. 
employed a viscous damping scale rather than roughly determining it from the galactic scale, although it is 
unclear whether this is taken into account in the evolution equations. They, too, consider only power law 
spectra and employ the common approximations summarised in, e.g. [55, 59]. They find a 2a constraint of 
B\ K, 3.9nG for n w 1.1 where A = IMpc. They also comment that there is a strong degeneracy between 
these parameters. If reliable, the Caprini/Durrer nucleosynthesis bounds rule out the existence of such a 
field in reality. In the more recent study [66] they find a "concordance region" on the magnetic parameters 
of Bx e (l,4.7)nG at IMpc, and n G (-3, -2.4). This is at the la level. As with Lewis, the work of 
Yamazaki and his collaborators is compromised by their reliance on the formalism reviewed in Mack et. al. 
and the approximations they employ - that is, they are restricted to purely power-law magnetic fields with 
Gaussian statistics, and rely upon approximate solutions for A, B^a and V^'^ [k) that are not necessarily 
accurate. 

5.4.3 A New Approach to the IMagnetised CIMB Power Spectrum 

Assuming that the time-evolution of the damping scale has a negligible impact and that we can approxi- 
mately transfer the statistics employing an equal-time correlation, the integral producing the CMB angular 
power spectrum is 



As a demonstration that we may realistically recover CMB properties by a direct integration of this equation 
employing the results of chapter 4 we can employ the approximate vector and tensor transfer functions 
(5.40, 5.49), and either use the power spectra from analysis or from our realisations. The more general 
method will be to employ the power spectra derived from our realisations; the realised fields, while of a 
limited dynamic range, can be entirely arbitrary in nature. In addition to the limited range realisations 
are also hampered by an unphysical infra-red cutoff; we deal with this issue by excising the unphysical 
region from the realisation and extrapolating its behaviour back to low-fc. The theoretical spectra, while 
lacking the errors that somewhat hamper the large-scale realisations, are constrained to be Gaussian in 




(5.50) 
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nature and, currently, of a power-law spectrum. While employing analytical results would remove the need 
to interpolate a pre-existing look-up table, the generality allowed by employing the realisations - and the 
saving in time to produce the CMB angular power spectra, even with different approximations for - 
can outweigh this advantage. 

The form of the vector transfer function (5.40) implies that the angular power spectrum will take the 
form 

« ao / ' k^V''{k)jf{krj,,,)dk + «i r ^l^tlhA-py [k)dk (5.51) 
Jo Jks h 

where ao and ai are functions of I and the cosmology. On numerical evaluation, the integration on the 
interval [ks, oo) is seen to be subdominant to that on the interval (0, ks], and so, as did Mack et. ai, we 
neglect the vector transfer function in the damped regime. This can be understood by noting that while the 
first term will contain a factor the second term will contain extremal factors ji (fcjyrec) and ji (oo); these 
are much smaller than the Silk wavenumber We can thus take the vector transfer function to be 



^ 4^ J i! + ^i^'^) , ^ fi _ ^ y^y , k<ks. (5.52) 



(/-I)! Xrcc a2^c(l + -Rfclrcc) V V> 



We have tested this assumption by integrating across the entire range of k; the dominant contribution indeed 
arises from the k < ks wavemodes. 
The tensor transfer function 



AT (I. > ^ o ([±2)1 2 , f^uA Tn.^ . r 32[kr^) Ji{x) , 

A^,ik,,o)^2^j^[4nGrj,z,,\n^-Jr (k)jfcy^ ^^^^^ 

contains an ISW integration which it would be preferable to pre-evaluate to save on computation time. 
Changing variables to y = ki-j renders the integrated Sachs-Wolfe term as 

fcio y {y-yoy''~2ki yV^ {y-yof/^ ^ ^ 

where we have converted the spherical Bessel functions into Bessel functions. This can be approximated 
[55] by 

77r_^ P J5/2{y) Ji+i/2iy - yo) ^ 



which is a standard integral evaluating [146] to 



r~ [31 Ji+3{kr,o) 



This leaves us the transfer function 




It remains to consider the source power spectra. There are three main ways in which we can employ 
these; the most extensible is to employ the realisations, while the easier is to employ the analytical inte- 
grations or the large-scale approximate results. We can also employ analytical approximations to these, as 
in Mack et. al. [55], which are useful in certain regions. We consider the Mack et. al. approxiations, the 
analytical integrations, and the realisations in order 

Ci from Analytic Approximations 

Mack et. al. present the approximation for the source power spectrum 

V^^k) = ( fc2"+3 + ±±fc2„+3\ ^ pV(^) ^ 2r^{k). (5.57) 

16 V n + 3 j 
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Figure 5.1: A comparison of the approximate tensor spectra from [52, 55] (lines) with integrations of 
equations (4.24, 4.25) (points). We have factored out the non-ri dependent parts of the amplitude and the 
scale is arbitrary. 



Factoring out the amplitude, we plot this approximation in figure 5.1 for n = and n = 2, compared 
to the accurate spectra we derived in chapter 4. It is readily apparent that this approximation is good 
only on the largest scales; for k <C fee it reduces to our large-scale approximations (4.26), while for k < 
kc it is little better than reasonable. The discrepancies for k > kc aie unimportant since the transfer 
functions vanish at the damping scale. We then do not expect the CMB signatures from ultraviolet fields 
to necessarily agree perfectly with those we generate from our own spectra. However, this expression is a 
very good approximation for fields lying in the infra-red regime and is, indeed, more useful than employing 
our realisations due to the infra-red suppression in that regime. 

In figure 5.2 we present the results of integrating equation (5.50) with the above power source spectrum 
and approximate large-scale transfer functions. As one can see, these agree with those presented by Mack et. 
al. \ the ultraviolet fields - which should, perhaps, not be entirely trusted - cause CMB tensor perturbations 
that follow an l{l + 1)C/ oc power law. The infra-red field with n = —2.5 creates tensor perturbations 
following the power law Z(/ + 1)C/ oc I, agreeing with the prediction + 1)C; cx We plot the vector 

results only on the largest scale due to an unresolved numerical instability associated with the spherical 
Bessel function in the vector transfer function. We also observe that the powers predicted by Mack et. al, 
l{l + l)Ci cx l'^ for n > -3/2 and l{l + l)Ci cx for n e (-3, -2.3), are not quite those we find 

with our model. It is likely that this slight difference is again caused by the numerical instability observed 
with the spherical Bessel functions rather than inaccurate analysis on the parts of Mack et. al.. The relative 
amplitudes between signals are real, arising because we are employing B\, kx and n as input parameters to 
fix kc. The absolute amplitudes, however, should be taken as indicative rather than necessarily exact. 

Ci from Analytic Spectra 

In this case we can use equation (4. 16) to generate a power spectrum as we perform the integration over k. 
Such a process is computationally intensive, and it might be preferable to employ a pre-computed look-up 
table where the integration has already been performed. To do so we require a reliable interpolator and 
extrapolator; since the functions are in general very smooth a linear interpolator is likely to be more than 
sufficient for our purposes. In figure 5.3 we present the results for the case B\ = InG, k\ = IMpc and 
n = 0, n = 2 and the damped causal field considered in §4.6. We also confirmed the accuracy of the 
interpolation by directly integrating equation (4. 16). 

As one can see, we have replicated for n = and n = 2 the behaviours demonstrated previously; 
the angular power spectra rise as power-laws in the region / < 300, with a stronger signal arising from 
stronger fields with higher spectral indices. The signal from the damped causal spectrum, which has not 
been considered before, behaves very similarly to the pure causal field. While not necessarily a surprising 
result - we have, after all, merely replaced a hard, sudden cut-off at small scales for a softer decay - 
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Figure 5.2: CMB temperature auto-correlations from power-law stochastic Gaussian magnetic fields em- 
ploying the source spectrum approximation (5.57). Vector signals are plotted on the left and tensor on the 
right, for spectral indices n = 2, n = and n — —2.5 from top to bottom. The estimates from [55] are 
plotted in grey. The variation in amplitude arises from varying n, on which kc sensitively depends. 




Figure 5.3: Vector (left) and tensor (right) CMB temperature auto-correlations from power-law stochastic 
Gaussian magnetic fields employing the theoretical predictions (4.16) by interpolating a table. Agreement 
with those plotted in figure 5.2 is good. Also plotted as crosses is the signal from a damped causal field 
which as expected is very close to that from a standard causal field. 



this demonstrates that we can consider a variety of non-power law spectra without modification of our 
formalism. 

Ci from Realised Spectra 

If one wishes to employ realisations, one must take into account the infra-red cutoff. Both the vector and the 
tensor cases are compromised by a low mode-coverage on very large scales; this is naturally more severe 
for the vector case as the integration is dominated by the scales below the SiUc scale, which is typically 
much smaller than the damping scale. The damping scale at recombination for a flat field is typically 
kc ~ 3.4Mpc~^, and kc ~ 20Mpc^^ for an index n « —3. The SiUc scale at recombination, above which 
the vector transfer function is negligable, is typically of the order of ks ~ O.SMpc^^. For a flat field, then, 
the vector integration is dominated by wavenumbers below k/kc « 0.11, while for the steeply-tilted fields 
it is dominated by wavenumbers below k/kc ^ 0.02. With a simulation of side-length ^dim = 192 and a 
cut-off scale of kc — Idim/R, our smallest mode is at k / kc ^ O.OOSi?. For the flat field (taking i? = 4 to 
avoid aliasing of power from small scales to large), we will then only pick up modes above fcmin/fcc ~ 0.02 
and thus a relatively small number of modes below the Silk scale. For a steeply-tilted field, taking i? = 1 to 
maximise the available large-scale modes, we have fcmin/^c ~ 0.005. With an even spacing of large-scale 
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Figure 5.4: Tensor- Tensor source statistics, demonstrating infra-red cut-off for indices n < —3/2. 



modes this gives us a maximum of four modes contributing to the vector integrals. We will thus need to 
extrapolate the source power spectrum back towards fc = 0, correspondingly increasing the error 

The easiest way of achieving this is to consider each spectrum we wish to employ individually. If we 
consider the tensor case for n > —3/2 (figure 5.4, left), we can see that the infra-red cut-off is not a major 
issue; a smooth interpolation will extend these spectra to the very large-scales without issue. However, if 
we consider infra-red spectra (figure 5.4, right), the infra-red cut-off becomes highly significant. In this 
case, we choose to excise the region k/kc < 0.1 - which, coincidentally, corresponds approximately to the 
Silk scale at recombination - and replace it with a Une fitted to the source spectrum. Doing so in this case 
effectively takes us back to the approximation in equation (5.57), with V cx fc^"+'^. However, for a more 
general field this approach is still workable, while the approximation is not valid. Since a perfect fit of our 
realisations for the infra-red region is provided by the approximation (5.57) we do not repeat this procedure 
here. 



5.4.4 An Outline for Generating Statistics from CMBFast 

A more accurate approach for generating spectra from magnetic fields will be to employ a Boltzmann 
code; our formalism has been designed in the synchronous gauge to ensure it is consistent with the widely- 
employed CMBFast [86]. To construct our power spectra and bispectra we shall first need to build a vector 
component to the code; purely magnetised initial conditions can be readily adapted from Giovannini [6] 
and Lewis [59]. Employing the viscous damping scales derived in §3.3 we can then apply separate cut-offs 
to the scalar, vector and tensor evolution equations to account for photon damping. To model the Alfven 
wave oscillations we shall follow Durrer et. al. [52] and take va —* va cos{kr]). 

The sources in the evolution equations will be presented without their fc-dependence as this will arise 
when we later fold across the power spectra or bispectra. The sources are then given purely by which 
can be related to the smoothed field strength B\ on a scale A again found from 

^ " 4TTjk^Qik)e-^'^'dk ^^'^^^ 

with V{k) = AQ{k); see (4.7). This will be performed numerically at the beginning of the run. 

CMBFast does not by default generate the transfer functions for a particular run but rather the Cis 
directly. However it is not difficult to modify the code such that the usual calls to integrate up the angular 
power spectrum instead merely return the transfer functions. We outline the process we shall follow to 
generate our two-point spectra below. 

A wrapper routine generates the magnetic sources from an input smoothed field and damping scale (of 
the order of Bx ~ lO^^G at A = IMpc) and then calls CMBFast with these sources. Once CMBFast has 
completed its run, instead of building the angular power spectrum it will return the scalar, vector and tensor 
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transfer functions to the wrapper. Once we have the transfer functions, generating the CMB angular power 
spectra is a simple matter of performing the integration 

/>oo 

Ci^ VAB[k)I^^i{k)/S.*T?i[k)k^dk. (5.59) 
Jo 

The code to perform this integration is that employed in the previous section. This integration can again 
obviously be performed over power spectra resulting from the analytic integrations or from realisations; as 
before the more extensible approach is to employ the realised spectra. A and B can take any of the values 
permitted in chapter 4 - that is, AB G {rr, rrs, rgrs, ^t'^ t'^^ . 



5.5 The CMB Bispectrum 

The CMB angular power spectrum is a two-point statistic and the integration over wavemodes used to 
generate it includes a contribution from two transfer functions. Perhaps the most instructive case is that of 
the temperature/polarisation cross-correlation sourced by scalar perturbations: 

- k^V{k)/\Uk,m)^*ii{k.m)dk. (5.60) 

In this integration we have the relevant power spectrum - here the initial spectrum of scalar perturbations 
- and one transfer function corresponding to the correlated quantities at two points on the sky. A sensible 
suggestion for the form of the three-point CMB angular correlation, the bispectrum, is then that we inte- 
grate a primordial bispectrum across three transfer functions. For the vector-tensor-vector correlation, for 
example, we might suggest that the CMB angular bispectrum is 

Bl^y = ^111 kVq"-BvTv{k,p,q)AUk,Vo)A^Ap,Vo)A^riq,Vo)dkdpdq (5.61) 

where the integral is across three wavenumbers because the three wavemodes form a closed triangle rather 
than being degenerate. 

This expression is not entirely accurate; we have not, for example, enforced the triangle conditions on 
the wavenumbers k, p and q. We should also be suspicious about whether this expression has accurately 
mapped the primordial bispectrum onto a sphere; while in the two-point case the spherical Bessel functions 
that one would imagine should arise are cancelled by the delta function this is not necessarily the case when 
the three wavemodes form a closed triangle. If one works accurately through the calculation then one sees 
that, indeed, we are missing important terms. The integrand includes a term 

Ju'i" ik,p,q)^ f 31 (kX)ji, {pX)ji„ {qX)X^dX (5.62) 

where X is an arbitrary real-space variable. This term accounts for an accurate wrapping of the bispectrum 
onto the 2-dimensional CMB sky and can be calculated recursively (see §F.2) with relative ease. We also 
have a Wigner 3-j symbol premultiplying the integration; the conditions of this symbol enforce the triangle 
inequality 

\l-l'\<l" <\l + l'\ (5.63) 

on the multipole moments, and ensures that they sum to an even integer. The CMB angular bispectrum 
generated by a primordial bispectrum Babc can then be written as 



Bu." = ^ ^ jJJJ kWBABc{k,p,q) 

xA^i{k,r]o)Ai^i,{p,r]o)A^i„{q,r]a)Jwin{k,p,q)dkdpdq. (5.64) 

We derive this in the line-of-sight approach in appendix F; see also Wang and Kamionkowski [186] and 
Ferreira, Magueijo and Gorski [187]. Here {k,p, q} are the amplitudes of the wavevectors forming a closed 
triangle on the sky; these are, of course, entirely equivalent to the variables employed in chapter 4 and are 
related hy r — p/k and cos (f) — {q^ — k"^ ~ p^) / kp. 
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It is common to follow [187] and define a more limited measure of the bispectrum 
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which more intuitively resembles to the angular power spectrum and will contain much of the information 
contained within the bispectrum. Whether or not we employ the angular bispectrum or this limited bispec- 
trum is immaterial; it is clear from their form that, given pre-computed primordial bispectra, it is simple to 
predict the form of the corresponding CMB angular bispectra. Solving this equation is clearly very similar 
to solving the two-point case; given a pre-computed primordial bispectra - such as those from chapter 4 - 
we merely require the relevant transfer functions to calculate the CMB angular bispectrum. 

The main problem generating estimates for the CMB bispectra is the sheer size of the primordial bis- 
pectra - even for Bi we require a full primordial bispectrum. In principle the integration is similar to that 
in the two-point case, merely needing an extra call to the function Jm {k,p, q). However, in the three-point 
case we must integrate over a 3-D function rather than the effective 1-D function we had for the spectra. 
Again, if we wished we could call a primordial bispectrum generation routine for each {fc, p, q]', this, how- 
ever, would be ruinously slow. Instead we shall employ look-up tables, generated either from analysis or 
from realisations. Even this has its drawbacks; while the look-up tables produced for a power spectrum 
are relatively small, being of length /dim = 192, those for a bispectrum are anything but, being of size 
^dim > 7 X 10^. Moreover, a full three-dimensional primordial bispectrum takes a long time to compute 
if one wants to run enough simulations with a large enough dynamic range to reduce the errors in the final 
CMB plots. Nonetheless, for reasons of extensibility it will again be preferable to employ bispectra and 
use analytical plots only to verify simple, Gaussian power-law cases. To overcome the infra-red cut-off we 
can again excise the low-fc region and fit a three-dimensional curve in a case-by-case basis to employ in the 
integration. 

The main advantage of the method we are proposing is not that the physics is in any way different - 
obviously, that is not the case - but rather that we have exploited the simple time-evolution of the mag- 
netic sources to decouple the integration forming the angular (bi-)spectra to enable us to generate intrinsic 
bispectra separately from the transfer functions. We are also relying on numerical methods to produce our 
results and this gives us great freedom in the choice of our magnetic field. While we have chosen to consider 
primarily Gaussian, power-law magnetic fields the formalism is general enough to consider any underlying 
statistical nature and any power spectrum. As we have shown in this brief section, extending our method 
from two-point to three-point angular spectra can be achieved with relative ease - it is merely a question 
of implementation, and the problems are technical and concern the size and lengthy computation of the 
intrinsic bispectra rather than questions of the physics. In the approach employed thus far in the literature 
([52, 53, 55] for example), on the other hand, the authors are concerned with finding closed-form, analytic 
solutions. This necessitates them making repeated approximations, many with relatively limited validity, 
and deriving even the two-point spectra is relatively complex. Extending the formalism to consider CMB 
bispectra would be extremely non-trivial. 

One should not overstate the advantages of our methods. The intrinsic bispectra are heavily compro- 
mised by our limited dynamic range. Requiring a selection of three wavevectors, forming a closed triangle, 
severely restricts the number of contributory modes at each point. We must then repeat the simulations - 
around 1,500 times for a gridsize of /dim = 192 - to reduce the errors to workable amounts. This com- 
pounds the previous issue with a limited dynamic range for the realisations causing inaccuracies in, for 
example, integrations across the vector transfer functions. The time required to naively produce an intrinsic 
bispectrum is large and increases linearly with repeated simulations, and the resulting files are correspond- 
ingly huge. For infra-red fields, we will also again have significant divergences at low-fc, which will need to 
be removed by examination. It is likely that this will be most easily achieved by examining the colinear case 
to determine a large-scale cut-off, excising the bispectrum for all larger-scale modes, and then extrapolating 
onto the large scales from the more trustworthy points. In the infra-red regime, bispectra are relatively 
simple, and a three-dimensional interpolater should have little trouble fitting a curve we can extrapolate 
onto the large scales. However, we feel that despite these drawbacks this approach will most realistically 
allow us to make accurate predictions concerning the various three-point correlations induced by magnetic 
fields onto the microwave background. Moreover, it is again merely a matter of implementation to extend 
our results to correlations between temperature and polarisation, or to four-, five- and n-point correlations - 
this involves calculating the intrinsic statistics and folding them in a consistent manner onto the microwave 
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sky by use of the transfer functions, something that is relatively simple using the realised fields but rather 
complicated analytically. 

5.6 Conclusion 

We have demonstrated in this chapter that our formalism, developed in chapters 3 and 4, is sufficient to 
model a linear cosmology including a stochastic magnetic field and produce accurate photon transfer func- 
tions. After reviewing the current literature considering the impacts of a magnetic field - first briefly on 
nucleosynthesis but then concentrating on the CMB sky - we then demonstrated that one can numerically 
integrate the expression for C; employing pre-computed primordial power spectra and reproduce the corre- 
lations induced by a magnetic field. While the resulting CMB angular power spectra we presented in this 
chapter are generally not new, they should serve as a demonstration that our approach is valid. Rather than 
restrict ourselves to very simple field configurations, we have developed an approach that is highly extensi- 
ble and based upon flexible models of magnetic fields, capable of dealing with non-power law spectra and 
arbitrary statistics. Our presentation of the statistics of the simply damped causal magnetic field demon- 
strates this. The flexibility allowed by the presented formalism will enable us to consider the impact on the 
CMB temperature and polarisation angular power spectra of more realistic primordial scenarios than has 
hitherto been possible. This could be significant, particularly in the light of the CBl excess observed in the 
temperature auto-correlation. Ongoing and upcoming missions - such as CBl and VSA [80], ACBAR [81], 
SPT [84], CAPMAP [83], Boomerang [82] and Planck [175], in particular - will extend our knowledge 
of the small-scale temperature and polarisation power spectra enormously, and the two-point measures of 
these will allow us to constrain the possible properties of a primordial magnetic field with much more ac- 
curacy than is currently possible. With the formalism presented in this thesis, we are no longer restricted to 
considering only simple Gaussian power-law fields and can instead directly test field configurations arising 
from particular magnetogenesis mechanisms. Simulations are, however, limited in dynamic range - the 
mechanism of Matarrese et. al. [31], for example, is difficult to model with the range allowed by today's 
computers. We must also add that our approach, and those that preceded it, may not necessarily be valid 
for ultraviolet fields, due to their strong dependence on the time-evolving damping scale. This would con- 
ceivably introduce decoherence in the perturbations, requiring us to employ full non-equal time correlators 
to determine the imprint on the CMB. This will be considered in more detail in the future. 

A more realistic probe for primordial magnetic fields that the CMB provides is likely to be the non- 
Gaussianity that a magnetic field will induce. The field strength of the magnetic field is necessarily small 
to avoid violation of nucleosynthesis bounds; however, a magnetic field is also likely to be one of the 
few primordial sources capable of imprinting non-Gaussianity on the CMB sky at all scales. In the standard 
approach, predictions of CMB non-Gaussianity arising from such a magnetic field would be extremely com- 
plex, even assuming purely power-law power spectra and Gaussian statistics. In our approach, generating 
maps of CMB non-Gaussianity is simply a matter of integrating equation (5.64) or (5.65) employing Babc 
and Ateb,i calculated previously, which is a more realistic proposition. It will then be a relatively simple 
matter to predict the forms of the various possible bispectra arising from primordial magnetic fields both of 
the standard Gaussian power-law type - for which we might employ analytical as well as purely numerical 
methods to derive the intrinsic statistics - and of more general forms. Again, we are limited by the dynamic 
range, and more severely than is the case for the two-point moments, due to the mode-selection necessary 
in forming closed triangles. There is also a severe infra-red divergence in the primordial bispectra and we 
will necessarily have to excise the large-scale region and replace it with a surface fitted to the smaller-scale 
bispectra. We are also limited by matters of practicality - intrinsic bispectra take a long time to generate 
and are relatively large. However, they need only be computed the once and can be employed many times 
for different scenarios; a continuously-sourced field, for example, will generate different transfer functions 
than a field that has been in existence since before neutrino decoupling. Care would need to be taken in 
such a case that the sources remained coherent. The non-Gaussianity of the CMB is currently only weakly 
constrained by WMAP, even on the large scales; this is partly due to the method by which we assess it. 
Knowing the signatures to test for given a particular scenario will help target future searches. Forthcoming 
missions are expected to improve detection significantly. A usual measure of non-Gaussianity is known 
as /nl; this characterises the strength of a non-Gaussian component to the initial curvature perturbation 
[188]. While it is not particularly meaningful at present to relate this parameter to the non-Gaussianities 
from magnetic fields, it is indicative that while the first year of WMAP data can only constrain /nl to 
/nl G (-58, 134) [79], the full eight-year WMAP data might constrain it to |/nl| < 20 [189]. The Planck 
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satellite is likely to constrain it to the order of unity, |/nl| < 5 [189]. It would then seem plausible that 
Planck will measure the CMB non-Gaussianity sensitively enough to allow us to search for the imprint of 
primordial magnetic fields, and tighten the constraints derived from the two-point statistics. 



Chapter 6 

Discussion and Conclusions 



In this thesis we have considered various aspects of the cosmological magnetic field and the impact it has 
on the pre-recombination universe and on the microwave background. In chapter 2 we constructed a unified 
formalism for an unmagnetised, linear cosmology in a synchronous-gauge FLRW universe, considering the 
vector perturbations on an equal footing to the scalar and the tensor perturbations. While this does not 
involve much modification for fluid matter, we have presented the formalism for effective fluids governed 
by the Boltzmann equation, adapting and extending the results of Landriau and Shellard [109]. We derived 
the form of the CMB transfer functions for temperature in a traditional and in a line-of-sight formalism for 
scalar, vector and tensor modes. Polarisation is considered in appendix D. 

In chapter 3 we then incorporated a magnetic field into this perturbation theory. Some results were 
presented for the first time in a greater detail than has been previously, leaving the perturbation character of 
the magnetic fields entirely unspecified and leaving open the simple adaptation of the equations to a two- 
parameter system wherein the geometry is linearised with an explicit parameter e while the magnetic field is 
linearised with an independent parameter e b, and combinations of the two are not neglected. We considered 
the effects of the magnetic field on the Lorentz forces and the stresses in some detail and reviewed the 
results of Subramanian and Barrow [70] and Jedamzik, Katalinic and Olinto [69], in which they derived the 
damping of magnetic fields from photon viscosity. We returned to this matter in chapter 5. 

Chapter 4 considered in detail the full statistics of the magnetic sources that would be included in a nu- 
merical model of the magnetised cosmology. Exploiting the large-scale time-independence of a scaled field 
B ~ a^h, we presented analytical expressions for the two- and three-point moments of the static magnetic 
stresses, separated into a scalar trace, traceless scalar, two vector and two tensor degrees of freedom. We 
then employed these analytical expressions, derived for the very specific (and perhaps unrealistic) case of 
a Gaussian-distributed magnetic field with a power-law spectrum, to confirm the accuracy of numerically 
simulated fields generated on a finite grid. These numerical models can be constructed with arbitrary power 
spectra and statistical character and are vastly more flexible than the analytical approach; the drawback is 
the limited dynamical range and computational time required. Excellent agreement was found between the 
analytical approach and the simulated fields, leaving open the study of more generic power spectra and 
statistical natures. 

At the two-point level we constructed the power spectra of the different components of the stress-energy 
tensor, confirming and greatly extending the previous results. By the nature of the separation, the cross- 
correlations vanish. Differing behaviours for the ultraviolet regime n > —3/2 and the infra-red regime 
n < —3/2 were confirmed, with the bluer spectra being dominated on large-scales by the intrinsic damping 
scale, and the infra-red spectra losing their features and behaving as 

Even for the simple power-law and Gaussian case significant non-Gaussianities were found at both the 
one-point level for the scalar pressures, and the three-point level for a wide variety of cross-correlations. 
At the one-point level the isotropic pressure (and thus energy density) of the field behaves, as expected, as 
a -distributed field and this is insensitive to spectral index. The anisotropic pressure, on the other hand, 
is relatively Gaussian, due to its non-local dependence on the magnetic fields diluting the non-Gaussianity. 
The statistics of the anisotropic stress are dependent on the spectral index. 

At the three-point level we modelled non-Gaussianity with a bispectrum method, considering rotationally- 
invariant combinations such as {ttY Ty). This is, to our knowledge, the first time that cross-correlations 
between different components of the scalar-vector-tensor split have been studied with a bispectrum method 
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and we presented the full analytical results. Although severely limited by a sparse mode-selection, av- 
eraging a large number of random simulations generated a superb agreement with the predictions. The 
intrinsic bispectra for the infra-red power-law case with ?i > — 1 contain many features and are dependent 
on the damping scale. These spectra are tightly constrained to unobservable levels by the Caprini/Durrer 
nucleosynthesis bounds. For the more realistically observable case with an infra-red spectrum n « —3 the 
features observed are washed out by the extreme tilt; more interestingly the nature of the (ttts) correla- 
tion on large scales changes drastically - for ultraviolet fields this cross-correlation vanishes on large scales 
while for infra-red fields, along with the other bispectra, it behaves as 

We also briefly presented the one-, two- and three-point results for the Lorentz forces. The Lorentz 
forces are directly proportional to components of the stress-energy tensor; the proportionality does, how- 
ever, include the wavenumber and this modifies the angular integrations. At the one point level, the scalar 
Lorentz force inherits the nature of the anisotropic pressure and is relatively Gaussian compared to the 
isotropic pressure. It is also sensitive to the spectral index. At the two-point level, the dependence on the 
wavenumber drives the auto-correlations to zero on large-scales and a length-scale is introduced at which the 
power spectra turn over. The three-point correlations have a similar nature; only two rotationally-invariant 
combinations are possible, the scalar auto-correlation and the cross-correlation between the scalar and the 
vector isotropic spectrum. Both agree to good accuracy between simulated fields and analysis. These bis- 
pectra are again vanishing on large-scales for a flat spectrum. While they do also vanish on large-scales 
for a strongly-tilted spectrum (by construction) the behaviour close to fc = is very similar to that of the 
stresses. 

As an illustrative example we then briefly considered a modified power spectrum, taking a causally 
generated field with n ~ 2 and introducing an exponential damping rather than a sudden cutoff. This is a 
crude approximation for the type of field that would be generated by a process other than inflation (or some 
other acausal early-universe source) such as plasma processes before and at recombination. These precise 
magnetogenesis models are unlikely to generate Gaussian fields - indeed, fields sourced at second-order by 
the first-order density perturbation are distributed - and are, moreover, likely to be too weak to have an 
observable impact upon the CMB. However, it is not inconceivable that some process existed at some time 
before or after neutrino decoupUng that generated a causal magnetic field with a greater strength. The gross 
features of a damped causal magnetic field are very similar to the = case considered previously. We 
again confirmed the simulated fields with an analytical integration. 

The techniques developed and employed in this chapter, and particularly the simulations of the fields, 
have a greater validity than just the toy model of a primordial magnetic field that we have considered. 
There are various possible non-linear sources, and each such source will contribute non-Gaussian signa- 
tures. Cosmic strings are a natural example of such a source. Modification to our codes would naturally 
be necessary; however the basic techniques could be highly adaptable if care was taken to consider the 
decoherence introduced by an evolving source. 

In chapter 5 we turned to the observational impacts of a simple primordial magnetic field, first reviewing 
limits from nucleosynthesis. A conservative estimate [5] shows that the current magnetic field strength is 
constrained from nucleosynthesis to be of the order of /iG, while stringent - albeit controversial - limits 
can be found by considering the gravitational waves produced from a magnetic field [23]; for a field with a 
flat spectral index, smoothed on a sub-megaparsec scale, these can be as strict as B < 10~'^"G. 

However, it is with the CMB that we chiefly occupy ourselves. We described how one can evaluate 
the damping scales without recourse to power-law approximations before outlining the basic procedure by 
which the intrinsic statistics derived in the previous chapter could be wrapped onto the CMB. To do so re- 
quires the photon brightness functions, and as a first approximation, and to act as illustrative examples, we 
derive the large-scale approximations of these for the vector and tensor perturbations. These reproduce from 
our own formalism those in Mack et. al. [55] and include the vector tight-coupling approximation. The 
vector transfer functions are found to differ dramatically between different damping regimes for perturba- 
tions below and above the Silk scale, while the tensor transfer functions are found to consist predominantly 
of an integrated Sachs- Wolfe term. 

We considered the two-point statistics of the CMB, first briefly reviewing the results of previous ana- 
lytical studies. The small-scale studies suggest that for a steeply-tilted spectral index a magnetic field of 
approximately nano-Gauss strength would begin to dominate the standard ACDM at around I k, 2000, with 
stronger signals for shallower spectra. The large-scale studies consider the magnetic field when its im- 
pact is generally subdominant for the temperature auto-correlation and thus concentrate on the polarisation 
spectra. We then reviewed the more accurate numerical results which employed CAMB [59] or CMBFast 
[51, 61, 66] with magnetic sources. These studies, each limited in their own way, confirmed and extended 
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the previous analytical estimates. Magnetic signals on the temperature auto-correlation spectrum domi- 
nate for highly-red nano-Gauss fields at around I w 2000 and at much lower levels for shallower indices. 
A causal field might be expected to contribute a large amount towards the possible excess of small-scale 
power observed by, for example, CBl [80] and ACBAR [81], and this suggests a constraint on the amplitude 
of such a field. Lewis performed far the most complex study and his contributions to the initial conditions 
required, in particular, are invaluable. Despite being magnetised Boltzmann codes, and generating in prin- 
ciple fully accurate transfer functions, these studies still rely on the previous analytical approximations and 
are thus restricted solely to Gaussian power law fields, and reliant on approximations for the normalisation 
of the power spectrum and the source spectra that are not necessarily particularly accurate. 

Using our own formalism, we demonstrated that our approach is valid, reproducing the forms of Mack 
et. al. [55] for the angular power spectrum. We also presented the angular power spectrum imprinted by a 
Gaussian field with a damped causal spectrum; this is not significantly different from a causal field with a 
sharp cut-off, as should be expected. However, it serves as a demonstration that not only can we model the 
CMB imprints of fields that have been considered before, but also that we can consider more general fields 
that would be intractable analytically. By generating their intrinsic power spectra through realisations and 
folding them across the usual magnetised transfer functions, we can then predict the observable impact of an 
entirely generic magnetic field. A motivation for this comes from the field produced by second-order mixing 
of scalar and vector perturbations [31, 32, 33]. Regardless of the details of these studies, such a magnetic 
field will be naturally ^^-distributed for Gaussian initial conditions, and will possess a damped causal power 
spectrum of some form. Unfortunately our formalism is limited by dynamic range and it is not possible to 
use the form of power spectrum from, for example, [31] with any great accuracy. Nonetheless with a 
new generation of small-scale {I > 1000) CMB results expected from CBl and VSA [80], ACBAR [81], 
Boomerang [82], CAPMAP [83], SPT [84] and Planck [175], we might expect to constrain the possible 
properties of a primordial magnetic field with much more accuracy than is currently possible, and our 
approach allows us to consider a wide variety of fields from a wide variety of magnetogenesis mechanisms. 

We finally turned to briefly considering the non-Gaussianity of the CMB. While magnetic fields con- 
tribute fluctuations to the CMB angular power spectra, their effect is relatively minor compared to that from 
standard cosmology, until one considers the very small scales. While the upcoming CMB observations will 
greatly improve observations on a small scale and the potential is there to constrain magnetic fields - Ya- 
mazaki et. al. have derived impressive constraints on a Gaussian power law field in [66] and these might be 
tightened as observations improve - they will still be compromised by foregrounds. The non-Gaussianity 
imprinted by even a Gaussian magnetic field, however, will be on large-scales as well as small scales, and a 
primordial magnetic field is one of relatively few sources that is expected to imprint a significant primordial 
non-Gaussian signature. The eight-year WMAP data and results from the Planck satellite are expected to 
constrain non-Gaussianities well - to the level of |/nl| < 20 for optimal WMAP results, and to |/nl| < 5 
for Planck. While there is no direct correspondance between /nl and the non-Gaussian signatures of a 
magnetic field, this does suggest that the sensitivity might be there to detect magnetic non-Gaussianities. 
We choose to characterise the CMB non-Gaussianity with an angular bispectrum and demonstrate that this 
can be evaluated straightforwardly using an extension of our two-point methods. The situation is compli- 
cated by the unwieldy nature of the intrinsic magnetic bispectra, but this is merely a technical issue rather 
than a fundamental flaw. Given the transfer functions for a magnetised cosmology, which would ideally be 
generated by a modified Boltzmann code such as CAMB [67], CMBFast [86] or CMBEasy [143], it is a 
matter of integrating equation (5.65) for a chosen pre-generated intrinsic bispectrum. This process is, how- 
ever, lengthy and the bispectra are severely limited by the dynamic range of the realisations. However, this 
method will be both more accurate and more extensible than an analytic approximation would be. It seems 
plausible that the next generation of CMB observations will be capable of strongly constraining the CMB 
non-Gaussianity; our formalism will then allow researchers to search for the imprint of a primordial mag- 
netic field and perhaps constrain magnetogenesis models more tightly than is possible with the two-point 
spectra. 

Magnetic fields are likely to be present in the universe from the earliest times and fields strong enough 
to affect the CMB sky are entirely likely. In this thesis we have presented a magnetised cosmology in 
a formalism easily incorporated into the Boltzmann code CMBFast and examined in detail the statistical 
nature of the magnetic sources. We have then demonstrated that we can numerically produce the CMB 
anisotropics in an extensible manner that is not restricted by the nature of the fields. This approach is easily 
adapted for considering the non-Gaussianity such a field would induce onto the microwave sky. With the 
improvement in CMB data within the next decade expected to tightly constrain the CMB non-Gaussianity, 
we can then have a solid test of a primordial magnetic field. 



Appendix A 

Further Issues in Perturbation Theory 



In this appendix we shall briefly cover some fundamental issues in relativistic cosmological perturbation 
theory that we did not mention in the main text. We begin with a derivation of the Robertson-Walker metric 
and proceed to a discussion of gauge issues in a linearly-perturbed FLRW universe. 

A.l Derivation of the Robertson- Walker Metric 

We arrive at our assumptions for the metric by extending the Copernican principle out into the universe. 
In its bare form, the Copernican principle states that the Earth is in no special location in either the solar 
system or the universe. It seems ridiculous to think that our solar system - in an unremarkable part of 
the galaxy - is at a preferred location in the universe and the Copernican principle is precisely that it is 
not. When married to observations of the CMB demonstrating that it is isotropic to at least one part in ten 
thousand the Copernican principle leads us to model the current universe as a maximally-symmetric space 
of some sort. It is maybe worth commenting that merely because the current observations strongly support 
a universe isotropic about the Earth there is no good reason to believe that this always had to be the case 
and models of cosmology that tend asymptotically to the isotropic are allowed by the observations so long 
as they satisfy nucleosynthesis and CMB bounds. Our derivation of the Robertson- Walker metric follows 
that of Carroll [190]. 

A.1.1 Maximally- Symmetric Spaces 

Consider a four-dimensional spacetime with the greatest possible number of isometrics - transformations 
on the metric that leave it unchanged, equivalent to Killing vectors. In this spacetime there are obviously 
four translation symmetries, corresponding to the four axes of some co-ordinate system. If we set up a 
co-ordinate system about a point P we can also see that there are six independant rotations after we have 
removed those that mirror another. This leaves us with the expected ten isometrics in a four-dimensional 
space. This argument is strictly applicable directly only in flat space; however, it only concerned the 
nature of the space local to the point P - that is, in a Riemannian co-ordinate system. The co-ordinate 
system chosen will not affect the maximum number of independant isometrics, and the point P was chosen 
arbitrarily, and so this conclusion can be applied in any situation regardless of the curvature of the space. 

In a maximally- symmetric space, the curvature obviously has to be the same at each point (by the 
translation symmetries); this restricts the number of maximally-symmetric spaces - one merely needs the 
Ricci scalar and we can surmise that we can take a prefactor to be negative, zero or positive. That is, we 
expect only three maximally-symmetric spaces. 

To quantify this statement, let us construct the Riemann-Christoffel tensor. Consider a Riemannian co- 
ordinate system about some arbitrary point in the maximally-symmetric spacetime with metric 77^^. This 
metric is invariant under a Lorentz transformation to another Riemannian co-ordinate system and we would 
wish for the associated Riemann-Christoffel tensor to behave in the same way. It must then be constructed 
from the metric and from the few other tensors that remain invariant under Lorentz transformations - the 
Kronecker delta and the Levi-Civita tensor density. If we make combinations of these tensors we can then 
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match them against the required - and stringent - symmetries for the Riemann-Christoffel tensor. The only 
combination that matches the symmetries is 

This is a tensorial relation and so is applicable in all reference frames; moreover, our choice of P was 
arbitrary, and so the equation holds across the whole spacetime. We then express the curvature tensor of a 
maximally-symmetric spacetime as 

Rfj.i>pa = const X {gppgva - g^agvp) ■ 

Contracting across the first and fourth indices leaves 

R„p = const X (g^p - ng^p) 

and contracting this again leaves us with 

R = const X n{n — 1) 
which fixes the proportionafity constant, finally yielding 

R 

Rfj.L'pcr — 7 TT {gppgva gfiagup) ■ (A.l) 
n(n — 1) 

So if 



n{n — 1) 

is the measure of curvature of the space - which can be either positively curved, negatively curved, or zero 
and is usually normalised to/C £ { — 1,0,1} - then in four dimensions we have the Ricci tensor and scalar 

Rpu = ilCgpu, i? = 12/C 

and so the Einstein tensor 

Gpi, = —iJCgpi,. 
This then implies (by the Einstein equations) a matter that obeys 



T -A 

J- pi/ — a ^9 pi/ ^^gpu^ 



being directly proportional to the metric tensor, this is a cosmological constant. 

We have thus shown that there are only three spaces of maximal symmetry, which are called de Sitter 
space if A > 0, Minkowski if A = and anti-de Sitter if A < 0. The physical interpretation is that the 
de Sitter universes contain only a vacuum energy and are in a state of either eternal expansion or eternal 
collapse (see equation 2.62), while Minkowski space is non-gravitating. (Quasi-)de Sitter spaces are vital in 
inflationary and dark energetic theories (see for example §2.5), corresponding as they do to a universe filled 
with a cosmological constant (a vacuum energy density) or a scalar field mimicking such, while anti-de 
Sitter spaces are frequently employed in string and string-inspired theories, such as braneworld models of 
cosmology [191, 192, 193]. 



A.1.2 The Robertson- Walker Metric 

The (Friedmann-LeMaitre-)Robertson-Walker metric is the basis of modern cosmology, being the metric 
that results when one imposes isotropy and homogeneity upon a spacelike slicing of the universe. One could 
attempt to use a fully maximally-symmetric metric but, as we have shown, there are only three of these, de- 
Sitter space, anti de-Sitter space, and Minkowski space, and these are not acceptable models of the current 
universe; even though this would hold only on the largest scales, the exponential expansion or collapse of 
the de Sitter models is simply not observed, even taking into account the recent supernova results implying 
an acceleration in the expansion of the universe [104, 78]. Instead, we wish to find a maximally-symmetric 
3-space but allow for a generic time evolution. 
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We thus impose a milder implementation of homogeneity and isotropy, for a spacelike slicing with 
metric jij, by taking the spacetime line element to be 

ds^ = -dt^ + R^{t)-f,j{u)du'du^ 

where are some (comoving) co-ordinates that ensure the time-space cross-terms vanish. This metric 
models a maximally-symmetric spacelike surface evolving with a time parameter t. 
The Riemann-Christoffel tensor on this 3-dimensional spacelike hypersurface is 

(3)^ 

which has the Ricci tensor 

As a convenient choice of co-ordinates, we shall employ spherically symmetric co-ordinates - a space 
of maximum symmetry will certainly be spherically symmetric. Appropriating the spacial part of the 
Schwarzchild solution we express 



-fijdu'du^ = e'^'^^^'^df^ +r'^dn^ 



which has the Ricci tensor 



^'^Rii = l^^(3, ^^^R22 = (rd,/3 - 1) + 1, <^'^R33 = (e'^^ {rd,P - 1) + l) 

with all other components zero. We can then use the relationship between the Ricci tensor and the metric 
to read off the components (defining K, = R/&) and solve for /?; that is use the equations that result from 

to determine (3 and the Robertson- Walker metric. This expression contains only two independant equations, 

of J. y ) 

The solution of the first of these is found by setting /? = In a and integrating, whence 

/3(r) = - Jin {c-JCf^) 

with c the constant of integration. Substitution into the second equation quickly gives us 

/3(r) = -iln(l -/Cr^) . (A.3) 

We then have that the line element on the maximally-symmetric hypersurfaces is 



i^)ds^ ^^^+r^dn\ (A.4) 
1 - /Cr2 



A common alternative is to employ co-ordinates 



dr 

dx = , (A.5) 



implying 

sinx, K = \ 



X, /C = =Sjc(x) (A.6) 
sinhx, /C = — 1 
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and 

^''Us^ = dx^ + Slix)dn^. (A.7) 

We then find Euclidean space for K, — 0, a sphere for JC = 1 and a hyperboloid for /C = — 1. 
Going to our full spacetime we then have the FLRW metric, 



ds^ = -df + R^{t) ( — ^ + r'^dn^ ) (A.8) 

1 — iCr 



where f is dimensionless and R{t) is the "scale factor" giving the physical size of the spacelike slices. In 
this work we have taken the more usual approach of setting a{t) as the dimensionless scale factor and a 
radial co-ordinate r with the units of distance, 

= ^dt' + a\t)(^^+r''d^l^ 
\ 1 — iCr^ 

= a2(^)(^-d^2^^^^+rW) (A.9) 

where in the second equation we have converted to "conformal time" drj ~ a~^{t)dt which puts us into a 
co-ordinate system that is conformally Minkowski if /C = 0. For simplicity, we shall take the metric to be 
conformally-Minkowski throughout, which reduces the harmonic functions - the eigenvectors of 

where is the covariant derivative with respect to x'^ - to the Fourier modes cxp(±ik.x). 



A.2 Perturbation Theory and Gauge Issues 

The (Friedmann-LeMaitre-)Robertson- Walker metric derived in the last section forms the large-scale "back- 
ground" model for our cosmology; to begin to approach a realistic model of the universe, we must perturb 
this metric to some order in an implicit perturbation parameter e. Doing so immediately raises the issue 
of gauge variance; general relativity is a gauge theory and, while the metric has ten degrees of freedom, 
there are only six independently contained within the perturbations - two of scalar form under arbitrary 
co-ordinate changes, two of vector (gradient and divergenceless modes) and two of tensor (+- and x -type 
polarisations). We thus have four degrees of freedom in the metric perturbed to first-order in the geometry 
which must be removed to ensure the physicality of the results. 

There are two main approaches to perturbation theory that have been employed in cosmology; the first 
is the metric-based approach pioneered by Lifshitz as long ago as 1947 [73, 74, 75]; see [194, 94, 108, 145] 
for an inexhaustive list of a few more modern reviews. The basis of the metric based approach is familiar 
in style from perturbation theory in other areas of physics and particularly in fluid mechanics; we assume 
a "background" geometry that we know to be fictional, and then add in perturbations to some order to gain 
a better approximation of the physical situation. In effect, we are making a map from a fictional, smooth 
manifold onto a perturbed, "physical" manifold. The problems in this approach arise from the gauge- 
dependence of general relativity and the complications from assuming from the outset a purely fictional 
background metric. The older approach to metric -based perturbation theory was to select a gauge to work 
in throughout, the most common choices being the conformal Newtonian (or longitudinal) gauge - or the 
related Poisson gauge when vector (vortical) perturbations are also considered - and the synchronous gauge 
initially used by Lifshitz, in which the universe is foliated around either the cosmic or conformal time with 
comoving hypersurfaces. The synchronous gauge has the benefit of physical lucidity - the line element of 
the flat Robertson- Walker geometry closely resembles that of Minkowski space, as opposed to that of the 
conformal Newtonian gauge which, as its name might suggest, more closely resembles linearised gravity - 
but has a distinct drawback: as we show in the next section, synchronous gauge is not a uniquely defined 
gauge and possesses spurious "gauge modes" which one has to be careful to remove. Ma and Bertschinger 
provide a useful review of linearised perturbation theory - for scalar perturbations - in both the synchronous 
and conformal Newtonian gauges, though one should be aware that their definitions of perturbed quantities 
differ significantly from those we employ in this thesis. Beginning with Bardeen (for example, [195, 196]) 
a "gauge-invariant" approach to metric-based cosmological perturbation theory has grown in popularity; 
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this involves removing gauge ambiguities by combining variables (defined in some gauge) in such a way 
that they are invariant under some gauge transformation. While admittedly contrived, this approach has sig- 
nificant advantages over the older approach of fixing a single gauge and working within it. This approach 
is now widely employed and the review of Mukhanov, Feldman and Brandenberger [94] is an excellent 
introduction to this formalism. The other main approach that has been employed is the gauge-invariant 
and covariant (GIC) approach to cosmology, introduced by Ellis and Bruni [98, 99]; see also the compre- 
hensive review [100] and [68, 72, 71] for selected examples of its application to magnetised spacetimes. 
The GIC approach is a 3+1 split superficially similar to the ADM formalism [197], in which spacetime is 
separated around the congruence of "fundamental" observers' four-velocities - where "fundamental" ob- 
servers would be roughly equivalent to comoving observers in the standard metric -based approach. Using 
the four-velocity as the timelike parameter, spacetime is then foliated with planes instantaneously orthogo- 
nal to the four- velocity. The main benefit of the GIC comes from the Stewart- Walker lemma [198] which 
states that any quantity that vanishes on a background manifold is automatically gauge-invariant on the per- 
turbed manifold. ' Applying this to cosmology, we may define a Robertson- Walker manifold as an implicit 
"background" and, by forming quantities that vanish in a Robertson- Walker metric, we may automatically 
reduce the full non-linear equations to those for a zeroth- and first-order perturbed Robertson- Walker metric 
with the assurance that gauge issues have been avoided. 

A.2.1 IMetric-Based Perturbation Theory 

In this section we shall briefly discuss first-order metric perturbations of the flat FLRW metric and the 
gauge issues that arise. We employ a flat metric partly for the pure simplicity it introduces to the equations; 
however, it should be noted that the current observations strongly support a universe that is, at the most, 
only mildly differing from a flat case [78]. With the simplifying assumption /C = we can expand our 
spatial variables across Fourier modes cxp (— ik.x), rather than constructing harmonic eigenvectors in a 
closed or an open geometry (see for example [145] for a generalised discussion). 

Mukhanov, Feldman and Brandenberger [94] present a lucid introduction to gauge transformations and 
perturbed geometries; further details may be found in, for example, Weinberg [96], Wald [92] or Carroll 
[190]. We present the first-order FLRW metric here as 

+0^(77) [-Sgoodif + 2Sgoidr]dx'- + Sgijdx'dx^) . (A.IO) 

The perturbed section of the metric can be made up of quantities derived from scalar, vector and tensor 
quantities. 

Consider first the scalars: Sg^vi is a scalar quantity and so we set Sg^vi = —2^, while Sg^i is a vector 
and can be constructed as Sg^i = where | denotes a covariant derivative with respect to the background 
metric - while for a scalar this is obviously identical to a partial derivative, for other objects this specification 
will be necessary since the perturbed metric is as yet undefined. Similarly, 5gij is a rank-two tensor and can 
be constructed from scalars in two forms, one proportional to the background metric and one constructed 
from the second derivative of a scalar, that is, Sgij = 2 — i'lij)- We cannot add a multiple of the 
totally anti-symmetric tensor density since the metric must be symmetric. The signs on and ifj are chosen 
to resemble the Newtonian gravitational potential. 

We do much the same for the vector perturbations; here, obviously, we do not have a contribution to (5goo 
since any scalar formed from the divergence of a vector can be incorporated into the scalar 0; for Sg^i we 
can simply take Sg^i = ~Si, and for the tensor we can take 6gij = Fi\j + Fj\i which has been symmetrised 
to ensure the symmetry of the metric tensor We impose 5*| ■ = i^'^ = to ensure an unambiguous split 
from the scalars. Raising and lowering of indices is performed with the background metric 7^ and its 
inverse 7'^ ; see, for example, Wald [92] for a justification. Acting on a first-order variable with the full 
metric obviously yields the same result as acting with the background metric. 

In the tensor case we can only perturb the space-space part of the metric, and here we denote this by 
59y=Gy with G\ = G*^l,=0. 



'it is worth pointing out tliat the definition of "gauge-invariant" between the standard and the GIC approaches is thus somewhat 
different. 
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Thus we have the perturbed metric 

ds^ = a^{r]) - (1 + 2</>) drf + 2 {B\, - S^) dr]dx' 

+ ((1 - 7y + 2Ei,j + 2F(,|,) + G,,) dx'dx'^ (A.ll) 

where ^(y) = (1/2) (A^ + Aji) is the symmetrised part of a tensor Ay. The time-time component, 0, 
is known as the "lapse" function, while the space-time component, B\i — Si, is known as the "shift" for 
readily apparent intuitive reasons; for an event on the spacelike hypersurface the lapse function gives the 
change in the time co-ordinate - the time "elapsed" - while the shift function maps it to a corresponding 
event on the next hypersurface. 

This line-element is redundant since we have not yet imposed a gauge. We turn briefly to considering 
transformations between gauges and comment on "gauge-invariance" in this formalism. 

A gauge transformation swaps the "reference" manifold on which quantities are defined from one to 
another; these quantities, however, must be measured at the same event as viewed from the two manifolds. 
The map that uniquely determines the co-ordinates of the event on a manifold is called the gauge choice, 
and we can view the choice of a gauge as the choice of a co-ordinate system - in the language of the 3+1 
split of spacetime, the gauge choice is a choice of the threading and slicing of spacetime. Applied directly 
to our situation, the gauge choice is a choice of the map between an event on the "physical" (i.e., first-order) 
universe and an event on the fictional Robertson-Walker background. 

Let a gauge transformation between two gauge specifications be given by 

.x^ +^''(2;) (A. 12) 

where (x) is infinitesimal and for the purposes of this section a bar denotes a different gauge rather than 
a "background" quantity. This then implies that 

FpT^ r)x^ 

^=^i+ ^d=^=^^^- ^'.^ + ^(^')- (A.13) 

With these we can consider how scalar, vector and tensor objects transform under a gauge shift. 
Consider first a scalar V{x'^). Then, by definition, 

y(x^) = Vixf"). 

But we can expand x^ to give 

— — — BV 

Vix^) = Vixf") - V (x'' + e{x)) = Vix'') + — + O (e) 

oxf^ 

implying that the gauge shift in a scalar quantity is 

Vix^ = V{xn - = Vix^') - (A. 14) 

where the last step obviously follows because, for a scalar quantity, the partial and the covariant derivative 
are identical. 

For a vector Aa{x'^), by the tensor transformation laws, 

= A^ix)-A^f^^ + 0{e) 

But 

_ _ f)A 

A^(xn = A^{x^ + = A^ixn + + o{e) 

which then implies 
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which, by converting the partial derivatives into covariant derivatives can be shown to be 

Repeating the calculation for a contravariant vector gives 

Tix) = A^ix) + A^r'^ - (A.16) 
A similar calculation for a tensor (x) rapidly establishes that 

B^,{x) = B^,{x) + B^^C\, - Sa.ri^ - rS^.la. (A.17) 

We may generalise these considerations by defining the Lie derivative, which: for each covariant index 
fi subtracts a contraction of the tensor with for each contravariant index i/ adds a contraction of the 

tensor with ^q, and subtracts off a final term V^t where V denotes the covariant derivative. That is, the 
difference in some arbitrary tensor under a gauge transformation is 

ATif::: (x) = t^;- [x) - r,^;;; [x) = A^Ti^::: (x) 

= T^:::U'' + ----Tt.:i\ rr::.|„ (a.is) 

and denotes the Lie derivative in the direction of ^. 

These are the general gauge transformations of scalar, vector and tensor quantities. We can now apply 
these transformations to the perturbations of the metric. First, let us specify the gauge transform as 

= fe°,c'^+r) (A. 19) 



where . = - i.e. (J- is the transverse component of the spatial gauge shift. From this we can immediately 
show 

and so 



Sgoa 


= 5gm 


^got 


= SgQi 


5g^J 


= 5gij 



/oo ? ,i 7 % €:Ofc gij C ^0 



(A.20) 



where we have used the vanishing spatial derivatives and goi components of the background metric. Insert- 
ing now the full annsatz for the background metric we see that 

- 6 - 4 

- 2^7,,^° - 2^., - 2|(,,,) (A.21) 

where an overdot denotes differentiation with respect to the conformal time. 

With the definitions of our metric perturbations we can now rapidly derive a set of gauge transforma- 
tions. 



Sgao 


„ ^300 _^ 


a2(ry) 




Sgoi 


_ (>gai J 


02(77) 




Sg,j 


5gtj 







Si = Si + ^i, Fi ^ Fi ~ S^i, Gij — Gij (A.22) 



A.2. PERTURBATION THEORY AND GAUGE ISSUES 



123 



demonstrating that the tensor perturbations - the gravitational waves - are naturally gauge-invariant. 

There are naturally many - indeed, an infinity - of possible gauges one may select. We shall concentrate 
on two often encountered within the literature: synchronous gauge, first examined in the cosmological 
context by Lifshitz, where we take a purely spatial slicing of spacetime foliated along the cosmic time; 
and Poisson gauge, which is a generalisation [199] of the longitudinal, gauge employed by Mukhanov, 
Feldman and Brandenberger [94] and Ma and Bertschinger [108]. Both gauges have their advantages and 
disadvantages. Other common choices of gauge include the uniform curvature gauge, wherein spacetime 
is sliced along surfaces of constant curvature, and uniform density gauge, wherein the slicing is performed 
along surfaces of constant matter density. 

A.2.2 Synchronous Gauge 

Throughout this thesis we shall work almost entirely within synchronous gauge, which is the gauge found 
by explicitly writing the FLRW metric as a simple foliation of spacetime. That is, we set the lapse and 
shift functions to zero and spacetime is foliated by conformally Euclidean spacelike hypersurfaces. As we 
shall shortly see, synchronous gauge is not well defined and contains spurious gauge modes. However, it 
is useful for two respects - the metric manifestly resembles our usual Minkowski space with purely spatial 
perturbations, which can provide a useful aid to intuition, and there is an unambiguous time parameter 
which is simply either the cosmic time or the conformal time. Moreover, the CMBFast code [86] is written 
in synchronous gauge, partly to exploit this simple time parameter, and if we at any point should desire to 
incorporate our results into a numerical code this will prove a large advantage. 
Synchronous gauge is found by setting 

0Sy„ - Ssyn = ^Syn = (A.23) 

and from an arbitrary gauge the transformation into synchronous gauge is then defined by 

0sy„ = = - (^e" + , Bsyn = = B + e-t Sf^'' = = S,+i. (A.24) 
Solving this set of equations for the gauge transformation ultimately gives us 

where ci, C2 and cY are arbitrary functions of the spatial variables but constant in time. It is these functions 
that provide the ambiguity within synchronous gauge and results from within this gauge need to be analysed 
carefully to remove any spurious, unphysical modes. See for example [91, 195] for more details on this 
point. 

A.2.3 Poisson Gauge 

We shall employ Poisson Gauge as employed by Bertschinger [ 199], introducing first the conformal Newto- 
nian gauge ([94, 108]). Conformal Newtonian gauge contains only scalar perturbations and so, by definition, 
^Nwt _ ^Nwt _ Gfj"^ ~ 0. The gauge condition on the remaining scalar degrees of freedom is that the 
lapse vanishes and there are no scalar derivatives in the spatial perturbation - that is, 

B^wt = £^Nwt = 0. (A. 27) 

Since the only perturbations that remain are on the time-time and isotropic space-space terms the result- 
ing metric closely resembles a perturbed Minkowski (weak-field) metric and the perturbations cj), ip the 



ci(x) + J a{fi)<j){7i,x)dTj, 

C2(x) + J B{fi,x)dfi + J J --^a{f])(l){rj,x)drjdfi, 



cY^x.) - / 5',(r],x)d?7 



(A.25) 
(A.26) 
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Newtonian potentials. Following the same process as for the synchronous gauge, we rapidly find that the 
gauge-transform from an arbitrary (scalar) gauge into conformal Newtonian gauge is 

E, ^° = ^-B = E-B (A.28) 

which, unlike the transformation into synchronous gauge, is uniquely defined. 

Poisson gauge is little more complicated than conformal Newtonian gauge; it is defined by retaining 
a transverse vector part in the shift, which then renders the shift merely Si, and eliminating the vectorial 
space perturbation. The additional transform needed from an arbitrary gauge into Poisson gauge is then 

e. = F,- (A.29) 

The tensor perturbations being gauge-invariant, Poisson gauge is then well suited for studying cosmo- 
logical perturbations, even in the presence of active anisotropic sources, as synchronous gauge. 



A.2.4 Transferral between Synchronous and Poisson Gauge 

Transferral from synchronous into Poisson gauge is simple; using the above expressions for transferring 
into the Poisson gauge we rapidly see that 

— Esyn ~ Bsyn — Esyn, £,~Esyn, C = Egy^. (A.30) 

Thus the Poisson gauge variables are given in terms of the synchronous variables as 

0Poi = - (j^Syn + -Esyii^ , IpPoi — V'Syn — ~^Syn, S'poi ~ ^Syn- (A.31) 

Due to the ambiguity in transferring into synchronous gauge, the reverse is far from pleasant. The gauge 
transformation turns out to be 



a-iv)^ = ci(x) + J a{f})(j)poi{f),yi)df}, 

C = C2(x) + yy"^0Poi(?7,x)d77d77, (A.32) 

e = cV(x)-y5j>„i(77,x)d7?. (A.33) 

The explicit forms for the metric perturbations are now simple to write down but not particularly illu- 
minating. 



A.2.5 Gauge Invariance and the Bardeen Variables 

From the form of the generic gauge transformations it is easy to see that we can construct quantities that 
are invariant under gauge transformations. It should be emphasised that, in different gauges, these variables 
will retain different physical interpretations even though they have the same numerical value. Moreover, it 
is worth commenting that these combinations are in many ways arbitrary constructions designed purely to 
eliminate the difficulties introduced by gauge variance. A more natural form of gauge-invariance occurs in 
the GIC approach with quite a different interpretation. 
First it is worth noticing that 

B -E = B -E + ^^. 
The time derivative of this, multiplied by the scale factor, is then 

From here it is immediately obvious that we can define 

<^ = (t)+^{a[B - , * = i/' + ^ (^B - (A.34) 



A.2. PERTURBATION THEORY AND GAUGE ISSUES 



125 



as two gauge-invariant variables, known as the Bardeen potentials [195, 196]. 
For the vectors it is readily apparent that 

V' = 5* + F' (A.35) 

is also gauge-invariant. Along with the gravitational waves Gij we thus have a complete set of gauge- 
invariant variables. 

In Poisson gauge, these variables reduce to 

$ = 0Poi, ^-^Vpoi, l>' = ^Poi (A.36) 

which explains the terminology "Bardeen potentials"; the scalar gauge-invariant combinations reduce to 
the conformal Newtonian gravitational potentials. The vector gauge-invariant variable reduces to the shift 
function. 

In synchronous gauge, on the other hand, 

$ = (ai^Syn) ', ^' = ^Syn - ^^^Syn, V' ^ F^^^. (A.37) 

For the scalar variables these do not possess as transparent a physical definition; the vector variable reduces 
to the time derivative of the spatial geometrical vorticity. 



Appendix B 

Viscous Fluids 



In this appendix we briefly derive the conservation laws omitted from §2.2 for a fluid containing bulk and 
shear viscosities and conducting heat. The full stress-energy tensor we employ [96] is 

withp = w{p)p, the four- velocity 



the projection tensor onto a hypersurface orthogonal to 
the heat-flow vector 



and the shear tensor is defined as 



(B.l) 



Qu = + QU.,.U\ (B.2) 



W,'' = <, + V^-^<5>%. (B.3) 

This reduces, with O = 0(?/) + 6'(x, rj), to 

T(? = -p, (B.4) 

n = + + + ^) +3Ca^^^\ (B.5) 

Ti = v5) - Ca f 3- + V.v + ]-k\ 5] - (d'v, + d,v' + h] - U] f 2V.V + h] \ (B.6) 



If we assume no further coUisional processes then we can set the collision term in the conservation 
equations to zero. As saw earlier, the ideal components reduce to a background contribution 

= d,p (B.7) 

and a foreground contribution 

6 + 3^{c,^~w)S+il + w)(^\/.v+^i?j = -JTo^^, (B.8) 

f i h o \ ■ r* ^ ■ 

if+X- + -(l-3u;) + — = I'^m.^. 

Vl + u) ') 1 + w 
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For the heat conduction we find that 



Xa J \ \ a e / e 



a 6\. Id f Q ( Q 



a ej e 
e ee \xa e aj ya ey eyj 

which are all first-order while, predictably, the shear viscous sector only contributes to the first-order Euler 
equation, with 

i-;. = jv^t,, + (V.V - ft) + dahf 

^3^<^ ^ (qi^^ + d^yj + /i^ - i ( 2V.V + /i ) ) !> . (B. 1 1) 



The bulk viscous sector contributes to both the conservation and Euler equations with 

-Co% = -3^cf3^ + 2V.v + Ui^V (B.12) 

1 /"v^v + iftl^ + ^^V (BJ3) 



3 V J Ca a (a 

Assuming we can take C ~ C(0) we then have a background contribution from the bulk viscosity 



2 

a 



-Co;. = -9(^-j Ca (B.14) 

with all other effects linear order only. Should the coefficiants of bulk viscosity be effectively first-order 
then this forms the only contribution and enters at linear order 

While we could certainly retain the generality of non-constant coefficiants of heat conductivity and 
viscosities, we shall instead assume that they are constant. That is, 

— = --, d.Xa^O (B.15) 



Xa a 



and similar. 

Fourier Space 

In the background, 

and in the foreground, 



ST^ = -p6, dT^^-p{l + w)v,, 5T] = cl-p55] 
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which, separating across the scalar, vector and tensor parts, go to 
in the background and 

x^o _ —X x^, 

-{0)S 



ST° = -p6, 5Tl;>g = -pil + w)vs, 



STlojv = -pi^ + w)^Y, ST = 3clpS + 9Ca^, 67:^=0. 

After the scalar/vector/tensor separation, the foreground contributions from the heat conduction con- 
tribute only to the Oi components of the stress-energy - that is, the energy flow - and separating this we find 

The shear viscosity impacts purely on the space-space components of the stress-energy and, by construction, 
has a vanishing trace. It separates to 

il = 0, is = ~L {2kvs + hs) , iY - {hY - ^kvY) , if = ^^ahf . (B.17) 

Finally, the first-order bulk viscosity contributes to an energy flow and, obviously and by construction, only 
to an isotropic stress: 



C(o)S = 3Ca-t;s, C(o)y = 3Ca^«^, Q ^ ~Ka [kvs + -hs j . (B.18) 

Turning to the fluid dynamical equations, in the presence of non-ideal terms the background matter 
conservation equation is modified to 

i5+i-p(l + w- 3-Ca ) = 0. (B.19) 
The perturbed ideal components are 

S + 3^{c,^ -w)d+{l + w)(^kvs + h^ = -5T^.^, (B.20) 

vs+{T^ + -{l-iw)]ys^k-^5 = (B.21) 

.^ + -(1-3^)) = ^'{Snf (B.22) 
while the non-ideal contribution to the perturbed matter conservation equations comes from 

- (X + Oo;^ = -kXaO (^vs + (^^ + 1^ i^s - =^ - Ka^ {2kvs + h) . (B.23) 
The contribution to the scalar Euler equation from heat conduction is 

~u ( -r. „ ^\ . ki) ^hO 

4).;. = -X.e [vS + 2 (^2- + = j + - 3^- = 

from shear viscosity is 

2k / • \ 

Cw5;M = y^42fcz;. + /»5) (B.25) 



1 • 
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and from bulk viscosity is 




Cms-u = -3Ca -«s + - + 2 - --k'\vs~ -kh (B.26) 



Non ideal effects contribute 

/ _!_\ / ^ -11. _:_ 




and 



Xrv;, = -XaO ( i." +2 ( 2- + = ) + ( - + 2 ( - ) + = +4-=j < j , (B.27) 

i^v■,^. = (kvY - ikhY) (B.28) 




to the vector Euler equations, from heat conduction, shear and bulk viscosities respectively. 

It is readily apparent that bulk viscosity is far the simplest viscous effect to include in a cosmological 
study; however, as we demonstrated in §2.2.1 it is not particularly physical to include a bulk viscosity in the 
background. Shear viscosities are widely used for small-scale models of the photon drag, as in §3.3. 

Many of the effects of heat conduction cancel if one takes the simplifying assumption 

^+2-6 = (B.30) 



which is true for a species of non-interacting particles and may be derived from the first law of thermody- 
namics. 



Appendix C 

Vector and Tensor CMB Statistics 



In this appendix we derive in detail the vector and tensor CMB angular power spectra in the traditional 
approach. 

C.l Vector Contributions to the CMB in the Traditional Approach 

Here we derive the result stated in section (2.7.3). The vector contribution to the CMB temperature shift 
was 

(x, n, ??) = J ^(-*)' (2/ + l)Pi ifi) (a|^) (k, ^) cos + of' (k, 77) sin 

and so the vector temperature auto-correlation function is the ugly 



X (<Ja|^^ (k)a;(^' (k')) cos cos <f> + (k)a;(2' (k')) sin cos 
aP (k)a;(^' (k')) cos sin + (^af ' (k)^;^^) (k')) sin sin 0^ e 



i2nf {2^f 



where fl ~ k'.n' and (f) and 9 are associated with n'. 

However, since the hierarchies are symmetric with respect to change of vector mode, we shall assume 
that the two are uncorrected but similar - that is, we shall assume that 

;aW(kXi)(k')) « («f)(kX2)(k')), 

[af\^)af\^')) = (ap)(k)«;(i)(k'))*«0. (C.l) 
As in the scalar case, the independence of the evolution equations on the direction of k allows us to define 
(a|^)(k)a;(i)(k')) -7'v(fc)ai(fc)a;(fc')<5(k'-k). (C.2) 
With these identifications, the temperature auto-correlation is 

C^(9) = Y^(^EEH)'*'(2Z + l)(2p+l) JJ Vl^\fl^'PiMPp{-p) 

xVv{k)ai{k)a;{k')5{'k' - k) cos - cj)) e'^^'-^^ ^'d^kd^k' . 
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We can remove the terms dependent on the azimuthal angle by considering n'.n: 



= \/l - fi'^y 1 - cos (0 - 0) + 

which gives us 

X (n'.n - fiJI) S{k' - k)e''-^' -^^ ''d^kd^k' . 



Considering first the term proportional to n'.n, we can follow much the same process as for the scalars, 
expanding the Legendre polynomials across the spherical harmonics and integrating over k' and dilk to 
leave 

cr(9) = Yel^ / T.^^i + ^)-Pvik)\m(k)\\Pi{q)k^dk. 

We then employ the recursion relation on Pi (q) to find 

cr(9) = Y^l^ / T.^vik)\aiik)\'iii + m+,{q) + iPi-iiq))k'dk. 

Relabelling the summation indices on the two terms then allows us to write the contribution to the vector 

J 2t + 1 

The second term, proportional to fiJI, yields a slightly more convoluted analysis. Firstly we employ the 
recurrence relation for Legendre polynomials to write 

X {{I + \){p + l)Pl+l{^i)Pp+l{-^^) + ipPi-i{fi)Pp-ii-p) 

+p{l + l)P,+i(^)Pp_i(7Z) + l{p + l)Pi^Ap)Pp+i m} S (k' - k) e<'^'-'^)d3krf3k' 
Expanding the Legendres across the spherical harmonics and integrating over both dk' and dilk gives us 

^^^1^ = ~^k'T. 1 7'y(fc){|ad^-|±^i^;i„,(n')y,+i,„(n) 



-aial,-^j-^Y;_,„^{n')Yi^,^{n)^k^dk 



whence we rapidly find 



= -A J Vvik) I ^^^^ 1 k dk. 

Combining this with C^, we can reduce the contribution from vector perturbations to the angular power 
spectrum of the temperature auto-correlation function to finally reach 

=A^^±i^ I Vv{k)\ai^i+ai+,\'k'dk (C.3) 

as stated. 
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C.2 Tensor Contributions to the CMB in the Traditional Approach 

The tensor contribution to the temperature auto-correlation was 

^^(«) = -^EEH)'*'(2Z + l)(2p+l) //(1-^2)(1-7iV,(m)^p(P) 



16 . , 

X (a,-(kX(k')) C0S2 0) e^^'^'-'^^-^^l^- 

We proceed in an analogous manner to our approach to the vectors. First we define 

{ai{k)a;{k')) = VT{k)ai{k)a;ik')6{k' - k). 

It is then necessary to remove the dependence on 0; we do this by evaluating the square of n'.n, which 
leads to 

(1 - - 7I^)cos2 (0- (/)) = 2{h' .hf + ^i^jf +jf + - Afiph'.h- 1 

and separates the correlation function into six distinct parts which we shall tackle in turn. 

Firstly consider the contribution proportional to (fi'.n)^; the standard process employed for the scalars 
and vectors above rapidly leads to 

C^'Hq) = 2^^!^ ^(2Z + l)q' J Vrik) \a^f Pi{q)edk. 

l,m 

We now employ the second recursion relation for Pi {q) (which may readily be derived from the usual 
recursion relation), 



and reduce this first contribution to 



' , a + ir \| ,2 , (/ + i)(/+2) 2, 2„ 

m\ + 7777— -TTTTTl— ^ l"i+2| > k dk. 



{2l-l){2l + l) {2l + l){2l + 3) J ' ' (2; + l)(2; + 3) 

Dealing with the second contribution, proportional to h' .hnJi, is a lengthy procedure; first employing 
the recurrence relation for the Legendres, expanding them into spherical harmonics and integrating over 
both k' and ilk gives us 

We now again employ the recursion relation for Pi{q) and, after a certain amount of algebra, can reduce 
this to 

4A r {1-1)^1 . ,2 {i-iW 



f + ,2 a + i)2(/ + 2), , , , 

+ (,(27^+(27T3Fj'"'' " (2/ + 3)2 (a,+2«,+a,+2«0 



(2/ + 3)2 ' ' 
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The third contribution is that proportional to /i^/I^; employing immediately the second recursion relation 
for the Legendres, expanding over the spherical harmonics and integrating over k' and directions of k leads, 
after much algebra, to 



16(2 

21-1 \i2l- 5){2l - 3) ' {21 - 3){2l - 1) 



(1-2)^ 



{l-mi-3)il-2) , 
(2;-l)(2;-3)(2Z-5)"'-^ 



H-2 



{21 - 3){2l ~ l^) 



Pi-2{q) 



{2l-l){2l + l) ' {21 + I) {21 + 3) J 21-1 ' 

2 I 1 \2 N 2 



H-2 



-{21 + 1) 



{2l-l){2l + l) {21 + 1){21 + 3) ^ 
P {l + lf \{l + l){l + 2) 



{2l~l){2l + l) {2l + l){2l + 3) 



21 + 3 



H+2 



{l + l){l + 2) ({l + 2f {l + 3f 



{l + lf{l + 2f 

(2; + 3)2(2^ + 5)"' (2Z + 3)(2; + 5) \2l + 3 
{l + l){l + 2) {l + 3){l + A) 



21 + 7 



H+2 



{2l + 3){2l + 5) 21 + 7 



H+4 



Pi+2{q) \ aik dk 



whence 



C[''^ = A j VT{k) 



{1-1)1 



ai-2 



{2l-l){2l + l) 

{l + l)^ 



{2l-l){2l + l) {2l + l){2l + 3) 



, a + l)(/ + 2) 
"'+(2? + l)(2; + 3)"'+^ 



k^dk. 



Hereon the contributions get simpler; for the fourth contribution, proportional to Ji^, we first employ 
the second recursion relation for P; {Jl) and then follow the usual procedure, expanding across the spherical 
harmonics and integrating twice; the result is 



H-2 



(2«-l)(2/ + l) {2l + l){2l + 3) 



{l + l){l + 2) 
{2l + l){2l + 3) 



H+2 



k^dk. 



Obviously enough, the fifth contribution, proportional to is the complex conjugate of this. 



ai-2 



+ 



{1 + ^? 



cti 



{l + l){l + 2) 



ai+2 ( k^dk. 



{2l-l){2l + l) {21 + 1){21 + 3) J ' ' (2/ + l)(2/ + 3)' 
The sixth and last contribution is identical in form to the negative of the scalar Ci, that is 

C/^^ =-A j 'PT{k) \ai\^k^dk. 

Putting these six contributions together and performing much tedious algebra, we finally arrive at the 
contribution to the power spectrum of temperature anisotropics. 



Cf = A{1 - l)l{l + 1)^ + 2) / VT{k) \ai^2 + ai + ai+2\^ kHk 



with 



ai-2 



ai-2 



{2l-l){2l + l) 



2ai 



{2l-l){2l + 3) 



ai+2 



ai+2 



{2l + l){2l + 3) 



(C.4) 



(C.5) 
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Appendix D 

£ and B Modes 



D.l Spin- Weighted Polarisation - E and B Modes 

An all-sky analysis of the statistical properties is considerably confused by the rotational variance of the 
Stokes parameters characterising polarisation; this caused earlier authors [200, 201, 1 15, 202, 203, 118] to 
operate in a small-angle approximation in which the integration across wavevectors does not cause ambi- 
guities to arise in the definitions of Ap and U . However, in the mid-late 1990s a new formalism arose that 
circumvented these problems, due to two independant teams, of Kamionkowski, Kosowsky and Stebbins 
[204] and Zaldarriaga and Seljak [76]. Our approach is based heavily on that of Zaldarriaga and Seljak 
[76]. 

Consider a rotation of the angular basis vectors with respect to which the Stokes parameters are defined 
- that is, a rotation about the radial vector Then the set of parameters {^ /, U } varies on rotation about 
f by an angle according to (see Chandrasekhar, [117]) 

cos^ ■0 sin^ -0 
sin^ tp cos^ tp 
sin 2-0 — sin 2-0 

Converting this to our standard set {Ay, Ap, [/} we see that 

A^ = At, Ap = Apcos2'0 + [/sin2'0, C/' = -Ap sin20 + C/cos20. 

The temperature anisotropies are invariant under rotation, rendering the analysis on the CMB consider- 
ably simplified, but the polarisation parameters most definitely are not. ' Consider, however, some linear 
combination of Ap and U, and convert the trigonometric expressions to exponentials: 





A'p + aU' 



-u 



2i 

Then we see that we can reduce this to a simple form by choosing a = i, which gives us 

A^ + iU' = e-^'f (Ap + iU) ; 

similarly, we can show that 

A^ - iU' = e^'''' (Ap - iU) . 



'This is strictly not true; liad we retained the circular polarisation V - and for a genuinely complete treatment we would have to, 
incorporating both Faraday rotation from Q to U and also Faraday "conversion" from U to V; see for example Cooray et. al. [205] 
and Matsuyima and loka [206] - then we would have seen that V is also invariant under co-ordinate rotations and is analysed as simply 
as the temperature perturbations are. Note however that the latter demonstrate that to produce circular polarisation we would require 
an ordered component to our field and while many studies of ordered cosmological fields exist, we are going to follow the currently 
conventional route of considering a field with a tangled component only. 
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While this has not given us two objects invariant under rotation, it has given us objects with useful 
properties, if we employ the spin-weighted spherical harmonics introduced by Newman and Penrose [207]. 
We shall leave a detailed consideration of spin-weighted functions and harmonics to a rainy-day appendix, 
and content ourselves with referring the reader to the article by Newman and Penrose, and the follow-up 
article by Goldberg et. al. [208], and the related article by Thorne [209]. Useful information in this precise 
context may also be found in the appendices of Zaldarriaga and Seljak [76] and Koh and Lee [51]. 

A function / is called "spin-s" if, under a right-handed rotation ^ about the radial vector it transforms 

as 

/' = e^''"'' /. 

Note that, following Zaldarriaga and Seljak, we take the opposite spin-definition to that of Newman and 
Penrose or Goldberg et. al. A function / with a spin-weighting s is conveniently written /g. 
We may define a differential operator 9 on the surface of the sphere by 

dfs^-ismey (^^+zcsc0^^ (sin0)-Vs (D.l) 

which is related to the covariant derivative on the surface of the sphere. (Obviously no summation across 
the spin index in any of these formulae.) This has the related operator 

g/s = - (sin^)-' (^^ -,csc0^^ {siney U (D.2) 

These operators (dubbed "thop" by Newman and Penrose) obey a commutator 

and, vitally, have the property under rotation through ijj that 

(9/,)' = e-'(^+i)'^g/„ (g,/)' = e-'^'-^^^'du 

that is, they act as spin raising and lowering operators of some sort. This being so, one is immediately 
tempted to act these upon the familiar spherical harmonics, and obtain functions that we might dub "spin- 
weighted spherical harmonics" Yg^m if they possess the correct properties: 



(l-s) 



{l+s) 



{l+s) 



(.l-s) 



g^F;™, se[OJ] 

(D.3) 

(-i)^g -Yi„„ se[-l,0] 



and leaving them undefined for \s\ > I. Note that if one substitutes \s\ for s in the second definition, the 
form becomes identical to the first, other than a factor of (— l)'"'. 

It can then be shown that, as we hoped, these functions form, for each spin-weighting, a complete and 
orthonormal set, and so we can expand 

l,m 

The orthonormality and completeness relations are, as in the standard spherical harmonics, 

/ Y*i^^{9,(t))Ys.l>ni'{0\(t)')d^ld(t) = -funmm', 
J -I 

Y,y:,im{e.<P)Y,,i^{e',c^') = <5((/.'-(/))<5(cos0'-cos0). (D.4) 

l.m 
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The spin-weighted harmonics also obey the useful relations 



y;,„, = i-ir+-'Y^sAm, (D.5) 



mY,j,n = -{I - S){1 + S + l)Y,j,n ^ Sm.lrn = -{I + - S + l)Y,,l^, 

by which one may see that the Ys^im are the eigenvectors of 99, and that 9 and 9 are raising and lowering 
operators respectively. 

It may also be shown that 



(/ + m)!(/-m)! 2/ + l / . 1 ^ 
Y {l + s)\ {l~s)\ 47r V 2 

/ J \ / 7 \ / 1 \ 2p+s — rn 



p 

where 



p + s — m J ^ \ 2 



a! 

p J " {a-b)\b\ 

To return to the matter of polarisation, from the transformation under rotation 

(Ap ± iUy = £=^2'^^ (Ap ± iU) , (D.6) 

we see that we are dealing with two objects of spin-weighting ±2. We may expand these across the relevant 
harmonics as 

(Ap + ill) (n) = ^ a2,imY2,im (n) , (Ap - ill) (n) = ^ a-2,imy-2jm- 

l,m l,m 

To get rotationally-invariant measures of polarisation, then, we might act on these with 9^ and 9 as 
required. Doing so, and employing the definitions of the spin-weighted harmonics (D.3) and the effects of 
9 and 9 (D.5), leaves our two quantities, 

tiAp+iU) = ^a2,imv/(' + 2)(Z + l)/(/-l)li™, (D.7) 

l.7n 

d^Ap^iU) = «-2.i™ + 2)(^ + mi - l)^m. (D.8) 

l,m, 

We can then find the coefficients from either integrating A ± i/7 over the spin-2 spherical harmonics, or by 
integrating the transformed analogues over the standard, spin-0 harmonics: 



a2Mn - I ( Ap + zC/) Y*^^ (n) dn^ = J |^ J 9^ ( Ap + ^C/) Y^^ {h)dn^ 





2)! 


(1 + 


2)! 


\l- 


2)! 




-2)! 



a_2,,™ = / (Ap - tU) 11*2.;™ (ft) = ^ 1^ 1 92 (Ap - zU) l^*„(ft)dnfi. 

From considerations of parity (see again Newman and Penrose [207]), we can construct two objects with 
opposite parities, 

^(n) = -i(9'(Ap + *C/) + 92(Ap-zC/)), (D.9) 

B(h) = -^(d^ (Ap + iU)-B^(Ap-iU)) . (D.IO) 
2i \ J 
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To simplify the expressions, Zaldarriaga and Seljak define 

_ 1 , , _ 1 , , 

aE,lm — — 77 («2,hri + 0,-2,lm) i O-B.lrn — ^ (02, im ^ 0-2, imj 

which gives us the variables 



/,m V ^ l.ra ^ 

E = ^aE.lrayira{n), B = ^ a_B,/m^/m (n) . 

The spin-2 harmonics are given explicitly by (see Hu and White, [119]) 

^2 ^2id> 



2, Y2.2m = U^{l^^iYe 



1, iVf\/W?(l-M)e'^ 

0. (D.ll) 



-1, i^lv'T^li + AO' 

-2, Ia/I + 



with the spin —2 harmonics related by relations (D.5). We can also write the twice-appUed spin-lowering 
operator acting on a spin 2 function /2 with angular dependence (?0/2 ~ imf2 as 

^2. ^ ^_f^_^±\ ( LV— AV-2flf^ 

•'^ sin 61 ^961 sin6'a0y^ sin6iy^a6i sin 6i 90 / ^^'"^ 

with an analogous expression for a double-raise on a spin —2 function 

While in principle we could expand the Boltzmann hierarchies across these spin-2 harmonics and con- 
struct the evolution equations for the polarisation parameters, it is easier to follow the method of Zaldarriaga 
and Seljak and instead consider a line-of-sight approach. Working in the naive manner would yield a cou- 
pled system of thousands of differential equations; the Une-of-sight approach renders this problem rather 
more tractable than attempting to manipulate the a±2,imS and would be quicker by far to implement in a 
Boltzmann code. We will still employ the hierarchies in their earlier Stokes parameter formalism to evaluate 
the sources of the perturbations, but shall reconstruct the microwave background sky - including the E and 
B modes - from the line-of-sight approach, to which we now turn. 



D.2 The Line-of-Sight Approach 

As with the temperature case considered in the body of the thesis we shall separate the polarisation Boltz- 
mann equations into sections dependent purely on the sources and sections dependent purely on the geome- 
try. As before, r = j^" T{rj)dfj is the optical depth at a time ?/, 9(77) = f cxp(— t) is the visibility function 
and we sometimes use the notation x ~ k{rj — rjo). 
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D.2.1 Scalar Evolution 

Consider first the scalar perturbations. Here 

Ap - {ikfi - f) Ap = (1 - i^L^) $s 

where 

$S = At2 + Apo + Ap2. 

Formally integrating this between r] ~ and ?] = r/o gives 

rno 



We can thus say 

rvo 



4 Jo 

Ap(?7o)= r dve-'^''S'p^\k,ij) (D.15) 
Jo 



with 



^)=n(Us^^]+2g^+g^]^lil-,^) (D.16) 



Now, here U = and so Ap = Ap ± ill implying that a2^im = a-2,im which immediately shows 
that scalar perturbations do not source S-mode polarisation. We recover the E and B modes simply by 
applying 9^ and 9 to the line-of-sight results; in this case this means we apply either of the operators to 
Ap. We can then see that 

E^^^ = TT^Ap, B(^) = 0. (D.17) 

D.2.2 Vector Evolution 

Here the physical Stokes parameters for polarisation were 



Ap = ^i/l (Ap cos(/) + Ap smcf) , U ^ \J\ - [i^ ( Ap sin (/) - Ap cos <$) 
and these obeyed the evolution equations 

A|. - (i/c/i - f) A|. = f$(^' (D.18) 

with 

< = + yA|.2 - |Ap4 - I^A^, - Aa^3. 



We then rotate our basis to 



2Ap^u = ^Pu- i^l.u^ 2^P.u - ^P.u + ^^lu (D.19) 



as with the temperature case. ( and ( with the properties 

(C(k)C(k')) = (C(k)C(k')) = lvvik)S (k - k') , (C(k)C(k')> = (D.20) 

again characterise the vector perturbations. Assuming that our modes are thus uncorrelated but similar, we 
can employ the source term generated from, for example, the 1 mode, and write our line-of-sight integrals 
as 

Ap + iU = v/T^((At + l)C(k)e'* + (M-l)C(k)e-'*) e~'^^S'^ik,r,)dr,, 
Ap-zU = v/T^((A*-l)C(k)e'* + (/^+l)C(k)e-'*) H e-'-^Sl{k,ri)dr^, 
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with 

D.2.3 Tensor Evolution 

With the tensors, 

Ap = (1 + /i^) {f3+ cos 2(P + f]"" sm2(j}) , U = 2/i (/?+ sin2(/) - Z?"" cos 20) 
with the evolution equations 

and 

$r = ^< - + y («2 + 6/32) + ^ - /34*) • 
From here we rapidly find the source terms 

S:{k, rj) - -2h^er'- + .9$^, = ~g<^J. (D.22) 

The rotation we employed for the temperature puts our Stokes parameters into the forms 

Ap+iU = il + fifp^e^"'' + il-fifp^e-^"'', (D.23) 

Characterising the statistics of the gravity waves with variables and uncorrected but similar, we have 
the solutions 

Ap + iU = ((l + M')e'(k)e2*^ + (l-A*')e'(k)e-2'*) / e^"^4^^(fc, 77)^77, (D.24) 

Jo 

Ap-tU = ((l-/i2)e^(k)e2'^ + (l + Ai')e'(k)e-2»^) / e-"^4^)(fc, 77)^7? 

with 







and 



{e{k)e*{k')) = {e{k)e*{k')) = ^VT{k)d {k-k'), {e{k)e*{k))^o (d.is) 

5j = (D.26) 



D.2.4 Scalar CMB Angular Power Spectra 

Here we found that 



At (k, 770) = d7jS^{k,rj)e-'^^, (D.27) 

Ap(k,77o) = (Ap±7C/)(k,77o) = | /"d77(l-/i2) g(,7)$5(A:,,7)e-"''. (D.28) 

4 J, J 

Polarisation Auto-Correlation 

Since there is no U polarisation for the scalar modes we can write 

^(k,n) = |^Ap(k,n) = ^^-^ J^^g{Tj)^s{k,v) (l - m')' 6"'^"^^ (D.29) 
Rewriting the /i in the integrand as a derivative of the exponential with respect to x we then have 

^(k, n) = g^sik, 77) (1 + dlf (x^e-^^-) dr^ (D.30) 
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Taking this into real space and calculating the ^^s we have 

Y;^{n)J^g{ii)<^s{k,v){l + diy{x'e-^^^)dvdnn-^. (D.31) 
In a manner entirely analogous to the temperature case we can then find 



''E,lm ~ ^ 



4V G + 2)!y, 

As in the tensor temperature correlation, we expand the derivative out and simplifying using the spherical 
Bessel equation (G.12) to find 

and with this the i?-mode transfer function reduces to 



with a source term 



Temperature-Polarisation Cross-Correlation 

From the form of aT.im and a ^ and noting that for two scalar functions / = /(k) and g ~ 5(k), 

(/(k)3*(k')) = Vs{k)f{k)g*{k)S{k - k') (D.34) 

we can write 

3 

'4 



Vsik) / / y;„,(n)r,,„(n') / / S^{k,ri)g*{Tj')<^>*s{k,v') 



2 r!^\r 



'(27r)3 



with x' = k{ri' — rjo). Again integrating over the directions of k, expanding the exponentials in xfi across 
the Legendre polynomials and spherical Bessel functions, and expanding the spherical harmonics into as- 
sociated Legendre polynomials and exponentials, and using (2.240), we get 



3 in / 21 + 1 {I - my.\ {1 + 2)1 



4(27r)3 V 47r {I + my. J - 2)! 



/ 7'5W^5](-*)^*^'(2p+l)(2p' + l) 



xS^{k,7j)g*{r]')<i>*s{k,v')jp{x)^-^^dTj'df^dnn'dnnk^dk 

We can now integrate over cj) and 0' - which both yield a term 2TrS^ - and over /i and /i' which give terms 
2/ (2p + l)Sf and similar. Summing over m, then, gives 

Cte, = -IjT^^l 'Psik) ^ ^)jp(x)dr? £ 5*(^')$5(fc, v'^-^drj'k^dk 
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or, converting Eto E and substituting in the form of the transfer functions, 

Cte.i = - / rsik)ATAk,mWE iik,m)k^dk (D.35) 

7^ Jk 

in agreement with that found in the standard approach. 

D.2.5 Vector and Tensor CMB Angular Power Spectra 

The vector and tensor angular power spectra can be evaluated in broadly equivalent ways; for details of the 
tensor case, the reader is referred to [76]. 



Appendix E 

Supplementary Results concerning 
Source Statistics 

In this appendix we present results that were excluded from the main body of chapter 4 due to their com- 
plexity. 

E.l Magnetic Bispectra 

E.l.l Traceless Scalar- Tensor- Tensor Correlation 

The correlation between the traceless scalar part and the tensors is recovered by applying j[vkimn _ 
-Q'-' (k)'P'^'''"''(p)7'Jf,'""(q) to B^jkimn (4.28); the full result for the angular integrand is 



8 





ri=0 






-r-0 


= 5 








= 






-pi 









+7 (ap7p + Oiqlq) + M {Pplp + Pqlq) + 36'/cp {OkqOpq + afe^p + PkPp + Iklp) 
+idkq {dkpdpq + OtkCtq + (ikfiq + 7fe7q) + iOpq {9kp9kq + UpUq + fipfiq) + Udpqjpjq 

^rsr^rT = (s/?' + 7^ + ^p, + {j^ + 7') - + 'PlPqlq + ^ap7p 

-iJlOkpPklp + ilOkqaklq + POpqapfiq 

-2epq (7 {apjg + aqjp) + I3aq(3p + Jl {Ppjq + Pq-fp)) + 0pq 

+3 (^fep + Skq) ^pq ~ 3 {OkpOpqPkPq ~ Qkp^kqlp'^q + OkqOpqakOlp) 

+ 6 {Olp + elq) + 7') - QOpq {Okp {akUq + 7fe7,) + Okq [PkPp + 7fe7p)) 

+el^ {9al + gel^pl + wlq^l + al + pl + + «' + pl + ^l) 

+2 {ial + al + al + SPl + + /3,') (7^ + 7') - 3afe (aj,/3p + a,/3,) /3fc 

-3 [akUp^p + PkPqlq) Ik + {ctpCtq + /3p/3g) 7p7g 
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+lQlq (3afc7fe - ap7p - Q;,7g) + JlOl^ {3(3klk - Pplp - Pqlq) 

+2l30pq {l3jpjq - jPpJq - JlO-q^p) + W {iO-kPk + Ctpfip + Uqfiq) (7^ + 7^) 
+/3 (2Q;q/3p - apfiq) '-^p^q - 3 {jlakapPklp + jakPkPqlq) 
+iOkpOkqOlq + 66*^, [Olp + 6*^^) 7p7q + 6 [OkpakUq + 0kqf3kPp) Iplq 

+6 {OkpOkqOpq + 0kp {akctp + (ikPp) + (afca, + (ikPq)) (7^ + 7^) 

+3dkp0lq {ctkCtp + f3kf3p - "fklp) + SdkqO^q {UkCtq + Pkfiq - Iklq) 
"3 {OpqakCtpPkPq + dkqUkUp^pJq + 9kpPkf3qlplq) 

+&pq (c^pC^q + Mq + Iplq) + '^^Pq {^^4 + + + 3/3^ + /J^ + /j2) ^^^^ 
-66*^, {akaqPkfip + Ctkaq-fklp + PkPplklq) + "^dpq {apUq + Ppl3q) (7p + Jq) 
^ST^tT = +P^lq(^pPq - ^Iq {PlPqlq + PT^OipJp - SjJlakPk) 

+2l39pqapl3q (7p + 7^) + 2/36'pq (30;^/?^ + ap/3p + ctg/Jg) 7p7q 

-36'p^ (CiOkqCtklq + Jl-dkpPklp) - GOpqakPk (7/3p7g + T^C^qlp) 

+59pq {9kp0pqPkPq + OkqSpqOikOlp + 0kp9kq"1p"iq) 

+6dpq {OkpakUp + OkpPkPp + dkqOlkaq + OkqPkPq) Iplq 

+&9pq {OkqUkCtp + OkpPkPq) {jp + Jq) 

-Wlq ((afcOfp + PkPq) "tklq + CtkPk {O-pPp + aqPk)) 

+^lq {oipUq + (3pl3q) -fp-fq + QUkPk {UpPp + UqPq) (7^ + 7^) 

-iakPk {ap(3q - 2aqPp) jpjq 

-TI^^T^T = Sd^gUkapPkPq + O^q {Papf3qjpjq - 3jakPkl3qJq " SpakUpPklp) 

+^0lq {Okqakap + Okpfikfiq) "fplq + GBpqUk {apPkPp + aqfikPq) lp"fq 

+69pqakapf3kl3q (jp + 7^) 

KstTtT = idlqakap(3kPq'-fpJq 

E.1.2 Vector- Tensor- Vector Correlation 

The cross-correlation between the vectors and the tensors, (t^t^^t^''), is found by applying _4yfc'™" = 
'P^*^ (k)7'fc^'^''^(p)7'^™"^(q) to Bijkimn- This ultimately produces 

8 

TrVrTrV ~ ^ ^"v^t^v (E.l) 
n=2 

with 

STIv^-T^V = OkpOkq - 2apaq - 2Ppf3q - Jpjq 

BT^v^T^V = ^(ictpfiq + 7Q;p7g + Jlfiq-fp + 0kp {2PkPq + Iklq) 

+ekq {2akap + -iklp) + Opq {2al + 2/3^ - 

-2'-ffiap/3q - 2 {j9kqap + flOkpPqJk) ~ 29pq {j0pqapjp + fJ.f3qJq) 

-29kp9kq {elp + 9lg) + 2 (elp - elg) {apaq - (3p(iq) - 20p, {Bkpakap + OkqPkPq) 
-OkpOkq {al + 4al + Pi + 4/3^ + ^l) _ + 4^2^ p^p^ _ r^akOpPkPq 
- {akaplq + PkPqlp) Ik - apaq [01 + 4/3^) + [upUq + fSpPq) (7fc + 27p) 
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+^(^kp^kq^pq + ( dkpOkqak.ap + OlpPkPq + ^IqPkPq + ^kpOkqlklp 



-akapjp + a^jklp + 2apaqPkPq - PpPqlklqj + dkpPkPq {ll - 2^1) 
+0kp {{al + Aal) PuPq + {Pi + 2Pl) jklq) + 20kp {2akapPpPq - apaqjklp) 



+6pq {alPl + 2alpl + 2alPl + 2alpl + 2akap-iulp + 2apaqPppq + 2PkPqiklq) 

SJ^V^T^V = +'APOkpOkqOpqapPq + 2p6kpapPqJklp + 2PdkqapPqJk7q 



+'iP0pqapPqJpJq - 2 {{Okpjp + Okqjq) il^'Uk + jPk))ctpPq 

— 4:9kp0kq {OkqOpqakap + OkpOpqPkPq + dkpf^kqjpjq) 

-2 {elg {al + 2al) + 9^ {PI + 2Pl)) ^pjq 

-2 {Okqauttp + OkqPkPq) {Okpjp + ^kqlq) Ik - -^Opq {OkqCtkPp + OkpaqPk) UpPq 

-20kq0pq {al + 2al) pupq - 2ekp0pqakap {pl + 2pl) 

-2 {elp + el^ - 202J auapPkPq - {al + 2al) {PI + 2/3^) ^^^^ 

- ("fe + 2a^) PkPqlklp - akap {Pl + 2/3^) 7^7, - atapPkPq {il - 27^ - 27^) 



~2akapPpPq^klp - 2apaqPkPqJkJq - ^OipOiqPpPqlplq 
STIv^t^v = -^POkpOkqUpPq-fp-fq + AOkpOkq (dpqCtkapPkPq + OkpPkPqlplq + SkqakapJp'Jq) 



+20kq {al + 2Q;p) PkPqlplq + 20kpakap {Pl + 7p7q + 20kpakapPkPqjk^p 

+ 20kqakapPkPqJkJq + 4 [0kpOlqPk + OkqUkPp - 0pqakPk) CtpPqlplq 



%T^V^T^V = -~A0kpQkqOikOipPkPqlplq- 

E.1.3 Tensor Auto- Correlation 

The full tensor auto-correlation, (t^t^^t"'^-^), is found by the application of 



^-20kq ( 0lqakap + 0kqOpqal + 20kq0pqal + 2akapPg 





j^ijkl 



to Bijkimn- This leads ultimately to 



9 



(E.2) 



n=0 



and 






al + al + al+ Pl + p^ + Pl + 7' + 7p + ll 



-18 
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-Ji {5l3qjq + 7f3kjk + 7/?p7p) - 20dkp9kq0pq - 129kp {akCXp + (3k(ip + Iklp) 

~129kq {akaq + PkPq + Iklq) " l^Opq [UpUq + PpPq + 7p7,) 

-2 + 7' + M^) {el^ + + 02 J _ ^2 (^2 ^ ^2 ^ ^2) _ -2 (^2 ^ ^2 ^ 

-P^ {ll + 7p + 7q) + 2/371 (afe7fc + Q;p7p + Uq-yq) + 277I (afe/?^ + apl3p + a,^,) 
+2/37 {(iklk + ^p7p + ^g7g) + l^kq {5ak'-fq + 4a,7fc) + JlOkp {5(3klp + 4/3p7fc) 

+P9pq {bapPq + AaqPp) + 4]39kp {UkPp + apPk) + ApOkq {akPq + aqPk) 

+'^lOkp (afe7p + ap"fk) + 476lpg (ap7g + aq7p) + 'iJiOkq {Pklq + Pqlk) 

+ 4:-p0pq iPpJq + Pqjp) - 40^^ (ft^ + ^2 ^ - ^Olq (a^ + /S^ + 7^) 

-4^fep + + 7g) + ^fcp^fc? [apaq + l3p(3q + 7^7,) 

+OkqOpq {akUp + PkPp + Iklp) + OkpOpq {akUq + PkPq + 7fc7<?) 

-2al iPl +P^p + (3l + 7p' + ll) - 2al {dl + + il + 7p' + 7') 
~2al {Pi + Pi + 72 + 72) - 2Pl (7p2 + 7,') - Wl {ll + ll) 

-2/3g {ll + 7p + 7q) + iOLkUp {PkPp + 7fc7p) + OtkOtq i^PkPq + "ilklq) 
+apaq {APpfiq + Slplq) + ■iPkPplklp + iPkfiqlklq + SPp/Jqlplg 

Im {Olp + Olq + 0| J + 2 + f + 712) OkpekqOpq 

+ff {9kplklp + Okqlklq + Opqlplq) + 7^ {dkpPkPp + OkqPkPq + 0pq(3pf3q) 

-PliOkp {Pklp + /?p7fc) + Okq {Pklq + /397fe) + Opq {(dplq + /3,7p) ^ 

-ppiOkp {aklp + Okpaplk) + Okq {aklq + aq7fe) + Spq (aplq + Uqlp)) 
-Wi(>kp {a.kPp + OLpPk) + Okq (akPq + aqPk) + dpq {ap(3q + aqPp)) 
+ '^Olq iliaklk - aplp) +-p{(3klk - Pqlq)) 

-Olp {13 {akPk - aq/3q) +i{apip - aqjq)) 
-6lq {(3 {ak(3k - apf3p) ~Jl{(3pjp - (3qiq)) ^ 

+7^^ {OkpOlkOip + OkqakUq + OpqapUq) 

-29kp6pq (^13 {ak(3q + aqPk) + 7 {aklq + Ctqlk) + 7* iPklq + (3qlk) ^ 
+2 (fiel^akPk + lOlqUplp + Jl0lj,(3qjq) 

-20kp0kq {f3 {ap(3q + aq[3p) + 7 (ap7, + Q;q7p) + Jl {[3plq + /3q7p)) 

-20kq9pq {(3 {ak(3p + apf3k) + 1 {aklp + ap7fe) + 7* {Pklp + Pplk)) 
+P {aqf3q + ap(3p) {il + 7p + ll) - l3ak(3k {ll -ll~ ll) 
+1 {aklk + aqiq) {Pi +Pl+ Pi) - lap {P^ - Pi ~~ Pi) jp 
+JI {al + al + al) {Pkik + Pplp) - /I (a^ - - al) Pqiq 

-Paklk {Pplp + Pqlq) - lakPk {Pplp + Pqlq) ~ PPklk (ap7p + OLqlq) 
-P {apPq + aqPp) Iplq - iPklk {apPp + aqPq) - 1 {aplq + Q;q7p) PpPq 
-JIakap {Pklp + Pplk) - Jlakaq {Pklq + Pqlk) ~ 7'"p"g {Pplq + Pqlp) 

+29kp {al + al) PkPp + 29kp {a^ + a^ iklp + 261^, {al + al) PkPq 
+29pq {al + al) jpjq + 29kpakap {Pl + Pi) + 29kqakaq {Pl + pl) 
+29kq {Pl + Pl) iklq + 29pq {PI + pl) -fpjq + 29kpakap {jI + -fl) 
+29kqPkPq {ll + ll) + 29pqapaq {-yl + -fl) + 29pqPpPq {-yl + -ll) 

+2 {9kqallklq + 9pqalPpPq + 9kpPllklp + 9pqapaqPl + 9kqakaqll + 9kpPkPpll) 
-29kpakaq {PpPq + Iplq) - 29kpapaq {PkPq + Iklq) - 3 {9kqakap + 9kpPkPq) Iplq 
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-2 [Okqauap + OpqakUp) ^klq - 2 (OkqPpPq + Opqa-kOlq) Jklp 

-2 {0kpPp(3q + Opqakap) -fklq - 2ekqapaq {PkPp + Iklp) 

-OpqOLkPk {?>apf3q + 2aqf3p) - 2/3fc7p {OkqPpJq + OpqPqJk) 
SF^T^T^T = -plJlOkpOkqOpq + /3j9kp {dkqPp^q + dpqPqlk) + l^Okq {OkpCtq^p + OpqUp-fk) 
+'W^pq {OkpaqPk + OkqUkPp) - /3j {olp - - 61^^) Pgjg 

+Pn {sip - elg + 02 J apjp + wji {elp + - 02 J ^^^^ 

-M^ (OkqOpqakap +j'^9kp0pq(3kfiq + P^OkpdkqJpJq^ 

- {jOlqakJq + PelqUpPq + TlOlpPklp) + ^OkpOkqOpq {/3akf3k + JCtp-fp + Jl/Sq-fq) 

-0Bp,apPq (7^ + 272 + 272) - ^Okqak {fil + I3l + Pi) Iq 
-Jl9kp (q;2 + al + Up) Pkjp + POkp {akPk + ctpPp - UqPq) -fkjp 

+P9kq [akPk - CipPp - dqPq) Jkjq " POpq {UkPk + CipPp + UqPq) -fp"fq 
+P9kp {akPq + aqPk) -fp"fq + POkq [UkPp + UpPk) Jp^q 
-lOkp {a-klk - Ctplp + Olq-1q) + ^9kp {akPp + apPk) Pqjq 
-idkq {Ctklk + Ctp-fp + aqjq) PkPq + ^9pq {akjp + ttpjk) PkPq 
+jOpq (Up-fp - aqjq - ttkjk) PpPq " JlOkpCtkap {Pklk + Pplp + Pqlq) 
+Jl9kqakap {Pp-fq + Pqjp) - JlOkq^kaq {Pklk + Pplp - Pqlq) 
+]l9pqakap iPklq + Pqlk) " Ji9pqapaq (Pklk + Pplp - Pqlq) 
+9kqap {jlaqPk + PPqlk) Ip + 9kp [Paplklq + laqPklp) Pq 

+9pqakPk ilPplq + -paqip) + ^^./^.^^^^ + Ol^Olq {al + a^) + Ol^q {Pl + Pi) 

+elp9lq {ll + ll) + 9lq {al + al) (7^ + 7^) + [al + {Pl + P^) 

+Olp {Pl + Pl) {ll + ll) + 9lp {2akaqPkPq + 2apaqipiq + PkPplklp) 

+9lg {2akapPkPp + aka^ikiq + 2PpPgipig) 

+9pg {2akapiklp + apaqPpPq + 2PkPqiklq) 

-29kp9kqak {apPq + aqpp) Pk - 29kp9pq {alPk + Pkll) Pq 

-29kp9pq {aklq + aqlk) aplp - 29kp9kq (ftp + Pl) Iplq 
-29kq9pq (Pklp + Pplk) Pqlq " 29kq9pqakap {PI + 7^) 

+ ("fe + «p) {Pl + Pl) {ll + ll) + + «p) {PkPplklp - Pqlklq - PpPqlplq) 

+akPk {apPp + aqPq) {ll - 7p ^ ll) ^ "pTp {PI - PI + Pl) {^klk + aqlq) 

+al {Pklk + Pplp) Pqlq + akaq {Pl + Pl) Iklq 

+apaqPpPq {ll + ll) + aqPp {akPqlp + appklq) Ik 

{POpqapPq + lOkqCtklq + tJ-OkpPklp) 

- {PlPqlq + Ppaplp + iJIakPk) 9kp9kq9pq ~ P {9lp + 9lg - 9lq) apPqlplq 
-1 {^kp - ^Iq + ^Iq) OLkPkPqlq + M {^Ip " ^Iq " ^Iq) OLkUpPklp 

+'p9kq9pq {al + al) Pklp + l9kp9pqak {Pl + Pl) iq + P9kp9kqapPq {ll + ll) 

-P9kp9kq [ctkPk - CtpPp - Q-qPq) Iplq + P {9kplp + 9kqlq) 9pqapPqlk 
+llq {9kp9kqakPkPp + 9kp9pqaqPkPq + 9kq9pqakPpPq) 

+l9kp9pq {aklk - Clplp) PkPqlp + T^9kq9pqakap {Pklk + Pplp - Pqlq) 

+Jl9kp {9kqak + 9pqap) UqPklp + 9lqakapPkPq + 9lqakaplplq + 9lpPkPqlplq 

- 9kp9kq9pq {9kp9kqlplq + 9kp9pqPkPq + 9kq9pqakap) 
-9kq9pq {9kq (^fc + O^) Iplq + 9pq {al + tt^) PkPq) 

-9kp9pq {9kp {Pl + Pl) Iplq + 9pqakap {Pl + Pl)) 
-9kp9kq {9kpPkPq {ll + ll) + 9kqakap {ll + ll)) 
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[dkpikip + ^pq^pOl-q 

{dkqlklq + dpqf3pPq) UkUp - 9pg (offc + Qfp) + "fpjg 

-Okq {al + al) (3kf3q (7p + 7') - Okp^kap {Pl + /J^) (72 + 

+26'fcp [al + al- a^) PkPqlplq - {dkq {al + a^) /3p-fq + Opg {al + a^) Pgjk) Pklp 
+26kqakap {01 + Pf) 7^7, - ak {OkpUgPl + OkqUpPl + 9kpagl3g) 7^7, 
-OpgakUp {Pi + 01) 7fc7g - apPg {OkpUgPu {ll + ifj + OuqUuPp (7^ + 7g)) 

-dpqakapPkPq {ll - 27p - 27^) - akUpPk (Okp [Pp + Pq) + dkq iPp + Pg)) "fklq 
+ 0kqaqPq {^pPk " CtkPp) Jpjg + dkqCtkCtpPkPqJklp 

^pqC^pC^q {Pk + Pp) Pqlplq + OkpUp [akPpPq - UgPkPp) Iplq 
-OkpO-kOlqPkPqlklp + OpgUk {UpPkPpJpJg - apPpPg-fklp + agPkPglp-iq) 
SF^T^T^T = -dkpOkqOpq {PapPgJpJq +jakPkPqlq +lIakapPkjp) 

[OkpPkPqlplq + dkqCtkCtp'^pJq + OpgttkapPkPg) 
- {^Ip + ^Iq + &lq) akapPkPqlplq + OkqOpg (tt^ + O^) PkPqlplq 
+0kpOpgakap {Pl + Pg) ^pjq + OkpOkqCtkCtpPkPq {jp + 7g) 
+ dkpdkqakPk {ctpPp + aqPq) "fpjq + 

^kp ^pq {aklk + OLg-yg) apPkPqlp 

+ OkqOpqakap {Pk"fk + Pplp) Pqlq 
SF^T^T^T = -OkpOkqOpqakapPkPqlplq 



E.2 Geometry-Independent Large-Scale Results 

Here we present the full generality behind equations (4.43). Taking n > — 1 and k <C fee, and for conve- 
nience defining the generic geometry by the two angle cosines ak = cos(^) and Okq ~ — cos{£,kq) (see 
Figure 4.5) we have 

(r(k)T(p)r(q)) = B7r5{k + p + q) 
(T(k)r(p)rs(q)) =0 
(r(k)Ts(p)T5(q)) = 
21 / 

— Btt ( 2 - 3 cos^ {£_kq ) - 3 cos^ (0) + 6 cos^ (0) cos^ {£_kq )+6cos{(f>) cos{^kq ) 

-6cos(0) cos^ {£,kq) - 6cos^(</)) cos{^kq) +6cos^{(j)) cos^{^kq)^S(k + p + q) 
(Ts(k)rs(p)rs(q)) = 

^Stt^I - 3 003^(0) cos2(^fe^) - 3cos((/)) cos{^kq) sin^ {(j)) sin^iS^kqi^Sik + p + q) 
(r(k)Tr(p)T^(q)) = 

-Y^-B7r^3cos((/)) cos{£^kq) +sin'^{(j)) sin^iS^kq) - 3cos^(0) cos{^kq) 

-3 cos(0) cos^ {£,kq) + 4cos3((/)) cos^ {^kq) 

- sin^((/)) cos2(0) sin^i^kq) - sin^{(f)) siii^(^fcg) cos'^ {£,kq) 

+4 cos^ {(j)) cos^ (^fc, ) sin^ (</>) sin^ {^kq ) ) <5 (k + p + q) 
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(r5(k)r„^(p)r^(q)) = 
17 / 

— BttI 6C0S(^) COs(^fcg) - 6C0S^((/)) COs(^fcg) - 6C0S(^) C0S^(^A:5) 

- sin2(^) sin2(a-g) + 8 cos^Cc/)) cos3(ag) 

-2sm^{(f>) sm^{^kq)cos^{^kq) -2sin^{<l)) sin2(Cfcg) cos^(0) 

+8 cos2(0) cos2(efcg) siii2(</)) sin2(Cfcg) ) (5(k + p + q) 



(r(k)rr(p)rr(q)> = 

^ (30 cos^ (0) cos^ ) sin2 (0) sin^ (e, ) 



+70cos((/i) cos($,) siii2(0) sin2(^,) + 40sm^((/)) sin''(^,) + 8cos''(0) cos^(^g) 

+8siii^((/)) sin^i^q) -^sin^i^q) - 5 siii'^(^) + cos2((/)) cos''(Cg) sin^((^) + 6 sin^((/>) 

+6 sin^(^,) + 3 sin^{(j)) sin*(C,) + 5 008^(0) sin''(^,) + 12 cos2(^) sin''(0) 

+3sin«(<?!)) sin^CCg) + 12 cos2(^J sin''(^,) + 5 sin^C^) cos^(Cg) 

+2 cos3(0) cos(^,) sm^{(f)) sin^(Cg) + cos'*(0) cos2(^J sin'^(C,) 

+ sin«(</.) sin4(eg) cos^Cq) + 3cos^{^) 0032(5,) sin^fe) 

+ sin^(</)) sin^(C,) 008^(0) + 6cos((;!)) cos (5,) sin^(0) siii^i^q) 

+6cos(0) cos(5g) sin2((^) sin^(5g) + 2 cos((/)) 003^(^9) sin^(0) sin^{£,q) 

+3cos^{<j)) cos^{^q)sm^{(f>)+6cos^{^q) - 5 cos^ {£_q) + 6 cos'^ {(f>) 

+3sin^{(t)) si-a^i^q) cos2(0) +3sm'^{(t)) sin^i^q) cos^CCg) + 3cos''((/)) cos2(5,) 

+6sin2((?!)) siii2(5g) cos^(0 cos(0) + 40 008^(0) 0032(^9) 

+6 cos'^(0) cos(5g) sin2((/)) sin2(5q) + 3 cos^{(l)) cos^(5g) — 5 cos^{phi)^ 



+44cos2(0) cos2(5j sin-^(0) sin'*(Cg) + 3Ocos(0) cos(CJ sin6(0) sm'^i^q)j5{k + p + q) 
(r5(k)rr(p)rr(q)> = 



-86cos(0) cos{^q)sui^{(j3) sin2(5q) - 74sin^(0) sin''(^g) 

-88cos''((/)) cos^'CCg) + 44sinS((/)) sin^(C,) - 224sin4(Cg) - 224sin''(0) 

-5cos2(0) cos'*(^5)sin'*(<?!)) +6OsmS(0) +60sin^(Cg) + 6sin4(<?!)) siii^(^,) 

+185cos2(0) sin'*(Cg) + 15Ocos2(0) sin"^ 6 sin* (</>) sin''(Cg) 

+150cos2(^g)sin'^(^g) + 185sin''(0) cos2(^,) 

-10cos3((/)) cos(^,) sin2(0) sin^{^q) - 5cos''((/)) cos2(Cg) siii'*(eg) 

-5sin*((/)) sin^i^q) cos2(^,) - 24 008^(0) cos2(C,) sin''(^,) 

-5sin^((/)) sin*(^g) cos2((/)) - 18cos((/)) 003(^5) sin'^((/)) sin2(^,) 

-18 cos(0) cos(^,) sin^{(l)) sin^(^,) - 10 cos(0) cos^(Cg) sm^{(t>) sin^i^q) 

-24cos2(,/)) cos2(^Jsin''((/)) +90cos''(^,) - 287 cos2(^,) + 90 cos'^(p/ii) 

+123sin''((/)) sin''(^,) 008^(0) + 123sin''(0) sin''(^,) cos2(^,) 

+93cos^(0) cos2(Cg) + 216sin2(0) sin^{^q) 008^(^5) co8(0) + 358 008^(0) coa^{^q) 

+216co8^(0) C08(^g) sin2(0) sin2(C,) + 93 008^(0) C08''(^g) - 287008^(0) 



-112 0082(0) co82(f,) 8in'^(0) sin'^(^,) + 54co8(0) C08(^,) 8in^(0) sin^{^q) (5(k + p + q) 



— Bn 210 - 210 CO83(0) co83(^,) sin2(0) sin^ {^q)^ 
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(rj(k)rr(p)r^(q)> = 

^Bn(^ll sin2(0) sin2(^,) cos^{^q) - 13cos(e,) cos(0) sin4(C,) 

+56cos2(,/)) cos2(Cg) sin2(0) sin2(^q) + 21 cos^(C,) cos(0) sin^(?i) 

-28cos(0) cos^CCq) - 28cos^((^) cos($,) - 10sin2((/)) sin2(^,) + 7Ocos^(0) cos^(^q) 

+20 cos(0) cos(^q ) + 4 sin^ (C, ) sin^ + 4 sin*^ sin^ (Cq ) + 2 sin^ (0) sin*^ (C, ) 

+12cos2(0) siii2(0) sin^(^g) - 13cos(0) sin^(0) 005(^9) 

+6cos(0) sin'*((?:)) siii^(^,)cos(^q) + 12 cos2(^g) sm^((?:)) sin2(Cq) 

+21 cos^(0) cos(Cq) sin^(^q) + 11 sin2(0) sm^{£,q) cos^icj))^ 5(k + p + q) 

(rr(k)rf (p)rr(q)) = 

^Stt^ - 476 + 24cos4(0) sin''(C,) + 24 008^(^5) sm^{(l)) + 15 cos2(Cg) sinS(0) 

+ 1 5 cos^ {(j)) sin® ) + 1 26 cos^ (0) cos^ {^q ) sin^ ((^) sin^ ) 
-250cos((^) cos(^5) sin2(0) sin2(Cg) - 32sin^(0) siii''(^,) + 70cos4((^) 003^(^9) 
+2 sin®((^) sin®(Cg) + 272 sm''(Cg) + 272 sin^(</)) + 21 cos^((^) cos''(Cg) sin''(0) 
-15sinS(0) - 15sinS(eg) + 30sin4((^) sin® (Cg) - 244 008^(0) sin4(4) 
-17cos2(0) sin4(0) + 3Osin®(0) sin^(^g) - 17cos2(^J sin4(Cg) 
-244sin^(0) cos2(^g) + 33 cos^{4>) cos(Cg) sin2(0) sin^(^g) 
+21cos'*(0) cos2(^g)sin4(Cg) + 12sin®((/)) sin4(Cg) cos2(^g) 
+48 cos^ (0) cos^ (^g ) sin* (?g ) + 1 2 sin* ((/)) sin® (^g ) cos^ (0) 
+19cos{cj)) cos(4) sin^(0) sin^(^g) + 19cos(0) cos(^g) sin^(0) sin^(^g) 
+33cos(^!)) cos^fe) sin^(0) sin2(^,) + A8cos^{(j)) cos'^i^q) sin*((^) - 7cos*(^g) 
+499cos2(4) - 7cos*(0) + 73sin*((/.) sin''(^g) cos2((?i) + 73sin*(0) sin*(^g) cos2(^g) 
+57 cos* (0) cos2(^J + 62sin2(0) sin2(^g) 003^(^5) cos(0) - 692cos2((^) 003^(4) 
+62 cos^(0) cos(Cg) sin2((/)) sin2($g) + 57 003^(0) cos*(^g) + 499cos^(?i) 

+62 cos^{(j>) cos2(Cg) sin*(0) sin*(^g) + 8 cos((/i) cos($g) sin^((/)) sin^(^g)^ (5(k + p + q) 

where 

B = A^kl'^''+^'^/3{n+l) (E.3) 

with A the amplitude of the magnetic field power spectrum. 

Taking the colinear case (0 = £^kq = 0) then recovers the expressions (4.43). 



Appendix F 

The CMB Bispectrum 



In this appendix we derive the CMB bispectra, chiefly following Wang and Kamionkowski [186], itself 
based on work by Ferreira, Magueijo and Gorski [187], although neither employed the line-of-sight ap- 
proach and our derivation thus follows a different route. We construct the form for the bispectrum from 
the scalar modes, these being far the simplest; for vector and tensor modes the relevant transfer functions 
should naturally be employed. 

F.l The CMB Angular Bispectrum 

Let us first consider a primordial bispectrum analogous to the primordial power spectrum; letting {A,B,C} 
denote independently trace or traceless components and assuming statistical homogeneity, we can define 

{A{k)B{p)C{q)) = BABc{k,p, g)A(k)B(p)C(q)<5(k + p + q). (F.l) 

Considering for simplicity the scalars and using equation (2.231) we can then express the scalar three-point 
correlation of the aT,im^ in the line-of-sight approach as 

{o-T,lm'^T,l'm''^T,l"m") 

X y:„, (n)r;„, (n)y;„, (n')r;,„. (n")s^Bc {k,p, q)s^{K v)s^ {p, v')s^ (g, v") 

d^q d^p d^k 



xe-^^e-" " e"" " S{k + p + (i)dT^" di]' dj^dn^,, dn^. dVL^ 



(27r)3 (27r)3 (27r)3 



where we have defined x' = p{rf — rjo) and x" — q{7]" — ryo)- 

Following the method of Wang and Kamionkowski, we now expand the Dirac delta function as an 
integral across some real-space variable X, 

J(k + p + q)= / e*(k+P+q).x^!2L 



(27r)3 
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and then expand the exponentials with equation (G.15) to give 

{4,i,nah'rn'a^M'rn") = [ [ [ [ [ [ ill i^/™ (n)F;,„, (n)y;,„, (n')r;,,„„ (n") 
x6ABc(fc,P,9)^|(fc,'7)5|(p,r;0^|(g,?7'0E4'^(-*)"(2« + l)ja(x)r;fc(k)i;fc(n) 



X 



Y,A^{^^r' {2a' + l).7:(x')r;,,, (p)r,,,, ("') E 47r(-*)'^"(2a" + l)j:(x")r;,,„ (q) 

a'6' a"h" 

Ya,,t"{n") f ^47rz=(2c+ l)j,(fcX)y,rf(k)y;,(X)^ W'(2c' + l)j',{pX)Y,,d'{p) 

cd c'd' 

y;,,(X) g 4^*^' (2c" + i)j-(gx)r,.,.(q)r;,,„(x)^ 

d^q d^p d^k 



xdTy drj dridflniidnnidiln 



(27r)3 (27r)3 (27r)3 ' 



Immediately integrating over the directions of n, n' and n" we find a series of Kronecker deltas (5f and 
similar, and performing the sum over a, a', a" we are left with 

{aT,lmaT,l'm'aT,l"m") = TTTT^ I III / / / // BABc{k,P,q) 

xS^ik, r^)S^{p, ,/)5|(<z, 77")(4^)3 ^ ^ c'd' ^ c"d^^+^'+^" 

x(2c+ l)(2c' + l)(2c" + 1){21 + 1){21' + l)(2l" + l){47r)^ji{x)jl{x')j'/{x") 
xYil^{k)Y;^, (p)r;,„„ {q)YMY,'d' {p)Y,"d" (q) ^ MkX)j',{pX)j'^{qX)X^dX 

X / y;rf(x)y;^, (x)r;,rf„ {x)dnxdr/'drj'drjdni,dnpdnqq^dqp'^dpk'^dk 

which we can then immediately integrate over the directions of k, p and q which gives us Kronecker deltas 
5f (5^ and similar. After summation, then, we have found 

X (^I^ SUq.v")ji{^")drj"^ (^I^UkX)j'^{pX)j'^{qX)X'dX^ 

X (^^^ y;:;,(x)r;„,(x)r;,„„(x)di]x)g'dg/dpfc2d/c 

The integral of three spherical harmonics is called the Gaunt integral and it evaluates [186] to 

/ y;:„(n)y;„,(n)i^r,,„„(n)do„ = 



i2l + l){2l' + 1){21" + 1) f I I' I" \ f I I' I" 



Att V 



(F.2) 



where the objects in brackets are Wigner 3j symbols, closely related to the Clebsch-Gordan coefficients. 
If we also denote the integral over three spherical Bessel functions by 

Ju'i"ik,p,q)^ I ji{kX)ji,{pX)ji„{qX)X^dX (F.3) 
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and recall the definition of the scalar transfer functions (2.233) then we can finally see that 



^T,lm<^TMni'aTd"ni"/ - ^3 '\J V 

I V I" 



A B n , 8 J{2l + l){2V + l){2l" + 1) ( I V I 



1" 



m m ra 



) f f fBABc{k,p,q){2l + lf{2l' + lf{2l" + lf 

J J k J p J q 



k Jp Jq 

X Af , (fc, ?7o) (p, r]o)'^T.i" Vo)Jwi" (fc, P, q)q^dqp'^dpk^dk 



I I' I" 



Bu'V'{Kp,q) (F.4) 



where 



Bll'l" - /o; , i\2^o;/ , i\2^o;// , 2)2 ^ '^"'T ^ImO-T .1' m' "-T ,1 

mm' 



(2/ + l)2(2r + l)2(2?" + l)2 

mBABc{k,p,q) 



' { 21 + l){2l' + l){2l" + I) / / V I" 
47r 

x(2/ + 1)2(2/' + 1)2(2/" + l)2Af ,(fc,r;o)Af ,,(p,77o)A?,„(g,r,o) 



X Jii>i» {k,p, q)q^dqp^dpk'^dk (F.5) 

is called the CMB angular bispectrum in clear analogy with the CMB angular power spectrum. Other than 
the inclusion of the Wigner 3j symbol and the integration across the Bessel functions this clearly has a 
familiar form, with the transfer functions merely wrapping the primordial bispectrum onto the CMB sky. 

Note that m" is not summed across due to the restrictions on /, /', /" and m, m', m" placed by the 
Wigner 3 j symbol, 

l + + m + m' + 777," = 0, |/-/'| </"< |/ + /'| (F.6) 

i.e., the sum of /, /', /" is an integer, m" is determined from 777 and 777', and the triangle inequality must be 
obeyed. If these conditions are not satisfied then the symbol is vanishing. 
From Abramowitz and Stegun [ 146] we see that 



/ I' I" \_( / (2g-2/)!(2g-2/0!(2g-2/")! g\ 

0; ^ (2.g+l)! {g-l)\{g-l')\{g-l")\ ^'^ 

for even / + /' + /" and where 2g = / + /' + /". For odd / + /' + /" the symbol vanishes. 

As with the two-point case, this form for the bispectra holds regardless of the nature of variable one is 
employing; {A, B, C} can ultimately denote scalar trace, traceless scalar, vector or tensor pieces. 

Rather than work with the full bispectrum (F.5) we follow Ferreira, Magueijo and Gorski [187] and 
Wang and Kamionkowski [ 1 86] in defining a reduced bispectrum 

nABC _ 47r / / /' /" \ „ABC /pox 

^' - TWtW 1 j (p-^^ 

^) [ [ [ BABc{k,p,q)Jiu{k,p,q)A^i{k,r]o)A^i{p,r]o)A^i{q,ijo)q^dqp^dpk^dk. 



k Jp Jq 



Note that our definition is a factor of V An different to those in [ 1 87, 1 86] . We have sacrificed a large amount 
of the information from the full bispectrum in the interests of a quantity that more closely resembles the 
familiar angular power spectrum for the CMB. 



F.2 An Algorithm for Evaluating Jwi" 

The function Jm {k,p, q) could be calculated recursively, as outlined in the appendix of Wang and Kamionkowski, 
or by direct integration. Due to the number of calls that a direct integration approach would make we choose 
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to evaluate it recursively and here outline the approach. First we derive a recursion relation for the full in- 
tegral J/j ^2,(3(^1?'; 9) by employing the standard spherical Bessel relation 

21 + 1 

+ ji+i{x) ^ —^ji{x), (F.9) 

from which we can see that 

/■°° k 

iii{kx)ji^(j)x)ji,{qx)xdx = I -^j—^iji.-iikx) + jii+i{kx))ji^{px)ji^{qx)x'^dx 







k 



2h + l 
P 



2/2 + 
P 

2/2 + 1 



jjhikx) {ji^-iipx) + ji2+i{px)) ji^{qx)x dx 



{Jll,l2~ld3 + Jll, 



12+Id3) 







■^f^^jh{kx)ji^{px) [ji^^iiqx) +ji3+i{qx))x'^dx 

{Jll,l2,l3-1 + Jlld2d3+l) 



2U + 1 



whence the two recursion relations 

Jh,i2+i,hik, p,q) = -^r— T {Jii-i.i2,iA^^P^i) + Jh+i,h.hik,p,q)) - JhM-iMi^^P^i)^ 
p 2/1 + 1 

Jh,l2,h + iik, P,q) = {Jli-l.l2,lAk^P^l) + Jh+i,h.h{k,p,q)) - Ji,,i^.i^-i{k,p,q). 

p2li + 1 

Obviously there is a third recurrence relation between p and q but due to the Dirac delta this is not needed. 

To construct Ji^,i^,i^{k^p, q) for any combination of {^i, 13] and g}, then, we follow the algo- 
rithm below: 

• Rearrange Jij^;2j3(fc,p, 9) such that > h > /a; for example, Ji^3_2(fc,P, g) ^ J3,2,i(p, 9, fc); 

• For a e [-1, h + 1] generate Ja, 0,0, -^^a -1,0, Jafl-i and Ja.-i-i\ 

• For a e [0, h + 1] and h e [1, h] generate Ja.b.-i from Ja,o-i, producing Ji^j^fi and Ji^+ij^fi'^ 

• For c e [0, li + 1] generate Ji^^i^.c, ultimately producing Ji^,i^^i^{k,p, q). 

We then require the four bases from which we will produce any required J; jj^.;,, Ja.ofl, Ja.~i,a, Ja.Q,~i 
and Ja, -i.-i- These can each be evaluated analytically, as shown in Wang and Kamionkowski, by apply- 
ing the stringent conditions on {/i,/2,'3} and {k,p,q} enforced by the Clebsch-Gordan coefficient and 
statistical isotropy. That is, the wavenumbers must obey the triangle relation and li + I2 + I3 must be even. 

Now, employing that 

1 1 
1 



jo(x) = sinc(a:), Ji{x) ^ \ —Pi{y)e-ydy (FIO) 



we can write 

J,..{k,p,q)=r^, f P^e^-^yd/^'^dx. 

Jo 2i' px qx 

Imposing that / is even ensures that the integrand is an even function; we can convert the sin(pa;) and sm{qx) 
into exponentials and integrate over x to leave the integral over y and four delta functions. Enforcing the 
triangle relation on the wavemodes then leaves a tractable integration that evaluates to 

Ji,o,o(k,P,q) = TTi — Pi 



4i' kpq \ k 
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We can follow much the same procedure for J;._i,o (which contains an odd function and requires / to be 
odd, implying that the overall function is even) and J;__i__iand find that 

This gives us the basis from which all possible Ji^^i^^i^ can be evaluated. This algorithm is easy to imple- 
ment in Fortran 90; we can build it as a recursive function and rapidly and accurately generate Ji-^ j2,h '^'^ 
the fly. 



Appendix G 

Mathematical Relations 



We list here a brief selection of definitions, relations and identities for some of the functions we have been 
employing throughout this thesis. For further detail see, for example, Abramowitz and Stegun [ 146]. 

G.l Legendre Polynomials 

The Legendre polynomials satisfy the equation 



where P/" (/i) is an associated Legendre polynomial. The Legendre polynomials are given by m — and 
the associated Legendre polynomials are recovered from 

p™(/,) = (-l)" (1 - ^^X'^ (G.2) 

Legendre polynomials obey the recursion relation 

{21 + \)iiPr{p) = a - m + 1) P^'^iC/i) + (/ + m)Pll^{p) (G.3) 
and are orthogonal over a; e [—1,1], 

1 2 ('/ + 777V 

pr(/.)pr(M)d/^ = , , , i 7^a. (G.4) 



-1 

The first few Legendre polynomials are 



2l + \{l-ra)\ 



P5(/i) - (63/ - TO^i^ + 15) 
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and so the first few powers of /i can be expressed as 



1 






A* 








= i(Po(M) + 2F2(M)) 






= i(3Pi(A*) + 2P3(/i)) 






= 1(7Po(a^) + 20P2(a*)4 


- 8P4(a*)) 




= -L(27Pi(M)+28P3(/i) 


+ 8P5(/i)) 



G.2 Spherical Harmonics 

The spherical harmonics are defined in terms of the associated Legendre polynomials as 



= y , „„(: prMe""^ (g.5) 

They are orthogonal over the directions of n: 

(G.6) 

J n 

The Legendre polynomials can be recovered from 

(2/ + l)Pz(k.n) =47r^l^„(k)y,:;,(n). (G.7) 



G.3 Bessel Functions 

The Bessel functions are a solution of the equation 

dx^ dx 



+ {x^ ^ f) Ji{x) ^ 0. (G.8) 



While there are various solutions to this equation we are interested solely in the Bessel functions of the first 
kind. Bessel functions of the first kind satisfy the derivative relation 

2^^ = J/-i(x)- Jz+i(.t) (G.9) 

and the recursion relation 

21^^ = Ji+iix) + Ji-iix). (G.IO) 

X 

The spherical Bessel function is defined by 

Jiix) = ^Ji+i/2ix). (G.ll) 

Using this we may transfer the relations for the Bessel functions to the spherical Bessel functions, again 
concentrating on those of the first kind. Firstly we transfer the fundamental equation, 

^'^^ + + - + 1)) M^) = (G-12) 
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The recursion relation (G. 10) becomes 

{21 + 1) ^ - ji+iix)+ji^,ix). (G.13) 

X 

G.4 Exponential Expansions 

The complex exponential is related to the Legendre polynomials and spherical Bessel functions by 

exp{ixfi) = ^z'(2; + l)ji{x)Pi{fi) (G.14) 

and thus to the spherical harmonics by 

exp(zxM) = A7rY,^'ji{x)Yi;MYirn{n). (G.15) 



G.5 Miscellaneous 

We sometimes abbreviate 



sinc(x) = (G.16) 



Appendix H 

Conventions and Notation 



H.l Conventions 
H.1.1 Fundamental 

Perhaps our most fundamental assumption is that we assume General Relativity to provide an accurate 
picture of the universe from the smallest scales to beyond the Hubble distance. For a derivation of general 
relativity we refer the reader to, for example, Carroll [190], Weinberg [96], Wald [92], Rindler [210] or 
Misner, Wheeler and Thorne [197]. Misner, Wheeler and Thorne [197] characterise the sign conventions 
possible in GR into 

[SI] X diag(-l,+l,+l,+l), 

[S2] X (r^^_^ - r^^^^ + r^^n, - r^^^r^^) , (h. i) 

[S3] X SttGT^^. (H.2) 

where jy^i^ is the Minkowski metric; (see also Peacock [179] §1.5.) The third sign [S3] can also be fixed by 

R^, = [S2] X [S3] X (H.3) 

[SI] is commonly known as the "signature" of the spacetime. Under these traditional definitions, some of 
the main general relativity and cosmology textbooks can be classified; Misner, Wheeler and Thorne [197] 
and Carroll [190] are (+ + +), Weinberg [96] is (+ - -), Peebles [110, 111] is (- + +), and Rindler [210] 
and Peacock [179] are ( — I — ). We assume Misner, Wheeler and Thome's conventions (+ + +). 

Our co-ordinates shall be labelled .t'' = {x^ where x° is a timelike co-ordinate and tjj ^ Xf ^ X 

are spacelike co-ordinates. We use Greek indices {/i, i^, . . .} to denote spacetime co-ordinates and lower- 
case Latin . . .} to denote spatial co-ordinates. Summation over repeated indices is implied unless 
otherwise noted. 

H.1.2 Perturbation Theory 

An overdot represents differentiation with respect to the "conformal time" while a prime generally denotes 
differentiation with respect to the co-ordinate time. Variables lie in Fourier space unless an explicit depen- 
dence on the space variables x is declared or the situation is unambiguous. The transformation character 
of a variable will, in cases of ambiguity, be denoted with a capital Roman superscript {^'^''^) or subscript 
{s.v,t)- Unless otherwise specified, we operate in natural units - i.e. c = ks = h = \. Averaged - 
background - variables are denoted with an overline (e.g. p) and perturbed variables with a preceding 5 
(e.g. 5p) unless otherwise noted. Unit vectors are denoted with an overhat, e.g. k = k/fc. Unless otherwise 
noted a subscript o refers to the current (observed) value of a quantity. 
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H.1.3 Magnetised Plasmas 

When we come to consider magnetised plasmas, we must take great care with our conventions. There 
are many different conventions within electromagnetism and one has to be careful with the units one is 
working with; an appendix in Jackson [116] summarises these. In cosmology it is still standard to work 
within Heaviside-Lorentz units, a centimetre-gram-second system. 

We denote real-space electromagnetic fields and the three-current with lower case Roman letters e, b, j; 
although technically b is the magnetic induction we habitually refer to it as the magnetic field. We shall later 
scale our variables with powers of the scale factor, and these will be denoted by capital Roman letters E, B, 
J. We will not work with unsealed variables while in Fourier space. Other scaled magnetohydrodynamic 
variables are denoted with a subscript a, e.g. pi,a- The electromagnetic charge density and conductivity are 
denoted by g and a and the baryon density by pb, and the scaled cases by Qa, <Ja and pi,a respectively. 



H.2 Notation 

Due to the large number of variables we consider, we present a table summarising our notation. Some 
few symbols are used twice (the entropy and action, for example). These cases are cross-referenced one to 
another; in the thesis the context should make it clear which property is meant. 



Symbol 



Physical Quantity; First Appearance 



B 
V{k) 
k 
n 
I 

ds 

t 
a 

lij 
hij 

V 

e 

da A or A^a 
VaA or A.,a 



V 



/37/i 

R 

h 

u 

p 
■pi 
p 

n} 

G 
A 

n 



Magnetic induction strength; § 1 

Power spectrum - two-point correlation in Fourier space; §1 
Wavenumber; § 1 
Spectral index; § 1 

CMB angular power spectrum multipole number; §1 
Spacetime interval; §2. 1 
Spacetime metric; §2.1 
Co-ordinate time; §2.1 
Scale factor; §2. 1 

Metric on a spacelike hypersurface; §2.1 

Metric perturbation on a spacelike hypersurface; §2.1 

Conformal time; §2. 1 

(Usually implicit) perturbation parameter; §2. 1 

Partial derivative of a (tensor-valued) function A with respect to co-ordinate x°; 
§2.1 

Covariant derivative of a (tensor-valued) function A with respect to co-ordinate 
x"; §2.1 

Affine connections - Christoffel symbols; §2. 1 

{d/dx\d/dx^,dldx^) ; §2.1 

Riemann-Christoffel curvature tensor; §2.1 

Ricci curvature tensor; §2.1 

Ricci curvature scalar; §2.1 

Trace of metric perturbation; §2. 1 

Generic stress-energy tensor; §2.1 

Matter mass/energy density; §2. 1 

Matter energy flux; §2.1 

Matter flux density; §2. 1 

Matter pressure; §2.1 

Matter four- velocity; §2.1 

Kronecker delta; §2. 1 

Traceless component of the momentum flux density, the anisotropic stresses; 
§2.1 

Einstein tensor; §2.1 

Newtonian gravitational constant; §2.1 

Cosmological constant; §2.1 

Hubble parameter in conformal time; §2.1 
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H 

w 
k' 

i-(k) 

(...) 

X 

Qa 

C 

in 

Si/ 

e 



dQ 

N 
m 

Cm 
5 

f 
U 

cm 

Too 
e 



9s 

dn 



F 
A 

e 

{L,R} 

{£l,£r} 
{Il,Ir,U^V_} 
P{li,(l);JI, (j)) 

f 

He 
(Jt 

{At,Aq} 



Observed Hubble parameter in co-ordinate time; §2.1 
Fluid equation of state w = p/p; §2. 1 
Wavemode; co-ordinate in Fourier space; §2.1 

Projection operator Sj — k k^ onto a hypersurface orthogonal to k; §2.1 
Projection operator {3/2){S'^ - P^(k))\ §2.1 
Symmetrisation on enclosed indices; §2. 1 
Vector-valued projection operator fciPj"'(k); §2.1 

Tensor-valued projection operator P^(k)Fj'(k) - (l/2)Pj(k)P„^(k); §2.1 

Scalar Bardeen variables; §2. 1 

Vector Bardeen variable; §2. 1 

Spatial component of fluid velocity; §2.2.1 

Projection tensor (S^ + 11^11"^ onto a hypersurface orthogonal to u'^; §2.2.1 

Coefficient of heat-flow; §2.2. 1 

Heat flow tensor; §2.2.1 

Coefficient of shear viscosity; §2.2.1 

Shear viscous tensor; §2.2.1 

Coefficient of bulk viscosity; §2.2.1 

Heat-flow component of fluid stress-energy tensor; §2.2. 1 

Shear viscous component of fluid stress-energy tensor; §2.2.1 

Bulk viscous component of fluid stress-energy tensor; §2.2.1 

Temperature of matter component; §2.2. 1 

Speed of sound in a fluid; §2.2. 1 

Entropy of a fluid (c.f. the action); §2.2.1 

Perturbation to fluid temperature; §2.2.1 

Change of heat; §2.2.1 

Number density of a fluid; §2.2. 1 

Mass of a particle; §2.2.1 

Energy-momentum exchange term; c.f. also Cb^^\ §2.2.1 

Dimensionless perturbation to fluid mass/energy density; §2.2.1 

Distribution function of a collection of particles; §2.3.1 

Momentum four- vector conjugate to spacetime co-ordinates; §2.3.1 

External potential energy; §2.3.1 

Collisional term in the Boltzmann equation; §2.3.1 

Rest-energy of a particle; §2.3.1 

Proper momentum four- vector defined in a Riemannian frame; §2.3.1 

Mass-energy of a particle measured by an observer comoving with the universal 

expansion (c.f. electric field in Minkowski space); §2.3.1 

Amplitude of the comoving momentum; §2.3. 1 

Unit vector in the direction of the momentum; §2.3.1 

Statistical weight of a particle; §2.3. 1 

Solid angle differential; §2.3.1 

Angle cosine between the particle momentum and Fourier wavemode directions; 
§2.3.1 

Brightness function of a generic particle; §2.3.1 
Brightness function of a photon fluid; §2.7.1 
Stokes parameters; §2.3.2 

Electric field observed by a comoving observer; §2.3.2 

Basis axes for the Stokes parameters; §2.3.2 

Phase differences of electric field resolved along L and R\ §2.3.2 

Alternative Stokes parameters; §2.3.2 

Scattering matrix for the Stokes parameters for incoming angles /x, and outgo- 
ing angles /I, 4> (c.f. scalar field and electromagnetic scalar potential); §2.3.2 
Differential cross-section of scattering, always Thomson; §2.3.2 
Density of free electrons; §2.3.2 
Thomson cross-section; §2.3.2 
Photon / and Q Stokes parameters; §2.3.2 
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Transformation matrix between bases for Stokes parameters; §2.3.2 
Collisional terms for scalar, vector and tensor perturbations; §2.3.2 
Basis for tensor perturbations; §2.3.2 

Basis for tensor perturbations to the brightness function; §2.3.2 

Gradient term of spin-invariant polarisation basis (c.f. electric field); §2.3.2 

Curl term of spin-invariant polarisation basis (c.f. magnetic induction); §2.3.2 

Optical depth at conformal time tj; §2.3.2 

Visibility function at conformal time 77; §2.3.2 

Dimensionless variable x = k{j] — ?yo) (cf. y = krf); §2.3.2 

Source terms in the line-of-sight integrals for the different Stokes parameters 

(superscript) and transformation property (subscript); §2.3.2 

Moment with index I of the Stokes parameter A expanded across the Legendre 

polynomials; §2.3.2 

Variables characterising statistics of vector photon perturbations; §2.3.2 

Variables characterising statistics of tensor photon perturbations; §2.3.2 
Energy-momentum transfer between baryons and photons; §2.4 
Thomson scattering time tc = t~^; §2.4.1 
Entropy perturbation between two fluid species A and B\ §2.4.1 
Lagrangian density; §2.5 

Einstein-Hilbert action for general relativity; §2.5 
Action (c.f. entropy); §2.5 

Scalar field (c.f. azimuthal angle and electromagnetic scalar potential); §2.5 
Curvature parameter of a Robertson- Walker metric; §2.5 
Dimensionless variable y = krj (c.f. x = k{rj — 770)); §2.6.1 
Redshift; §2.6.1 

Dimensionless density contrast for a species A; §2.6.1 

CMB angular power spectrum; §2.7.2 

CMB two-point temperature correlation; §2.7.2 

CMB angular power spectrum of correlation between a and 6; §2.7.4 

Faraday (electromagnetic field) tensor; §3.1.1 

Electromagnetic four-potential; §3.1.1 

Electromagnetic scalar potential (c.f. scalar field and azimuthal angle); §3.1.1 

Electromagnetic vector potential; §3.1.1 

Electric field in Minkowski space; §3.1.1 

Magnetic induction in Minkowski space; §3.1.1 

Levi-Civita tensor density; §3.1.1 

Totally anti-symmetric tensor density; §3.1.1 

Magnetic field observed by comoving observer; §3.1.1 

Electromagnetic four-current density; §3.1.2 

Comoving electromagnetic charge density; §3.1.2 

Comoving electromagnetic current density; §3.1.2 

Electromagnetic conductivity; §3.1.2 

Scaled electric field; §3.2 

Scaled magnetic field; §3.2 

Scaled charge density; §3.2 

Scaled current density; §3.2 

Scaled conductivity; §3.2 

Scaled baryon density; §3.2 

Scaled baryon pressure; §3.2 

Lorentz force; §3.2 

Scaled electromagnetic stress-energy; §3.2.2 
Alfven velocity; §3.3 

Photon diffusion length {neax)^^ = a,/tc, §3.3 
Self-convolution of magnetic field; §4. 1 
Power spectrum of helical magnetic field; §4.1.1 
Amplitude of magnetic power spectrum; §4. 1 . 1 
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Scale on which the magnetic amplitude is defined; §4.1.1 
Wavenumber at which the magnetic amplitude is defined; §4.1.1 
Field strength at normalisation scale A; §4. 1.1 

Magnetic power spectrum normalised to unity, V{k) = AQ{k); §4.1.1 
2-d field underlying 3-d magnetic field in Fourier space; §4. 1 .2 
Cut-off scale of magnetic field from genesis scenario; §4.1.2 
Size of simulation grid; §4.1.2 

Moments and central moments respectively of a probability distribution; §4.2 
Skewness and kurtosis of a probability distribution; §4.2 
Two-point correlation of fab', §4.3 

Projection operator recovering a specified power spectrum from the general two- 
point; §4.3 

Angular component of two-point moment; §4.3 

Angle cosines for two-point integrations (c.f. fi — k.n); §4.3 

Vector and tensor isotropic spectra; §4.3 

Basis for tensor two-point correlations; §4.3 

Geometry specification for bispectra (c.f. scalar fields and azimuthal angles); 
§4.4 

Wavemodes forming a closed triangle with Fourier mode k; §4.4 
Three-point correlation of fat', §4.4 

Projection operator recovering a specified bispectrum from Bijkimn', §4.4 

Non-independent set of angles specifying bispectrum geometry; §4.4 

Angle cosines between wavemodes; §4.4 

Angular term in bispectrum integral; §4.4 

Constant dependent on kc in large-scale bispectra; §4.4 

Silk damping scale; §5.3.2 

Silk damping wavenumber; §5.3.2 

Effective background field for a cut-off wavenumber k^, §5.3.2 

Primordial bispectrum between quantities A, B and C and geometry wavenum- 

bers k, p and q; §5.5 

Integral across three spherical Bessel functions; §5.5 
CMB bispectrum for multipole numbers 1,1' and I"; §5.5 
Reduced CMB bispectrum; §5.5 
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